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Convergence of Markov-Chain Monte–Carlo
Approaches to Multiuser and MIMO Detection
Soren Henriksen, Brett Ninness, Member, IEEE, and Steven R. Weller Member, IEEE
Abstract—Markov-chain Monte–Carlo methods have been
demonstrated to offer an attractive alternative to the design
of approximate (near optimal) maximum a-posteriori (MAP)
detectors for synchronous direct-sequence code-division multiple
access (DS-CDMA) and multi-input, multi-output (MIMO) multiple antenna applications. Central to evaluating these method
is understanding their convergence properties. In other works,
this has been established via simulation, and the underlying
theoretical basis has been identified. The contribution of this
paper is to extend the theoretical understanding by rigorously
establishing both convergence and convergence rate results for a
wide class of Metropolis–Hastings methods.
Index Terms—MIMO systems, multiaccess communication,
pseudonoise coded communication, spread spectrum communication.

I. I NTRODUCTION

I

T IS WELL known that while maximum a-posteriori
(MAP) approaches to direct-sequence code-division multiple access (DS-CDMA) multi-user detection (MUD) and
multiple-input, multiple-output (MIMO) multiple antenna detection are optimal, they exhibit computational complexities
which increase exponentially with the number of users in a
CDMA system [1] and the product of the number of transmit
antennas with the logarithm of the modulation constellation
size in a MIMO system [2].
Due to these prohibitive complexities of the MAP detector,
enormous effort has been expended over the past two decades
to find suboptimal detectors which strike a balance between
performance and computational complexity [3], [4]. Recently,
new suboptimal approaches have been developed that involve
Monte–Carlo based averaging of simulated quantities and have
been illustrated as capable of impressive performance .
These can be divided into two broad classes. Sequential
importance resampling (particle filter) based techniques [5],
[6] and Markov-chain Monte–Carlo (MCMC) methods [7]–
[12]. The first are approaches for approximating the Chapman–
Kolmogorov measurement and time update equations in nonlinear and non-Gaussian cases where the Kalman filter is
inapplicable. The second are random number generators that
can be designed to realise samples from rather arbitrary target
densities.
This paper considers the latter class of methods, where
in the MAP detection context, the essential idea is to select
the target density as a desired symbol posterior, or function
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thereof, and then use (possibly smoothed) sample averages
of realisations from the random number generator as a MAP
estimate.
Clearly, it is essential to consider and understand the convergence and convergence rate properties of such a simulation
based approach. Indeed, this has been considered in previous
work. For example, the work [8]–[12] provides extensive
empirical evidence by illustrating impressive performance
with moderate number of iterations, and the recent contribution [7] develops further improvements via Rao–Blackwell
based smoothing of realisations.
However, the theoretical analysis and understanding of the
methods underpinning this promising MCMC-based approach
is much less developed. While the above-mentioned works
acknowledge that convergence of the methods they develop
can be understood by results from Markov chain theory, this
is argued only in fairly general terms. The most complete
analysis to date is provided in [13], which gives important
insights.
This purpose of the work here is to extend the theoretical
analysis of MCMC approaches and provide a detailed, rigorous and self-contained treatment of the theory underlying
them. This involves provision of precise conditions on the
underlying MAP detection problem that are sufficient for
convergence, and establishing convergence rate quantifications
formulated in terms of physically relevant parameters.
Furthermore, to date, the bulk of attention has been given to
so-called Gibb’s sampling approaches, but this paper considers
the wider class of Metropolis–Hastings approaches, of which
the Gibb’s sampler is a special case. Finally, this paper does
not assume knowledge of necessary Markov-chain results, but
instead provides a completely self contained treatment with
the necessary material integrated into the development.
II. S IGNAL M ODEL
This paper considers the following complex baseband model
y = Hs(x) + ν,

(1)

is a vector of received signals, and s(x) ∈
where y ∈ C
CnT is a vector of transmitted symbols that depends on the
K-vector of transmitted bits x ∈ {+1, −1}K .
In the MIMO case nR and nT are, respectively, the number
of receive and transmit antennas, while in the multi-user
situation nR = nT = K, the number of users.
Meanwhile, ν ∈ CnR is additive noise assumed
 to be

zero mean and with covariance R = E νν T , while
H ∈ CnR ×nT is a matrix whose specification depends on
whether (1) models a multi-user CDMA or multi-antenna
MIMO system as will now be described.
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A. Multi-User (MU) CDMA
This paper considers the following baseband CDMA signal
model, in which the received signal consists of the sum
of antipodally modulated synchronous signature waveforms
embedded in additive white Gaussian noise (AWGN):
y(t) =

K


0 ≤ t ≤ T.

An xn (t)sn (t) + σν(t),

(2)

n=1

Here K is the number of active users, An is the received
amplitude of the n-th user, xn (t) ∈ {−1, +1} is the symbol
transmitted by the n-th user, T is the symbol period, and sn (t)
is the signature waveform
 T 2assigned to the n-th user which is
normalised such that 0 sn (t)dt = 1. The additive noise ν(t)
in (2) is white Gaussian, with unit power spectral density and
single-sided spectral density N0 = 2σ 2 .
In this paper it is assumed that at the front end of the
receiver, a bank of filters matched to the signature waveform
of the users is employed. After sampling at the end of each
symbol period, this results in the output yn of the n-th matched
filter being [3]
 T

y(t)sn (t)dt = An xn +
Aj xj ρjn + ν n , (3)
yn =
0

where
ρij =


0

j=n



T

si (t)sj (t)dt,

νn = σ

0

T

n(t)sn (t)dt.

(4)

The baseband model (3)–(4) for n = 1, · · · , K can be
represented by (1) with
H = ΓA, R = σ 2 Γ, [Γ]i,j = ρi,j , A = diag{An }, (5)
y  [y1 , . . . , yK ]T , x  [x1 , . . . , xK ]T , ν  [ν 1 , . . . , ν K ]T .
(6)
In this case, the mapping from binary data to symbols is given
simply as s(x) = x.
B. Multi-Antenna MIMO
Assuming transmit symbol period T and a channel which is
static over this duration T , exhibits frequency flat fading, and
rich scattering, then the appropriate MIMO baseband model
is (1) with

Es
Γ,
(7)
H=
nT
where Es is the average energy of the transmitted symbols in
s(x), and Γ describes the fading channel [2]. The mapping
s(x) : {−1, +1}K → CnT , where K = nT log2 M between
data bits and transmitted symbols is assumed here to realise
a M-PSK or M-QAM scheme (although others are possible).
Finally ν is taken as zero mean with covariance R = I.

where pν (·) is the joint probability density function of the
elements in the noise vector ν and p(y) is a quantity normalising the total probability to be one. When pν is Gaussian,
and p(x) assigns equal prior probability to all transmitted bits,
this leads to the well known explicit form

1
const
exp − 2 R−1/2 (y − Hs(x))2
p(x | y) = √
2
2σ
2πσ
(9)
 is
where  ·  denotes Euclidean norm. The MAP estimate x
therefore, in the Gaussian case, given by
=
x

arg min R−1/2 (y − Hs(x))2 .

(10)

x∈{−1,+1}K

The minimisation of (10) is a combinatorial optimisation
problem requiring, in general, an exhaustive search over the
2K possible combinations of transmitted bits. This motivates
the search for computationally cheaper solutions.
This paper considers an MCMC approach to the problem
that has been proposed by several authors [7]–[11]. This
involves generating a realisation {x1 , . . . , xk , . . . , xL } with
limiting distribution equal to the desired posterior; viz.
lim p(xk = x | x0 ) = p(x | y),

k→∞

∀x0 .

(11)

This simulated realisation {xk } is then used as if it were
a random sample from p(x | y). Provided the required
distributional convergence holds, then via a law of large
numbers argument, this leads to consistent estimates of various
quantities.
For example, for an arbitrary measurable function f , it
allows the numerical computation and consistent estimation
of the conditional expectation E {f (x) | y} as
E {f (x) | y} =



f (x)p(x | y) ≈

x

+L
1 
f (xk ).
L

(12)

k=+1

Here  is the length of an initial “burn-in” period of the
algorithm. In particular, this approach allows the computation
of rather arbitrary posterior densities according to
p(f (x) ∈ F | y) ≈

+L
1 
χf −1 (F ) (xk ),
L

(13)

k=+1

where χ is the indicator function and F is a f -measurable
set, so that the right hand side of (13) is simply the sample
histogram of f (x).
While this may seem like a reasonable approach, it may also
appear to be impossible to implement due to the difficulty
of sampling from the rather arbitrary and perhaps poorly
specified multivariable posterior density p(x | y). Perhaps
surprisingly, a Markov chain can be constructed with limiting
density equal to the required posterior p(x | y), and in a
manner
that is far more straightforward than might prima facie
III. A PPROXIMATELY O PTIMAL D ETECTION
be thought possible by means of the ‘Metropolis–Hastings
Given the observation y, we seek to estimate the vector of Algorithm’ [14], [15] defined in Algorithm 3.1.
transmitted bits x. The approach considered here is that of
While this provides a completely general definition of the
 is taken as
MAP detection, so that the estimate x
essential algorithm to be employed here, some important
p(x)
specialisations and embellishments will be studied in order
 = arg max p(x | y),
x
pν (y−Hs(x))
p(x | y) =
to maximise its performance for the MU/MIMO applications
p(y)
K
x∈{−1,+1}
(8) studied in this paper.
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Algorithm 3.1 (Metropolis–Hastings):
1) Initialise x0 at some value such that p(x0 | y) > 0.
2) At iteration k, consider a candidate value ξk which is
drawn from a proposal density γ(· | xk−1 ). That is,
find a realisation ξk of xk as
ξ k ∼ γ(· | xk−1 ).

(16)

Before continuing, it is important to note that while the
special case of pν (·) being Gaussian was used in (9), (10)
in the interests of providing a concrete example, in what
follows pν (·) can be quite arbitrary, subject only to certain
very mild assumptions that will be introduced as necessary in
the following lemmas and theorems.

3) Compute the acceptance probability
α(ξ k | xk−1 ) = min 1,

IV. MU/MIMO D ETECTION VIA MCMC

γ(xk−1 | ξ k )
p(ξk | y)
·
p(xk−1 | y) γ(ξk | xk−1 )

.

(17)
4) Accept the proposed candidate xk = ξ k with probability α(ξ k | xk−1 ), otherwise leave xk unchanged
and discard the candidate.
5) Increment k and if k < +L return to step 2 otherwise
terminate.

In particular, note that in the special case of a proposal
density which is symmetric in that γ(ξ | x) = γ(x | ξ) then
γ(xk−1 | ξ k )
= 1,
γ(ξk | xk−1 )

(14)

and hence the acceptance probability (17) simplifies to
α(ξ k | xk−1 ) = min 1,

p(ξ k | y)
p(xk−1 | y)

.

(15)

In this case, Algorithm 3.1 is known simply as the ‘Metropolis
Algorithm’.
To see how this symmetric proposal scenario might occur,
consider the obvious “random walk” proposal density implied
by
ξ k = xk + ek
(18)
in the special, but common, case in which the probability density pe (·) governing ek is symmetric in that pe (x) = pe (−x).
Then clearly γ(ξ | x) = pe (ξ − x) = pe (x − ξ) = γ(x | ξ).
A further specialisation of Algorithm 3.1 occurs in the
situation where it is possible to employ the proposal density
γ(ξ | x) = p(ξ i | x−i , y) where ξ i denotes the i-th sub-block
of the vector ξ, which may be of arbitrary (but fixed) size,
and x−i denotes the complement of this, namely everything
except the i-th sub-block. Note that the term in the acceptance
probability (15) affected by this choice becomes
γ(xk−1 | ξ k )
p(ξk | y)
·
p(xk−1 | y) γ(ξk | xk−1 )
p(ξ ik
p(xik−1

−i
| ξ−i
k , y)p(ξ k | y)
−i
| x−i
k−1 , y)p(xk−1 | y)

=
×
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p(xik−1 | x−i
k−1 , y)
i
−i
p(ξk | ξ k , y)

With the essentials of the general Metropolis–Hastings Algorithm 3.1 established, the paper now turns to the application
of these techniques to the specific problem of MU/MIMO
detection. This involves the study of two specialisations of
Algorithm 3.1, namely the Gibbs sampler and the Metropolis
algorithm.
A. MU/MIMO Detection via the Gibbs Sampler
Recall that the Gibbs sampler is achieved as a special case
of Algorithm 3.1 whereby the proposal density is chosen as
γ(ξ k | xk−1 ) = p(ξ ik | x−i
k−1 , y)

(19)

and the acceptance probability is then always equal to one.
This requires that the k-th realisation of a vector xk be
divided into a variety of sub-blocks. In general, each subblock may comprise a different number of bits, and sub-blocks
may overlap. The choice and size of the sub-blocks involves
a trade-off between the computation load imposed at each
iteration, and the total number of iterations required to form
the required sample histograms to sufficient accuracy.
This paper studies the case of the sub-blocks being simply
one element of xk . In this case, and for the MU/MIMO
detection applications of this paper, the Gibbs proposal (19)
may be computed via the following Lemma.
Lemma 4.1: Assuming that the elements {xi } are statistically independent of one another, and are assigned prior
probabilities p(xi = +1) = ρi , then
p(ξ ik = +1 | x−i
k−1 , y) =
where
βi 

1
,
1 + βi−1

i
p(y | x−i
k−1 , ξ k = +1)

p(y |

i
x−i
k−1 , ξ k

ρi
= −1) 1 − ρi
·

(20)

(21)

with
i
p(y | x−i
k−1 , ξ k ) = pν (y − Hs(z)) ,

z  ξ ik ∪ x−i
k−1 . (22)

Proof: By application of Bayes’ rule and the definition
of conditional probability
= 1.

In this calculation, the definition of conditional probability
p(A | B) = p(A, B)/p(B) and the fact that by design
= x−i
ξ −i
k
k−1 have both been used. This implies that the
acceptance probability α(xk | xk−1 ) in (15) is one, and hence
the proposals drawn from the density p(ξ i | x−i , y) are always
retained. In this special case, Algorithm 3.1 becomes an
instance of the Gibbs sampling algorithm, whose application
to multi-user detection is presented in [13] and to MIMO
detection in [11].

p(ξ ik | x−i
k , y)

=

i
−i
p(y | ξ ik , x−i
k )p(ξ k | xk )
.
p(y)

(23)

Therefore, since the symbols sent by different users are
assumed independent of one another,
i
i
p(ξik = +1 | x−i
p(y | x−i
k , y)
k , ξ k = +1)p(ξ k = +1)
=
.
i
i
p(ξik = −1 | x−i
p(y | x−i
k , y)
k , ξ k = −1)p(ξ k = −1)
(24)
Consequently, with the definitions (21) and

αi  p(ξ ik = +1 | x−i
k , y),

(25)
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Algorithm 4.1 (Gibbs Sampler for MUD/MIMOD):
1) Initialise x0 at some value such that p(x0 | y) > 0.
2) At iteration k, for a randomly chosen index i, compute
the proposal density value
γ(ξ k | xk−1 ) = p(ξ ik = +1 | x−i
k−1 , y)

(27)

according to (20)–(22).
3) Draw a realisation ζ ∼ U[0, 1], where U[0, 1] represents a uniform distribution on the interval [0, 1].
−i
4) Set xik = +1, x−i
k = xk−1 if
γ(ξk | xk−1 ) < ζ,
−1, x−i
k

(28)

x−i
k−i .

=
otherwise set xik =
5) Increment k and if k < +L return to step 2 otherwise
terminate.

equation (24) indicates that
αi
= βi
1 − αi

⇒ αi =

1
1 + βi−1

Algorithm 5.1 (Metropolis for MUD/MIMOD):
1) Initialise x0 at some value such that p(x0 | y) > 0.
2) At iteration k, for a randomly chosen index i, set ξ k =
−xik−1 ∪ x−i
k−1 .
3) Compute the acceptance probability
α(ξ k | xk−1 ) = min {1, βi }

(29)

where βi is given by (21)–(22).
4) Accept the proposed xk = ξk with probability
α(ξ k | xk−1 ).
5) Increment k and return to step 2.
Theorem 5.1: Suppose that the noise corruption ν in (1)
has an an underlying density which satisfies 0 < pν (·) < ∞.
Suppose further that the a-priori symbol probability satisfies
0 < pi (xi = +1) < 1. Then Algorithms 4.1 and 5.1 both
generate a realisation sequence {xk } for which
M

1 
f (xk ) =
f (x)p(x | y) = E {f (x) | y}
M→∞ M
K

lim

(26)

which completes the proof.
Combining the general Algorithm 3.1 with the proposal density (19) computed via (21) then delivers the Gibbs sampling
approach to MU/MIMO detection [7], [13] specified in Algorithm 4.1.
B. MU/MIMO Detection via the Metropolis Algorithm
The Metropolis algorithm is another specialisation of Algorithm 3.1. However, it is a situation in which the proposal
density γ may be chosen much more generally than is dictated
in the Gibbs sampling case. This offers several potential
benefits relative to the Gibbs sampler, including enhanced
convergence rate, and the ability to handle more complex
estimation/detection problems.
For the purposes of MU/MIMO detection the simplest, and
most practical (from a computational load point of view)
choice of proposal density again involves the consideration of
sub-blocks of a realisation xk . The proposal density γ is then
taken as one in which a tentative new realisation ξ k is formed
by the bits in the randomly chosen i-th sub-block having their
signs reversed with probability one.
In this case γ(ξ k | xk−1 ) = γ(xk−1 | ξ k ) = 1 which,
according to (14) is necessary for the associated general
Metropolis–Hastings Algorithm 3.1 to reduce to the simpler
Metropolis case. It is then necessary to compute the acceptance probability α(ξ k | xk−1 ) according to (15) to deliver
the algorithm shown in Algorithm 5.1.
This algorithm definition assumes that the proposed ξik =
+1. If not, use βi−1 in (29). The remainder of this paper
will be primarily concerned with studying and illustrating the
properties and performance of Algorithms 4.1 and 5.1.

(30)
with probability one where f : RK → R is an arbitrary
bounded function.
Proof: First, note that, as explained in Section III, Algorithms 4.1 and 5.1 are particular cases of Algorithm 3.1
that depend on the choice of the proposal density γ(· | ·).
Therefore Algorithms 4.1 and 5.1 both implement a time
homogeneous Markov chain for which the probability of
observing xk = xk−1 given xk−1 is simply the probability
γ(xk |xk−1 ) of proposing xk times the probability α(xk |xk−1 )
of accepting this proposal
κ(xk | xk−1 )

= α(xk | xk−1 ) · γ(xk | xk−1 )

(31)

while the probability of xk = xk−1 staying the same is a sum
accounting for the fact that this may occur either via rejection
of a proposal, or via the proposal actually being xk−1 and
being accepted; viz.
κ(xk = xk−1 | xk−1 ) = γ(xk−1 | xk−1 )+

γ(z | xk−1 ) [1 − α(z | xk−1 )] . (32)
z:α(z,xk−1 )<1

Therefore, noting that by construction in Algorithms 4.1 and
5.1 the proposed xk is unequal to xk−1 , according to (17),
(31)
p(xk−1 | y)κ(xk | xk−1 )
=
=

α(xk | xk−1 )γ(ξ k | xk−1 )p(xk−1 | y)


min γ(ξk | xk−1 )p(xk−1 | y), γ(ξ k−1 | xk )p(xk | y) .

On the other hand, by the same reasoning
p(xk | y)κ(xk−1 | xk )

V. C ONVERGENCE A NALYSIS
To begin this analysis, the following result confirms the
strong convergence of sample estimators such as (12), (13)
for both the Gibbs and Metropolis sampling cases.

x∈{−1,+1}

k=1

=
=

α(xk−1 | xk )γ(ξ k−1 | xk )p(xk | y)


min γ(ξk−1 | xk )p(xk | y), γ(ξ k | xk−1 )p(xk−1 | y) .
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That is p(xk−1 | y)κ(xk | xk−1 ) = p(xk | y)κ(xk−1 | xk )
and hence the Markov chain implied by (31) is ‘reversible’ [16] with respect to the posterior density p(x | y).
Therefore,


p(z | y)κ(x | z) =
p(x | y)κ(z | x)
z

z

= p(x | y)



κ(z | x) = p(x | y),

z

(33)

so that p(x | y) is an ‘invariant’ density [16] of that
chain which is a necessary condition for the convergence
(30) [16]. To investigate sufficiency conditions, note that the
Markov chain implied by κ(xk+1 | xk ) is respectively termed
irreducible and aperiodic if and only if for all states i and j,
there exists an n > 0 such that (again respectively) κ(xk+n =
j | xk = i) > 0 and for all  > n, κ(xk+ = i | xk = i) > 0
[16, Theorem 1.2.1].
In relation to this, consider first the Metropolis Algorithm 5.1 and the case of two states i and j which differ in
only one bit position, and hence for which γ(xk+1 = j | xk =
i) = K −1 where K is the dimension of x. Then according to
(31)
κ(xk+1 = j | xk = i) = γ(j | i)α(j | i)×
p(j | y)
1
· min 1,
K
p(i | y)

,

(34)

where by (8)
p(x = j) pν (y − Hs(j))
p(j | y)
=
.
p(i | y)
p(x = i) pν (y − Hs(i))

ρ
pν (y − Hs(z))
·
pν (y − Hs(w)) 1 − ρ

(36)

−i
i
where z  xik+1 = +1 ∪ x−i
k , w  xk+1 = −1 ∪ xk .
Therefore, again by the assumptions of the theorem κ(xk+1 =
j | xk = i) > 0.
Consequently, for both algorithms, and states i and j
differing in an arbitrary number d of bit positions, there is a
d-step path by which j can be reached from i with probability

κ(xk+d = j | xk = i) ≥ κ(xk+d = j | xk+d−1 = ξd−1 )×
d−1

z ∈ {−1, +1}K
M

1 
δ(xk − z) =
δ(x − z)p(x | y) = p(z | y)
M→∞ M
K

lim

x∈{−1,+1}

k=1

(38)
with probability one. That is, the sample histogram formed
from realisations of either Algorithm 4.1 or 5.1 converges (as
M increases) to the true underlying posterior density p(· | y)
and therefore provides an estimator for it.
The most closely related work is [13] wherein, for the Gibbs
sampling case, the convergence in (11) is addressed by noting
that
lim

max

k→∞ x∈{−1,+1}K

|p(xk = x | x0 ) − p(x | y)| = 0.

(39)

Although this is not formally argued in [13], it is noted that
it depends on aperiodicity and irreducibility of the underlying
Markov chain.
The following result establishes the conditions under which
the Gibbs Sampler in Algorithm 4.1 and the Metropolis Algorithm 5.1 both imply such an aperiodic and irreducible chain,
and hence for which pointwise distributional convergence
(which implies (39)) holds.
Theorem 5.2: Under the conditions of Theorem 5.1, together with the further assumption that there exists at least two
symbol vectors x1 and x2 such that p(x1 | y) = p(x2 | y),
Algorithms 4.1 and 5.1 both generate a realisation sequence
{xk } for which
lim p(xk = x | x0 ) = p(x | y)

(35)

Furthermore, by the assumptions of the Theorem all the terms
in (35) are non-zero and bounded, so by (34) κ(xk+1 = j |
xk = i) > 0.
Turning to the Gibbs sampling Algorithm 4.1, in this case
κ(xk+1 | xk ) = γ(xk+1 | xk ) where the latter is given by
(19), (20) and (21) with
β=

501

(40)

k→∞

for any x0 ∈ {−1, +1}K .
Proof: The proof depends on establishing that the Markov
chain implied by κ(xk+1 | xk ) is ‘aperiodic’ [16]. For this
purpose, suppose that for all i, j ∈ {−1, +1}K that differ in
only one bit position, p(i|y) = p(j|y). Then by Lemma A.1
p(i|y) = p(j|y) for all i, j ∈ {−1, +1}K which contradicts
the assumptions of the Theorem, and hence there exist a pair
of states i and j differing in only one bit position for which
p(i | y) > p(j | y).

(41)

Therefore, in the Metropolis algorithm case, by (8)
α(xk+1 = j | xk = i) = min 1,

p(j | y)
p(i | y)

< 1.

(42)

Therefore, again according to (31)

γ( | i)[1 − α( | i)]
κ(xk+1 = i | xk = i) =


≥ γ( = j | i)[1 − α( = j | i)] > 0.

κ(xk+ = ξ | xk+−1 = ξ −1 )κ(xk+1 = ξ+1 | xk = i) > 0. In the Gibbs sampling case, γ(xk+1 = i | xk = i) > 0
from (19), and so it follows that
(37)
κ(xk+1 = i | xk = i) > 0.
(43)
Therefore, the chain implied by κ(xk+1 | xk ) is irreducible
with invariant density p(x | y). Hence by [16, Theorem 1.7.7] Therefore, by induction, κ(xk+n = i | xk = i) > 0 ∀ n ≥ 1
it is positive recurrent so that (30) follows by [16, Theorem and hence by definition [16] the Markov chain implied by
1.10.2].
κ(xk+1 | xk ) is aperiodic. Since it has already been estabIn particular, Theorem 5.1 implies that by choosing f as lished to also be irreducible and positive recurrent, then (40)
the Kronecker delta function f (x) = δ(x − z) for any follows by [16, Theorem 1.8.3].
=2
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It may be initially puzzling that, in light of the sample
histogram convergence (38) implied by Theorem 5.1, an extra
condition is required in Theorem 5.2 in order to establish the
distributional convergence (40). To clarify this issue, consider
a Markov process with two states S1 , S2 and with transition
probabilities of 1 for each of the moves S1 → S2 , S2 → S1 .
Then clearly the sample histogram formed from samples of
this chain will converge to one with equal 0.5 weights centred
on S1 and S2 . However, it is equally clear that the probability
density function of these samples does not converge to that
density, or in fact to any density - on alternate samples there
are alternate probabilities of either one or zero for being in
S1 or S2 .
This highlights that it is actually strong convergence of
the form (30) presented in Theorem 5.1 that is of most
interest from a practical standpoint, despite the fact that in
what theoretical analysis has been previously available, only
distributional convergence has been considered. To argue this
further, note that while distributional convergence such as (40)
is reassuring, it does not imply the convergence (30) of the
sample-average type estimators that have been proposed in the
MCMC literature.
VI. C ONVERGENCE R ATE A NALYSIS
Having now established the convergence of Algorithms 4.1
and 5.1, this section turns to the practically relevant question
of rate of convergence. This is a very challenging problem,
and for a typical Metropolis–Hastings algorithm only fairly
general bounds are possible [17].
Consequently, in the interests of most clearly exposing the
key factors affecting convergence rate, this paper takes the
approach of studying a hypothetical, more tractable Markov
chain, which is nevertheless closely related to Algorithms 4.1
and 5.1 in that it is still the base Metropolis–Hastings Algorithm 3.1. The only difference is that it has a proposal density
γ constrained to be independent of previous realisations from
the chain.
This independence will permit explicit analysis of convergence rate. Furthermore, in order for this rate to be as
informative as possible for the practical chains implied by
Algorithms 4.1 and 5.1, in following sections the probability
of a given candidate ξk in these algorithms in steady state will
be matched to that of the hypothetical (analysable) chain via
special choice of the independent proposal.
A. Metropolis–Hastings with Independent Proposal
To study this case, it is useful to represent the state transition
probabilities as a 2K × 2K transition probability matrix P
given as

Then by (33)
πP = π,

(47)

and hence π is a left eigenvector of P with eigenvalue λ1 =
1. The remaining eigenvalues, denoted λ1 , . . . , λ2K determine
the rate of convergence to this stationary distribution π, and
may be directly formulated as follows.
Theorem 6.1: The transition matrix P implied by Algorithm 3.1 with proposal γ constrained to be independent of
previous realisations has eigenvalues in order of decreasing
size given by
2 

K

λ0 = 1,

λj =

γi −

i=j

πi
γj ,
πj

1 ≤ j < 2K .

(48)

Proof: We apply a method due to Liu [18] by noting that
the transition matrix P defined in (44) is given by
⎡
⎤
⎢
⎢
⎢
P=⎢
⎢
⎢
⎣

γ 1 + λ1
γ1
γ1
..
.
γ1

γ1 π2 /π1
γ 2 + λ2
γ2
..
.
γ2

...
...
...
..
.
...

γ1 π2K −1 /π1
γ2 π2K −1 /π2
γ3 π2K −1 /π3
..
.
γ2K −1 + λ2K −1

γ1

γ2

...

γ2K −1

γ1 π2K /π1
γ2 π2K /π2
γ3 π2K /π3
..
.
π

2K
2K −1

γ2K −1 π

γ2K

(49)

with λj given by (48). To establish this, notice that for the
subdiagonal terms ([P],j ,  > j), according to Algorithm 3.1
the acceptance probability is
α(j, ) = min 1,

πj γ
·
π γj

= min 1,

πj γ
·
γj π

= 1 (50)

where the latter follows according to the ordering (46). Hence
for  > j the transition probability is simply the proposal
probability γj .
Similarly, for the superdiagonal terms where  < j, the ordering (46) implies a transition probability which is acceptance
probability times proposal probability of

πj γ
πj
·
γ .
(51)
α(j, ) =
γj =
π γj
π
The terms below the diagonal correspond to transitions
to a more likely state than the present state. According to
Algorithm 5.1, such a transition will always be accepted if it
is proposed. Thus, the sub-diagonal transition probabilities are
equal to the associated proposal probability.
Since P is a stochastic matrix, its row sums are unity and
hence the diagonal terms are given by
K

K

π = [p(x = 1 | y), p(x = 2 | y), . . . , p(x = 2K | y)], (45)

2

πi
= 1−
γi −
γj
π
i<j
i>j j
⎞
⎛ K
2K
2


π
i
=
γi − ⎝
γj − γj ⎠ = γj + λj (52)
π
j
i=j
i=j

where the state index is determined according to the sorting,
π1
π2
πK
≥
≥ ... ≥ 2 .
(46)
γ1
γ2
γ2K


where the fact that i γi = 1 has been exploited.
With this formulation of P now established, it is claimed
that its eigenvalues are given by γ(48) with corresponding

[P],j = κ(xk+1 = j | xk = )

(44)

with associated vector of conditional state probabilities π
defined as

[P]j,j

2


⎥
⎥
⎥
⎥
⎥
⎥
⎦
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right eigenvectors given by
⎡
⎤T
K
2
−1
π

vk = ⎣0, 0, 0, . . . , 0, −
, 1, 1, . . . , 1⎦ , 0 < k < 2K ,
πk
=k+1

realisation xk from Algorithm 5.1 with γ modified to be
independent of past realisations satisfies
|p(xk = x | x0 ) − p(x | y)| < Rλk

Pvk = λk vk .

(55)

Let V be a matrix whose columns are vk , and then set U =
PV. Then for j < k
⎛
⎞
2K
2K

πk ⎝  π ⎠
π
[U]j,k = γj
γj
= 0. (56)
−
+
πj
πk
πj
For j = k

=k+1

=k+1

⎛

⎞

2K


[U]j,k = (γk + λk ) ⎝−

=k+1

= −λk

K
−1
2

=k+1

For j > k

λ = 1 − min τ (x),

(54)

where there are k − 1 zeros in (53). This is now verified by
demonstrating

π ⎠
+
πk

=k+1

π
.
πk

γk

π
πk

µ0 = [p(x0 = 1), p(x0 = 2), . . . , p(x0 = 2K )]

µk = µ0 Pk .

(57)

Then

⎛

µk = µ0 Pk = ⎝
⎛

=j+1

= −1 + λk +

j−1

⎡

+ [γj + λj ] + ⎣

K
2
−1



π ⎦
πk

α λ w ⎠ Pk−1

=0
K
2
−1

⎞
⎠ Pk−m
α λm
 w

=j+1

γk

=

K
2
−1

=0

α λk w .

=0

(67)
Theorem 6.1 establishes that λ0 = 1 is a maximal eigenvalue
with all others satisfying |λk | < 1, 0 < k < 2K . Furthermore,
via (47) w0 = π and hence
µk = πα0 + εk ,

εk 

K
2
−1

α λk w

(68)

=1

where an arbitrary i’th element of εk satisfies
|εik |

< R · max |λ | ,
k

1≤<2K

R

K
2
−1

|α ||wi |

(69)

=1

max |λ | = λ1 = 1 −

1≤<2K

γ1
<1
π1

(70)

so that limk→∞ |εik | = 0 and hence by Theorem 5.2 α0 = 1.
⎤

K

2


(66)

However, by Theorem 6.1
(60)

γ

=1

α w .

⎞

=k+1

⎤
γk

K
2
−1

=0

⎞ 

j−1
2K


π

⎠+
[U]j,k = γk ⎝−
γ +
πk
=k+1
=k+1
⎤
⎡ K
2

π

γk ⎦
[γj + λj ] + ⎣
(59)
πk
=j+1
⎞ 
⎤
⎡⎛ K

2
k−1


π

γk ⎠ +
γ + γk + λk ⎦
= − ⎣⎝
πk
=k+1
=1
 j−1
k−1 



γ + γk + λk +
γ
+
+ [γj + λj ] + ⎣

(65)

If P has distinct eigenvalues {λk }, with associated left eigenvectors {wk }, define {αk } via the decomposition

(58)

2K


(64)

and note that the distribution µk of the Markov chain defined
by κ(· | ·), µ0 at time k is given by

⎛

⎡

(63)

Proof: Denote an arbitrary initial distribution at k = 0 as

=⎝

=1

γ(x)
.
p(x | y)

τ (x) 

x

µ0 =
2K


(62)

where

(53)
v0 = [1, 1, · · · , 1]T .
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π ⎦
= λk
πk

(61)

where the simplification results from observing that the first
line of (60) and last line of (61) are the sums of the k’th and
j’th rows of P and hence equal to one. Finally, this fact of
all row sums of P being equal to 1 establishes that v0 given
by (53) is a right eigenvector with eigenvalue λ0 = 1.
This exact formulation of the eigenvalues of P in (44)
makes possible a simple and explicit convergence analysis.
Theorem 6.2: For any initialisation x0 , and under the assumptions of Theorem 5.2, the distribution p(xk |x0 ) of a

Therefore, in the situation where the Metropolis Algorithm 5.1
is modified to have independent proposal, the convergence rate
of the sample density p(xk | x0 ) to the posterior p(x | y) is
exponential, and governed by the maximum mismatch between
the desired posterior p(x | y) and the proposal γ as measured
by the minimum value of the ratio τ (x).
 implies
In particular, at high SNR when the MAP estimate x
p(
x | y) ≈ 1, then for uniform proposal γ(x) = 2−K
1
min τ (x) ≤ τ (
x) ≈ K .
(71)
x
2
For large K (eg. number of users in a CDMA system), this will
imply λ ≈ 1 and hence slow convergence, which is consistent
with the ‘hold up’ observed in [7], [13].
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B. Independent Proposal Choice

σ  {ξ : H(x, ξ) = 1}

(73)

where H(x, ξ) is the number of elements in x that are different
to those in ξ.
Proof: Note that according to Theorem 5.2, the unmodified Algorithm 5.1 converges so that xk ∼ p(x | y), in which
case the probability of a candidate realisation ξ being proposed
is

γ(ξ | x)p(x | y).
(74)
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Fig. 1. Performance comparison of different receivers on an AWGN channel,
with K = 96 users and spreading factor N = 128

In particular, assuming that minx τ (x) occurs at the MAP
, and denoting by LE the likelihood ratio testing
estimate x
 is in error by one bit
the hypothesis that x
LE = τ (
x)

(77)

then according to Theorem 5.2 the independent sampler tied
to Algorithm 5.1 converges as
|p(xk = x | x0 ) − p(x | y)| < R[1 − LE ]k

(78)

Therefore, since LE becomes smaller as SNR increases, then
the convergence rate will decrease, which has been empirically
observed by other authors [7], [13].
VII. S IMULATION E XAMPLE

x

Furthermore, Algorithm 5.1 uses a (non-independent) proposal
which involves randomly inverting one bit of x. This may be
expressed as
⎧ −1
; If H(ξ, x) = 1
⎨ K
γ(ξ | x) =
(75)
⎩
0,
; Otherwise,
Therefore, by combining (74) and (75)

1
γ(ξ) =
p(x | y)
K
x:H(ξ ,x)=1

10

Bit error rate (BER)

We now further investigate the choice of independent proposal density γ. In what follows, it will be selected so that the
probability γ(ξ) of a given proposed Markov chain realisation
ξ is identical to that arising from the original (non-independent
proposal) Metropolis Algorithm 5.1 after it has converged.
The underlying argument is that via this construction, the
convergence properties of the independent chain can be expected to be informative as possible for those of Algorithm 5.1.
In this case, the convergence rate can again be judged by
the results of Theorem 6.2 in combination with the following
Lemma quantifying τ (x).
Lemma 6.1: Suppose that the independent proposal γ(ξ) is
chosen to be, as a function of ξ, identical to the dependent proposal γ(ξ | x) employed in Algorithm 5.1 after convergence
has occurred. Then the quantity τ (x) defined in equation (63)
of Theorem 6.2 is given by
 1
q(x | y)
,
q(x | y) 
p(ξ | y),
(72)
τ (x) =
p(x | y)
K
σ

(76)

is an independent proposal that, after burn in, is identically
distributed to the non-independent proposal used in Algorithm 5.1. Using this in (63) completes the proof.
To understand this result, note that {ξ : H(ξ, x) = 1} is
the set of elements differing from x in only one bit position.
Therefore, if the initial distribution for the transmitted bits is
independent and equiprobable as p(xi ) = 1/K, q(x | y) is
the posterior probability q(x | y) that the transmitted symbol
differs from x by one bit,
Therefore, τ (x) given by (72) is the likelihood ratio for
testing the hypothesis that an estimate x is in error by one
bit.
Consequently, when the analysable independent proposal
case is as closely matched as possible to the implementable
Metropolis Algorithm 5.1, then according Theorem 5.2, the
exponential convergence rate slows as the certainty in received
bit decisions based on the posterior p(x | y) grows.

Having now established various convergence properties of
Algorithms 4.1 and 5.1, this section presents a brief simulation
example to provide a concrete illustration of their performance. Readers interested in more extensive simulation-based
performance profiling of Metropolis–Hastings type approaches
are referred to [7], [8], [11], [13].
A multi-user detection problem of non-trivial size involving
K = 96 users with spreading factor N = 128 and additive
white Gaussian noise channel was chosen. The signature waveforms sn (t) = ±1 were chosen randomly and independently,
and the choice Ak = 1, k = 1, . . . , K was taken for the
transmit powers.
At each value of Eb /N0 , Algorithms 4.1 and 5.1 were both
run for M = 5000 iterations, with detection achieved by
thresholding of the resulting posterior probability estimates.
The bit error rate (BER) was then evaluated by repeating
the simulation with different noise and spreading sequence
realisations until a total of 5000 error events were observed.
The results are presented in Figure 1. Also shown there
is the performance, under the same conditions, of the linear minimum mean-squared error (MMSE) detector [3], an
iterative parallel decision-feedback detector (P-DFD) and a
2-stage iterative successive DFD (IS-DFD) [19], and the
single-user bound. Clearly, and especially for higher SNR’s,
Algorithms 4.1 and 5.1 outperform the alternative MMSE,
P-DFD and IS-DFD receivers. Furthermore, the Metropolis
based Algorithm 5.1 enjoys a slight performance advantage
relative to relative to the Gibbs sampling based Algorithm 4.1.
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In these simulations, the variance of the proposal density
γ was chosen to achieve an observed acceptance rate of
approximately 30%, which was important for maintaining
performance at high SNR’s. This technique is well accepted
and widely used in the MCMC literature [17].
VIII. C ONCLUSIONS
This paper has used a unified formulation to encompass a
variety of Markov chain Monte Carlo approaches to a range of
‘multi-dimensional’ detection problems to facilitate the study
of convergence properties including necessary conditions, and
factors influencing rate of convergence.
While empirical study by the authors has exposed similar
performance for the Gibbs sampling and Metropolis methods,
because of the freedom in proposal density choice, the latter
is more easily extensible beyond the ’detection-only’ scenario
considered here without the need for special ‘conjugate’
choices of assumed densities on unknown parameters (eg.
channel state information).
The application of these same methods to problems of soft
decoding and channel state estimation is believed worthy of
further study.
A PPENDIX
AUXILIARY R ESULT
Lemma A.1: For x and y vectors in {−1, +1}K , let
H(x, y) be the number of elements in x that are different
to those in y, and let f : RK → R be arbitrary. If
f (xa ) = f (xb ) for all xa , xb such that H(xa , xb ) = 1, then
f (x) is a constant for all x ∈ {−1, +1}K .
Proof: Take xp and xq arbitrary and denote H(xp , xq ) =
d. Then there exists a sequence of d + 1 states {x0 =
xp , x1 , x2 . . . xd = xq } with the property that H(xr , xr+1 ) =
1 for 0 ≤ r < d. Consequently f (xr ) = f (xr+1 ) for
0 ≤ r < d. However, xp and xq were arbitrary, and hence
f (xp ) = f (xq ) for all xp and xq .
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