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ABSTRACT

Theuseof adaptve algorithmssuchasKalmanFiltering, LMS and
RLStogethemith FIR modelstructuress very commonandexten-
sively analysedIn theinterestof improvedperformanceanexten-
sionof theFIR structurehasheenproposedn whichthefixedpoles
arenotall atthe origin, but insteadarechoserby prior knowledge
to becloseto wherethetruepolesare.ExistingFIR analysisvould
indicatethatthe noiseandtrackingpropertiesof suchaschemeare
invariantto thechoiceof fixedpolelocation. This paperestablishes
both numericallyandtheoreticallythatin factthis is not the case.
Instead the dependencef fixed pole locationis madeexplicit by
deriving frequeny domainexpressionghatare obtainedby using
new resultson generalisedrourier seriesandgeneralisedoeplitz
matrices.

1. INTRODUCTION

In the contet of estimatingavectorof n FIR taps# usinganadap-
tive algorithm, a very well known resultthat hasproved to be of
greatintuitive utility is thatthe variability of the FIR frequeng re-
sponseestimateG (e?*, 5) (§is theestimateof 6) is approximately
givenby [3]
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wherex is someconstanty is the stepsize,o? is the white mea-
suremenhoisevariance®,, (w) is theinputexcitationspectrablen-
sity, andr = 1 for Recursie LeastSquaresr = 1/2 for Kalman
Filteringandr = 0 for theLMS algorithm.

Recentlyworkers[8] have suggestethe useof ‘extendedrIR’
structuresvhereinall the polesarenotnecessarilattheorigin, but
insteadsome(or all) arechoserto be ascloseaspossibleto where
thetrue polesarebelievedto lie.

In assessinthevalidity of thisschemeanaturalquestiorarises
asto how (1) shouldbemodifiedto describevar{ G/(e’* §)} where
now 6 is a vector of ‘generalised’FIR taps. The mostobvious
courses to concludethatthesenew modelstructuresrereally just
theold FIR oneswith aninput{u:} pre-filteredby anall-polefilter
F(q) = 1/Dy(q) whereDy (q) = TT;Zo (q — &) with {¢4} being
the userchosenguessesisto the true pole locations. This would
imply thatthe variability of the FIR ‘numerator’partis thengiven

Va{G(e’,8)} = n (1)
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by the expression(1) with the substitution

; ; @, (w)
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@) = @) = pois @
made.Thefrequeng domainvariability of thewholemodelstruc-
ture, being the FIR numeratorpart divided by the frequeng re-
sponseof the fixed denominatoipart, shouldthenbe (1) with the

substitutior(2) andthendividedby | D,, (e7)|?. Clearlythe| D, (e’)|?

termswill cancelandthe conclusiorwill ensuehatthe variability

of Var{G(e?*, §)} is invariantto the choiceof fixed pole location.
Thiscanbetestecbnasimpleexamplewhereinthetruesystem

is

_ 0.1548g + 0.0939

Gla) = 7 =0.6065)(q — 0.3679)

andann = 10'th ordermodelis fitted usingRLS whenthe input
{us} hasspectratlensity®,, (w) = 10(1.25—cos w) !, theoutput
measurementgy; } arecorruptedby white noiseof variances? =

0.01, andthealgorithmis runfor N = 2000 datasamplesin this
case,the true variability can be estimatedby the sampleaverage
over 200 Monte-Carlosimulationswith differentinput and noise
realisationsThis canthenbe comparedo the approximatior(1).

For the caseof all the {¢;} beingat the origin (sothata true
FIR structureis emplo/ed), thenthe resultsof sucha comparison
areshawn in the top plot of figure 1 - (1) beingthe dash-dotine,
andtheMonte-Carloestimateof truevariability beingthesolidline.
Theagreemenis excellent.

However, if all the polesarechoseraway from the origin, five
até, = 0.2 andfive até, = 0.8 thenwhenexaminingthetheoret-
ical prediction(1) andthe true variability asshavn in the bottom
plot of figure 1, theagreemenbetweerthetwo hasdisappeared

Neverthelessfor this latter case notethe goodagreemenbe-
tweenthe true variability andthe dashedine, whichis a plot of an
improvedapproximatiorpresentedh this paper This new approxi-
mationis theold one(1) with themodelordertermn replacedwith
afrequeng dependentunction-~y, (w). Thatis, the mainresultsof
the paperarefirstly thatthe previousreasoningwhich tried to em-
ploy the pre-isting result(1) is misleadingin its conclusionthat
Var{G(e*, §)} is insensitve to fixed pole locationsandsecondly
theapproximation

UOLK
[®u(W)]”

actsasageneralisationf (1) whichin thecaseof fixed polesnot at
theorigin, canbemuchmoreaccuratehan(1). Thefunctiony, (w)

Var{G(e’*,8)} = yn(w) (3
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Figure 1: Comparisonof (solid line) true variability to (dashed
line) FIR basedtheoetical approximation(1). Top plot is caseof

all polesat origin (FIR case) bottomplot is caseof all polesaway
fromorigin. Dash-dotineis theimprovedappioximationpresented
in thispaper(Th4.1).

is purelyafunctionof the choiceof pole position{¢ }, andfor the
specialchoiceof all of theseat the origin (FIR), theny,(w) = n
asaspecialcase.The developmentof this new approximatiorde-
pendsontheuseof severalnan resultswhich aregeneralisationsf
classicaFourierseriesandToeplitzmatrix propertiego thecaseof
the underlyingorthonormabasisbeinggeneralisedrom the usual
trigonometricone.

2. PROBLEM FORMULATION

This paperconsiderssituationswherean obsered input sequence
{u.} is relatedto anobsered outputsequencgy; } accordingo

(4)

where{v;} is azeromeanwhite noiseprocessith varianceE{v}} =
2 < coand

yr = Ge(q)us + vy

Gi(q) =D g(m)g "

isapossiblytimevaryinglinearsystemwith impulseresponsd g:(n)} €

5. Itis assumedhat{u; } is arealisatiorof astationarystochastic
processwith covariancefunction R, (1) = E{utu;—-} andas-
sociatedspectradensity®, (w) = >_>2 _ _ Ry (7)e™?“" andthat

{u+} isweaklyuncorrelateavith {1+ } in thesensehat|E {usvi—, } | —

0 ast — oco. It is alsoassumedhat ®, (w) > 0 andthat®, (w)
hasa finite dimensionakpectraFfactorisation.

At issueis theestimatiornof the (assumedinknavn) time vary-
ing dynamicsG.(q) by meansof the obserations{u. } and{y.}.
Therearemary approachew thisproblem butacommornthemd?2]
is to expressthe dependencé) in a linear regressionform y; =
&7 0; + v, wherethe ‘regressiorvector’ ¢; dependsn measure-
mentsof {u;} and{y; } upuntilt = k andf; € R" isavectorof n
parameterin a modelstructureG(gq, 6;) thatattemptsto describe
thetrue dynamicsG¢(g). An estimateof G¢(q) is thenobtainedas

G(q, @) wherethe estimated; is obtainedrecursvely via

Biv1 =08 + Le(ys — ¢ 6:), ne(0,1) (5)

whereL; is a gainvectorthat may be computedn variousways.
A commonchoicefor this gainvectoris Ly = u¢:, p € (0,1)
in which case(5) is knowvn asthe ‘gradient’ or ‘leastmeansquare’
(LMS) algorithm.Anothercommonchoiceis Ly = P;¢: whereP;

satisfies -
1 Pi_1¢i¢; Pi—1
Po=<{P_ - —
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with A =1 — u, p € (0,1) andP; isinitialisedwith somepositive
definite P, andwith the ensuingalgorithmbeingknown as‘Re-
cursive LeastSquares(RLS). Finally, if the time variationof the
parameter§, aremodeledvia arandomwalk asé;+1 = 6: + pw;
wherew; is astationaryzeromeanvectorwhite noiseprocessvith
E{w;w! } = Q, thentheupdatdaw
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whereP; satisfiegthe Riccatiequation
Pi_1¢ipT P
Po=P_1—pn r—10e¢; Pio1 us @)

0% + ¢y Pio1¢:

with 3 > 0 andsymmetricis known asthe KalmanFilter.
Whenemplging ary of theseadaptve sAchemesacentranues-
tion is the accurayg of the estimateG(q, 8;) as a descriptionof
G+(q). Themostcommonway of assessinghis is to examinethe
accurag of 6, itself [2]. Thismaybeachieredby definingd, asthe
true parametevectorthatallows themodelstructureto exactly de-
scribethe underlyingtime varying dynamicsasG(q, 6;) = G+(q)
andby definingthe estimationerrord; asé; £ 6, — .
Thequality of anadaptve estimatiorschemeanthenbequan-
tified by usingE{6:67 } asameasuref estimationaccurag. Un-
fortunately aspointedout in [3, 4], the exact expressionfor this
covariancewill bevery complicatedexceptin very specialcircum-
stancesThemainresultof [4] whichwill becentralto theanalysis
of this papeiis thatin spiteof this,andunderthestatedassumptions
andthe definition R £ E{¢:47 } thenE{6:67 } may be approxi-
matedby atime varying matrix IT; which in the steadystatecase
corvergesto a positive definitesymmetricmatrix IT given by

LMS: Thesolutionof the Lyapune equation

2
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Kalman Filter: Forthespecialcaseof ¥ = Q:
2 2 2
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However, asarguedin [3, 1], in mary caseghe interestis notin
theaccurag in parametespaceput theaccurag in how closethe
estimatednodelG (g, @) isto thetruesystemG(q) in termsof the
errorGy(e’*) £ Gy(e/*) — G(e’*, §;) in theestimatedrequeny
response.ln this paper modelstructuresG (g, 6;) areconsidered



for whichtheestimatedrequeng responselependsinearlyonthe
estimatedparameterss G(e/“,8;) = T% (e/*)f; sothatp, =
I'»n(q)u: where

T'n(q) £ [Bo(q), Bi(a), -, Bo—1(a)]"

is a vectorof n rationaltransferfunctionsB,,(¢). For example,
Bn(q) = ¢~ correspond$o anFIR modelstructure.

In this caseanapproximatdrequeng domainquantificatiorof
adaptve performancenaythenbetakenas

E{IGu(e™)1’}

(11)

Th(e)E {887} Tu(e™),
T (/)L Dy (e

Q

(12)

where-* denotesconjugatetranspose’.Unfortunately againthis
expressionwill in generalbe of a very complicatednature. The
maincontrikution of this paperwill beto follow theleadof [3] and
derive simpleapproximationgor (12) suchas(3).

3. MODEL STRUCTURES

The model structuresexaminedin this paperhave recentlybeen
proposedby Williamson and Zimmermann[8] wherethey have
beentermedfix edpoleadaptve filters’. They areformulatedas

Gla,6)) = [H(q—sk)] Seke (13
k=0 k=0

A specialcaseof this structureariseswhenall the poles{¢, } are
choserattheorigin in which case(13) is an FIR modelstructure.

However, empirical evidence[8] supportsthe factthatin an
adaptve filtering context, a significantimprovementin estimation
accurag is possibleby avoiding poles{¢. } all fixed at the origin,
andinsteaddistributing themin theunit disk soasto beascloseas
possibleto thetrue polesof G (q).

In spiteof the pleasanpropertiesenjoyed by the modelstruc-
ture (13), its generality(as comparedo an FIR structure)makes
frequeny domainanalysisof adaptve algorithmsmuch moredif-
ficult. This hasalreadybeenfore-shadwed by the simulationex-
amplesof § 1, but to bemoreexplicit onatheoreticalevel, thetwo
key ideasof the seminalwork of [3] on this topic wereto notice
thatin theFIR case

1. TI; is a Toeplitz matrix which canbe formulated,for some
spectradensity f asIl; = T, (f) definedas

TPl = 5= [

2. By recognisinghis Toeplitz matrix feature then(12) spec-
ifying E{|G:+(e’*)|2} is actuallyan n’th order Fourier re-
constructiorof thefunction f(w), andsoshouldbe approx-
imatelyequalto f(w).

The reasorwhy theseprincipleshave failed in the simulationex-

ampleshavn in figure 1 of § 1 is thattheunderlyingfunctionbeing
Fourier reconstructedlependsn the effective input spectralden-
sity (for RLS, thefunction f abaveis f = |D,|?/&..), andif there
are fixed polesin the model structure,this is an all-pole filtered
quantity which will be far lesssmooth(the degreedependingon

thenumberof fixedpolesnotattheorigin) thantheoriginal spectral
density®,,. Sincetheaccurag of the Fourierreconstructiorused

ej“’(m_l)f(w) dw.

in step2 depend<rucially on the degreeof smoothnesst eventu-
atesthatfor a high proportionof the fixed polesnot at the origin,
theapproximation1) breaksdown becausé¢he underlyingFourier
reconstructiorusedin step2 hasnotapproximatelycorverged.

Thesolutionproposedn this paperandshavn astheimproved
(dashedine) approximatiorin figure 1 is to absorhkthefixed poles
intothemodelstructureput still in anorthonormallyparameterised
way. In this case,certainnen resultson generalisedrourier con-
vergenceandthealgebraiqropertief generalisedoeplitzmatri-
cesareemplg/ed[6] to provide anapproximatiorthatis improved
sinceit involves generalised~ourier reconstructiorof a function
thatis invariantto the choiceof fixed poles,and hencehasfixed
smoothness.

To be more specific, the stratgy emplo/ed hereinvolves re-
placing the model structure(13) with the following orthonormal
formulation

Gla,0) = 3 8:(m)Ba(a)

(14)
n=0
where
_(VIZI&P\ 77 (1-Ea
B"(q)_< q—&n )g(q—&) =

Sincethe polesof the model structure(14) and (13) are identi-
cal,thenthey areequialentin the sensdhatfor somenonsingular
J € RP*P theparametewectorsd; in (14)andd; = J, in (13)
describexactlythesameransferfunction. As well, with initialisa-
tion Py = J‘lPéJ‘T consistentvith thislinearre—parameterisation,
the RLS updateequationsareinvariantto the re—parameterisation
in thesensahaté\; = Jb, sothatfrequeny responsestimatesire
identical: G(e/“, 6}) = G(e’*, 8;). This samepropertyalsoap-
pliesto the KalmanFiltering updatelaw (6),(7) providedthe com-
patibility . = J='2'J~7 is alsomaintained.

The above ‘basis functions’ {Bx(z)} are orthonormalin the
sensehat

1 [ jonm o, J 1 sm=mn
(Bn,Bm)% . B, (e’")Bp(ei¥) dw = { 0 im#n
In this case,the idea of Toeplitz matricesis generalisedn [6] to
onein whichamatrix M, ( f) is definedby a spectrablensity f (w)

as
I BT
[Mu(Plme = 5— [ Bm(e’*)Be(e?*) f(w) dw
is consideredin which casetakingthe RLS caseasanexample,it
is possibleto shaw [5] thatTl; ~ 1/2M, (uo2/®,). Continuing
by substituting’, (¢) = [Bo(q), - - - , Bn—1(q)]" thenprovidesthat
from (12)

L B8,y ~ L
mE{|Gt(e I = 2790 (w)

where

TL ()M, (’;‘”) T (e’*)

p—1
(@) 2 37 Bu(e)P. (16)
k=0

Finally, in [6] Fourieranalysisis generalisedn suchaway to es-
tablishthat

lim —

2 2
*/ jw Koy Jw — HOoy
(e’ )M, (—‘I’u ) Tn(e’”) 20, (w)

sothatif oneassumeshatthis corvergenceholdsfor finite n, the
extendedapproximation(3) shavn asthe dashedine in figure 1



eventuates. Furthermore the completecontrikution of the fixed
polelocationchoiceis capturedoy theterm+y, (w), which for sev-
eralchoicesof {¢;} is shavn in figure 2.
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Figure2: Plot of v, (w) for variouschoicesof polelocation.

4. EXTENDED VARIANCE EXPRESSIONS

Having presentecan informal overview for the RLS caseof the
methodsusedto provide theimproved approximatiorof this papey
the resultsare now statedmore comprehensely as (the quantity
§(w) £ E{|Ge+1(e’*) — Gi(e7*)|”} is usedto quantifythetime
variationof G¢(q) in thefrequeng domain-se¢5] for details)

Theorem 4.1. FortheLMSalgorithmandthemodeistructue (14),
then
= ey o @) [ p?8(w)
E{|Gt(e )| }N ; [,ua,,—i—

pPu(w)
For the RLSalgorithmandthe modelstructue (13) or (14),then

= {ioue ) = 2 [

+ %26(00)] .

For the Kalman Filtering algorithm, the modelstructue (13) or
(14) andundertheassumptiohat@Q = X, then

E{IGi(e™)1} ~ %T(w) (“Z_i + %) (;2;5((5))

Proof. Derivedby usingthe parameterspaceapproximationg8),
(9) and(10) togetherwith the generalisedrourierand Toeplitz re-
sultsof [6]. Seg[5] for details. a

5. CONCLUSION

This paperhaspresenteanly anoverview of resultsthataremore
fully developedin [5], whereit is shavn that Theorem4.1 applies
for ary modelstructurethatallows the regressorgo be generated
as

dr+1 = Adt + Buy,

where A € R™ " is ary matrix with eigevaluesat locations
{€o,--&n—1} and B is ary n dimensionalector As well, in [7]

the resultsare further extendedto caseswherethe polesare not
fixed,suchasARX andARMAX modeling.In thiscasat is shavn

thatthe presencef fixed noisemodelzeroeqwhich is equivalent
to pre-filteringthedata{w: } and{y; }) impliesthatimprovedaccu-
ragy approximationso Var{ G (e’* 5)} canalsobegeneratedlong
thelinesof this paperby replacingn with v, (w).
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