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ABSTRACT

Theuseof adaptivealgorithmssuchasKalmanFiltering,LMS and
RLStogetherwith FIRmodelstructuresis verycommonandexten-
sively analysed.In theinterestsof improvedperformanceanexten-
sionof theFIR structurehasbeenproposedin whichthefixedpoles
arenot all at theorigin, but insteadarechosenby prior knowledge
to becloseto wherethetruepolesare.ExistingFIR analysiswould
indicatethatthenoiseandtrackingpropertiesof suchaschemeare
invariantto thechoiceof fixedpolelocation.Thispaperestablishes
bothnumericallyandtheoreticallythat in fact this is not the case.
Instead,the dependenceof fixed pole locationis madeexplicit by
deriving frequency domainexpressionsthatareobtainedby using
new resultson generalisedFourierseriesandgeneralisedToeplitz
matrices.

1. INTRODUCTION

In thecontext of estimatingavectorof � FIR taps
�

usinganadap-
tive algorithm,a very well known result that hasproved to be of
greatintuitive utility is thatthevariability of theFIR frequency re-
sponseestimate�������
	���
��� ( 
� is theestimateof

�
) is approximately

givenby [3]

Var������� �
	 � 
���
��� ����������� �! �#" �%$'& (1)

where � is someconstant,� is thestepsize, ���� is thewhite mea-
surementnoisevariance,

�! �#" � is theinputexcitationspectralden-
sity, and (*),+ for Recursive LeastSquares,(*),+.-�/ for Kalman
Filteringand (0)21 for theLMS algorithm.

Recently, workers[8] havesuggestedtheuseof ‘extendedFIR’
structureswhereinall thepolesarenotnecessarilyat theorigin, but
insteadsome(or all) arechosento beascloseaspossibleto where
thetruepolesarebelievedto lie.

In assessingthevalidity of thisscheme,anaturalquestionarises
asto how (1) shouldbemodifiedto describeVar������� ��	 � 
���
� where
now

�
is a vector of ‘generalised’FIR taps. The most obvious

courseis to concludethatthesenew modelstructuresarereally just
theold FIR oneswith aninput �.354 � pre-filteredby anall-polefilter6 �87 � )9+:-�;=<��87 � where;=<��87 � )?> <A@CBDFECG �87IH*J D � with �:J D � being
the userchosenguessesasto the true pole locations. This would
imply that thevariability of theFIR ‘numerator’part is thengiven
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by theexpression(1) with thesubstitution�! �#" �IKLNM 6 ��� ��	 �FM � �! ��� �
	 � ) �! �#" �M ;=<���� ��	 �FM � (2)

made.Thefrequency domainvariability of thewholemodelstruc-
ture, being the FIR numeratorpart divided by the frequency re-
sponseof the fixed denominatorpart, shouldthenbe (1) with the
substitution(2)andthendividedby

M ;�<O��� �
	 �FM � . Clearlythe
M ;�<���� �
	 �FM �

termswill cancel,andtheconclusionwill ensuethatthevariability
of Var������� �
	 � 
���
� is invariantto thechoiceof fixedpolelocation.

Thiscanbetestedonasimpleexamplewhereinthetruesystem
is ���87 � ) 1APQ+:RTS�UT7WVX1YP 1�Z\[�Z�87]H^1AP _�1\_�R � �870H`1YP [�_�aTZ �
andan � )b+:1 ’ th ordermodelis fitted usingRLS whenthe input�.3 4 � hasspectraldensity

�! �#" � )c+F1d�e+\P /�R�Hgfih\jk" � @CB , theoutput
measurements�.l�4 � arecorruptedby whitenoiseof variance� �� )1AP 1Y+ , andthealgorithmis run for mn)o/�1\1�1 datasamples.In this
case,the true variability canbe estimatedby the sampleaverage
over 200 Monte-Carlosimulationswith different input andnoise
realisations.Thiscanthenbecomparedto theapproximation(1).

For the caseof all the �:J D � beingat the origin (so that a true
FIR structureis employed), thenthe resultsof sucha comparison
areshown in the top plot of figure1 - (1) beingthedash-dotline,
andtheMonte-Carloestimateof truevariabilitybeingthesolidline.
Theagreementis excellent.

However, if all thepolesarechosenaway from theorigin, five
at J D )p1AP / andfive at J D )?1YP U thenwhenexaminingthetheoret-
ical prediction(1) andthe true variability asshown in the bottom
plot of figure1, theagreementbetweenthetwo hasdisappeared

Nevertheless,for this lattercase,notethegoodagreementbe-
tweenthetruevariability andthedashedline, which is a plot of an
improvedapproximationpresentedin thispaper. Thisnew approxi-
mationis theold one(1) with themodelorderterm � replacedwith
a frequency dependentfunction qA<C�#" � . Thatis, themainresultsof
thepaperarefirstly thatthepreviousreasoning,which tried to em-
ploy thepre-existing result(1) is misleadingin its conclusionthat
Var�T�������
	�� 
���
� is insensitive to fixedpole locationsandsecondly
theapproximation

Var�T����� ��	 � 
�\�
��� qA<C�#" � �O� �� �� �  �#" �%$ & (3)

actsasageneralisationof (1) whichin thecaseof fixedpolesnotat
theorigin, canbemuchmoreaccuratethan(1). Thefunction q < �#" �
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Figure 1: Comparisonof (solid line) true variability to (dashed
line) FIR basedtheoretical approximation(1). Top plot is caseof
all polesat origin (FIR case),bottomplot is caseof all polesaway
fromorigin. Dash-dotline is theimprovedapproximationpresented
in thispaper(Th 4.1).

is purelya functionof thechoiceof poleposition �FJ D � , andfor the
specialchoiceof all of theseat theorigin (FIR), then q < �#" � ) �
asa specialcase.Thedevelopmentof this new approximationde-
pendsontheuseof severalnew resultswhicharegeneralisationsof
classicalFourierseriesandToeplitzmatrixpropertiesto thecaseof
theunderlyingorthonormalbasisbeinggeneralisedfrom theusual
trigonometricone.

2. PROBLEM FORMULATION

This paperconsiderssituationswherean observed input sequence�:354 � is relatedto anobservedoutputsequence�:l�4 � accordingtol 4 )p� 4 �87 � 3 4 Vsr 4 (4)

where�Tr 4 � isazeromeanwhitenoiseprocesswith varianceE �Tr �4 � )� ��=tvu and ��4��87 � ) wx< E Bzy 4
� � � 7 @{<
isapossiblytimevaryinglinearsystemwith impulseresponse� y 4�� � �
�}|~ � . It is assumedthat �:3 4 � is a realisationof astationarystochastic
processwith covariancefunction �  �8� � ) E �.354�354 @5� � and as-
sociatedspectraldensity

�! �#" � )?� w� E @ w �  �8� � � @ �
	 � andthat�:3 4 � isweaklyuncorrelatedwith �Tr 4 � in thesensethat
M
E �.3 4 r 4 @{� �!M�L1 as � L u . It is alsoassumedthat

�  �#" �0� 1 andthat
�  �#" �

hasafinite dimensionalspectralfactorisation.
At issueis theestimationof the(assumedunknown) timevary-

ing dynamics��4��87 � by meansof theobservations �.3{4 � and �.l\4 � .
Therearemany approachesto thisproblem,butacommontheme[2]
is to expressthe dependence(4) in a linear regressionform l 4 )�C�4 � 4�V2r�4 wherethe ‘regressionvector’

� 4 dependson measure-
mentsof �.3 4 � and �.l 4 � upuntil ��)2� and

� 4 |�� < is avectorof �
parametersin a modelstructure���87Y� � 4 � thatattemptsto describe
thetruedynamics��4��87 � . An estimateof ��4��87 � is thenobtainedas

���87Y� 
� 4 � wheretheestimate
� 4 is obtainedrecursively via
� 48� B!)?
� 4 V�� 4 �8l 4 H � �4 
� 4 � � � | ��1A�F+ � (5)

where � 4 is a gainvectorthat maybe computedin variousways.
A commonchoicefor this gain vector is ��4�) � � 4
� � | ��1A�:+ �
in whichcase(5) is known asthe‘gradient’or ‘leastmeansquare’
(LMS) algorithm.Anothercommonchoiceis � 4 )2� 4 � 4 where� 4
satisfies � 4 ) +�^� � 4 @OB�H ��4 @OB � 4 � �4 ��4 @CB� V � �4 ��4 @OB � 4��
with

� )9+�H � � � | ��1A�F+ � and ��4 is initialisedwith somepositive
definite � G andwith the ensuingalgorithmbeingknown as ‘Re-
cursive LeastSquares’(RLS). Finally, if the time variationof the
parameters

� 4 aremodeledvia arandomwalk as
� 48� B ) � 4kV`����4

where� 4 is astationaryzeromeanvectorwhitenoiseprocesswith
E �.� 4 � �4 � )p� , thentheupdatelaw� 4 ) � ��4 @OB � 4� � V � � �4 ��4 @OB � 4 (6)

where��4 satisfiestheRiccatiequation� 4 )2� 4 @CB�H � � 4 @OB � 4 �C�4 � 4 @OB� � V � � �4 � 4 @OB � 4 V ��� (7)

with � � 1 andsymmetricis known astheKalmanFilter.
Whenemployingany of theseadaptiveschemes,acentralques-

tion is the accuracy of the estimate���87Y� 
� 4 � as a descriptionof��4��87 � . Themostcommonway of assessingthis is to examinethe
accuracy of 
� 4 itself [2]. Thismaybeachievedby defining

� 4 asthe
trueparametervectorthatallows themodelstructureto exactlyde-
scribetheunderlyingtime varyingdynamicsas ���87A� � 4 � )o��4��87 �
andby definingtheestimationerror �� 4 as �� 4�� � 4�Hs
� 4 .

Thequalityof anadaptiveestimationschemecanthenbequan-
tified by usingE ���� 4��� �4 � asa measureof estimationaccuracy. Un-
fortunately, aspointedout in [3, 4], the exact expressionfor this
covariancewill bevery complicatedexceptin veryspecialcircum-
stances.Themainresultof [4] whichwill becentralto theanalysis
of thispaperis thatin spiteof this,andunderthestatedassumptions
andthedefinition �,� E � � 4 � �4 � thenE � �� 4 ��\�4 � maybe approxi-
matedby a time varying matrix � 4 which in the steadystatecase
convergesto apositivedefinitesymmetricmatrix � givenby

LMS: Thesolutionof theLyapunov equation����V��]��) �O� �� � V � �� �gP (8)

RLS: �2) �O����/ � @OB V � �/ � �gP (9)

Kalman Filter: For thespecialcaseof � )?� :�p) � �/¢¡ � � ��� � V � ��¤£¤¥ � � � ¥ � ¥ ) � P (10)

However, asarguedin [3, 1], in many casesthe interestis not in
theaccuracy in parameterspace,but theaccuracy in how closethe
estimatedmodel ���87Y� 
� 4 � is to thetruesystem� 4 �87 � in termsof the
error �� 4 ��� ��	 � �p� 4 ��� ��	 � H¦����� ��	 � 
� 4 � in theestimatedfrequency
response.In this paper, modelstructures���87Y� � 4 � areconsidered



for whichtheestimatedfrequency responsedependslinearlyonthe
estimatedparametersas ����� �
	 � 
� 4 � )¨§ �< ��� ��	 � 
� 4 so that

� 4 )§ < �87 � 354 where§�<O�87 � � � © G �87 � � © B��87 � �FªFªFª:� ©�« @CB��87 �%$ � (11)

is a vector of � rational transferfunctions
© <��87 � . For example,© < �87 � )�7 @{< correspondsto anFIR modelstructure.

In thiscaseanapproximatefrequency domainquantificationof
adaptive performancemaythenbetakenas

E ¬ M ���4���� �
	 �FM ��­ ) §�®< ��� ��	 � E ¬ �� 4 �� �4 ­ § < ��� �
	 � �� §�®< ��� ��	 � �]4%§ < ��� ��	 � (12)

where ª ® denotes‘conjugatetranspose’.Unfortunately, againthis
expressionwill in generalbe of a very complicatednature. The
maincontributionof thispaperwill beto follow theleadof [3] and
derivesimpleapproximationsfor (12)suchas(3).

3. MODEL STRUCTURES

The model structuresexaminedin this paperhave recentlybeen
proposedby Williamson and Zimmermann[8] where they have
beentermed‘fix edpoleadaptive filters’. They areformulatedas���87A� ��¯4 � )¨° <Y@OB±DFEOG �87]H²J D ��³ @CB <Y@OBxDFECG ��¯4 ��� � 7 D (13)

A specialcaseof this structureariseswhenall thepoles �:J:< � are
chosenat theorigin in whichcase(13) is anFIR modelstructure.

However, empirical evidence[8] supportsthe fact that in an
adaptive filtering context, a significantimprovementin estimation
accuracy is possibleby avoiding poles �:J D � all fixedat theorigin,
andinsteaddistributingthemin theunit disksoasto beascloseas
possibleto thetruepolesof � 4 �87 � .

In spiteof thepleasantpropertiesenjoyedby themodelstruc-
ture (13), its generality(ascomparedto an FIR structure)makes
frequency domainanalysisof adaptive algorithmsmuchmoredif-
ficult. This hasalreadybeenfore-shadowed by thesimulationex-
amplesof ´ 1, but to bemoreexplicit ona theoreticallevel, thetwo
key ideasof the seminalwork of [3] on this topic wereto notice
that in theFIR case

1. � 4 is a Toeplitzmatrix which canbe formulated,for some
spectraldensityµ as ��4�)v¶ < ��µ � definedas� ¶O<O��µ �%$'·W¸ ¹ ) +/Tº²»�¼@ ¼ � ��	5½

· @ ¹¿¾ µ��#" �AÀ "ÁP
2. By recognisingthis Toeplitzmatrix feature,then(12) spec-

ifying E � M �� 4 ��� ��	 �FM � � is actuallyan � ’ th orderFourier re-
constructionof thefunction µ��#" � , andsoshouldbeapprox-
imatelyequalto µ��#" � .

The reasonwhy theseprincipleshave failed in the simulationex-
ampleshown in figure1 of ´ 1 is thattheunderlyingfunctionbeing
Fourier reconstructeddependson the effective input spectralden-
sity (for RLS,thefunction µ above is µÂ) M ;=< M � - �! ), andif there
are fixed polesin the model structure,this is an all-pole filtered
quantity, which will be far lesssmooth(the degreedependingon
thenumberof fixedpolesnotattheorigin) thantheoriginalspectral
density

�  
. Sincetheaccuracy of theFourier reconstructionused

in step2 dependscrucially on thedegreeof smoothness,it eventu-
atesthat for a high proportionof the fixed polesnot at the origin,
theapproximation(1) breaksdown becausetheunderlyingFourier
reconstructionusedin step2 hasnotapproximatelyconverged.

Thesolutionproposedin thispaperandshown astheimproved
(dashedline) approximationin figure1 is to absorbthefixedpoles
into themodelstructure,butstill in anorthonormallyparameterised
way. In this case,certainnew resultson generalisedFourier con-
vergenceandthealgebraicpropertiesof generalisedToeplitzmatri-
cesareemployed[6] to provideanapproximationthatis improved
sinceit involves generalisedFourier reconstructionof a function
that is invariant to the choiceof fixed poles,andhencehasfixed
smoothness.

To be morespecific,the strategy employed hereinvolves re-
placing the model structure(13) with the following orthonormal
formulation ���87A� � 4 � ) « @CBx< EOG � 4 � � � © <��87 � (14)

where © <O�87 � )ÄÃÆÅ +ÁH M J.< M �7WH^J.< Ç <A@OB±4 ECG�¡ +ÈH J 4 77]H^J 4 £ (15)

Since the polesof the model structure(14) and (13) are identi-
cal, thenthey areequivalentin thesensethatfor somenonsingularÉ |`� «zÊz«

, theparametervectors
� 4 in (14) and

� ¯4 ) É � 4 in (13)
describeexactlythesametransferfunction.As well, with initialisa-
tion � G ) É @OB � ¯G É @ � consistentwith thislinearre–parameterisation,
the RLS updateequationsareinvariantto the re–parameterisation
in thesensethat 
� ¯4 ) É 
� 4 sothatfrequency responseestimatesare
identical: ����� �
	 � 
� ¯4 � )Ë����� �
	 � 
� 4 � . This samepropertyalsoap-
pliesto theKalmanFiltering updatelaw (6),(7)providedthecom-
patibility � ) É @OB � ¯ É @ � is alsomaintained.

The above ‘basis functions’ � © D ��Ì �
� are orthonormalin the
sensethatÍÎ© < � © ·0Ï +/.º »�¼@ ¼ÈÐ < ��� ��	

�
Ð
· ��� �
	 �dÀ "`) � +ÒÑ�ÓÔ) �1ÕÑ�Ó×Ö) �

In this case,the ideaof Toeplitz matricesis generalisedin [6] to
onein whichamatrix Ø < ��µ � is definedby aspectraldensityµ��#" �
as � ØÙ<O��µ �%$'·W¸ ¹ ) +/.º²»X¼@ ¼

© · ��� ��	 � © ¹ ��� ��	 � µ��#" �AÀ "
is considered,in whichcase,takingtheRLScaseasanexample,it
is possibleto show [5] that � 4 � +.-�/\ØÙ<�� �O���� - �! � . Continuing
by substituting§�<O�87 � ) � © G �87 � �FªFªFªF� © <A@OB��87 �%$ � thenprovidesthat
from (12)+qA<C�#" � E � M �� 4 ��� ��	 �FM � ��� +/.qA<O�#" � §�®< ��� ��	 � ØÙ< ¡ �O�����! £ §�<O��� ��	 �
where qA<O�#" � � « @CBxDFEOG M © D ��� ��	 �FM � P (16)

Finally, in [6] Fourieranalysisis generalisedin sucha way to es-
tablishthatÚQÛÝÜ<�Þ w +/.q < �#" � § ®< ��� ��	 � Ø < ¡ �O�����  £ § < ��� ��	 � ) �O����/ �  �#" �
sothat if oneassumesthat this convergenceholdsfor finite � , the
extendedapproximation(3) shown as the dashedline in figure 1



eventuates. Furthermore,the completecontribution of the fixed
polelocationchoiceis capturedby theterm qA<C�#" � , which for sev-
eralchoicesof �FJ D � is shown in figure2.
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Figure2: Plot of qA<O�#" � for variouschoicesof polelocation.

4. EXTENDED VARIANCE EXPRESSIONS

Having presentedan informal overview for the RLS caseof the
methodsusedto provide theimprovedapproximationof thispaper,
the resultsarenow statedmorecomprehensively as (the quantityß �#" � � E à M ��48� B ��� ��	 � H`��4���� ��	 �FM ��á is usedto quantifythetime
variationof � 4 �87 � in thefrequency domain-see[5] for details)

Theorem 4.1. For theLMSalgorithmandthemodelstructure(14),
then

E ¬ M �� 4 ��� ��	 �FM � ­ � q < �#" �/ â �O� �� V � � ß �#" �� �  �#" �Tã
For theRLSalgorithmandthemodelstructure (13) or (14),then

E ¬ M ���4���� �
	 �FM � ­ � qA<C�#" �/ â �O�����  �#" � V � �� ß �#" � ã P
For the Kalman Filtering algorithm, the modelstructure (13) or
(14)andundertheassumptionthat �ä) � , then

E ¬ M ���4���� ��	 �FM � ­ � q < �#" �/ ¡ � � ��� � V � �� £�å � � ß �#" ��  �#" �
Proof. Derivedby usingtheparametersspaceapproximations(8),
(9) and(10) togetherwith thegeneralisedFourierandToeplitz re-
sultsof [6]. See[5] for details.

5. CONCLUSION

This paperhaspresentedonly anoverview of resultsthataremore
fully developedin [5], whereit is shown thatTheorem4.1applies
for any modelstructurethat allows the regressorsto be generated
as � 48� B!)2æ � 4 V Ð 3 4 �where æ |¢� < Ê < is any matrix with eigenvaluesat locations�FJ G �FªFªFª¿J <A@CB � and Ð is any � dimensionalvector. As well, in [7]
the resultsare further extendedto caseswherethe polesare not
fixed,suchasARX andARMAX modeling.In thiscaseit is shown
that thepresenceof fixednoisemodelzeroes(which is equivalent
to pre-filteringthedata�.3 4 � and �.l 4 � ) impliesthatimprovedaccu-
racy approximationsto Var������� ��	 � 
�\�
� canalsobegeneratedalong
thelinesof thispaperby replacing� with q < �#" � .
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