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Abstract

Thepurposeof thispaperis threefold.Firstly, it is to establishthatcontraryto whatmightbe
expected,theaccuracy of well known andfrequentlyusedasymptoticvarianceresultscandepend
on choicesof fixedpolesor zerosin themodelstructure.Secondly, it is to derive new variance
expressionsthatcanprovide greatlyimprovedaccuracy while alsomakingexplicit the influence
of any fixed polesor zeros. This is achieved by employing certainnew resultson generalised
Fourierseriesandtheasymptoticpropertiesof Toeplitz-like matricesin sucha way that thenew
varianceexpressionspresentedhereencompasspre-existingonesasspecialcases.Via this latter
analysisa new perspective emergeson recentwork pertainingto the useof orthonormalbasis
structuresin systemidentification. Namely, that orthonormalbasesaremuchmorethanan im-
plementationaloptionoffering improvednumericalproperties.In fact, they arean intrinsic part
of estimationsince,asshown here,orthonormalbasesquantify theasymptoticvariability of the
estimateswhetheror not they areactuallyemployedin calculatingthem.

Technical Report EE9739, Centre for Integrated Dynamics and Control (CIDAC),
Department of Electrical and Computer Engineering,

University of Newcastle,AUSTRALIA

1 Introduction

A result that hasfound greatutility in practicalapplicationsof least-squaressystemidentification
methods[8, 21, 2] is that the sensitivity to measurementnoiseof the ensuingfrequency response
estimate

������
	���

maybequantifiedas[25, 22, 24, 50]

Var� ������ 	�� 
������� ��� ����
��� ����
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where
�#� ����


and
� � ����


arethemeasurementnoiseandinput excitationspectraldensities(respec-
tively),

�
is thelengthof theavailabledatarecord,and � is theorderof themodel

������ 	$� 

.

In [25, 22, 24] anessentialprinciplein deriving (1) is to establishthat%'&)(*,+ -/.10 � � Var� ��2��� 	$� 
���3 �#� ����
� � ����
 (2)

andthenassumethatin fact(2) holdsapproximatelyfor finite
�

and � , hencetheresult(1).
A maincontributionof thispaperis toshow thatin fact,for severalcommonlyoccurringsituations,

theapproximation(1) canbequitemisleading,even for large
�

and � . For example,problemsare
shown to occurwhenemploying modelstructureswith fixed denominatortermsor whenutilizing
extensionsof ARX structureswith fixednoisemodelzeros.

Giventhesenew observations,amoreimportantpurposeof thiswork is to establishhow (1)should
bemodifiedsoasto provide improvedaccuracy. In deriving theseenhancedaccuracy expressions,the
third andfinal mainthemeof thispaperemerges.Namely, to provideanew perspective on theroleof
orthonormalmodelstructuresin systemidentification.

To elaboratemoreon this final point, therehasrecentlybeensignificantactivity on the system
identificationapplicationof specialclassesof fixeddenominatormodelstructuresthatareconstructed
to beorthonormal;seefor example[44, 45, 15, 37, 34] andthereferencestherein. This latterwork
hasbeenmotivatedby two mainfactors.Firstly, theachievementof improvednumericalconditioning
andsecondly, the provision of efficient parameterisationsthat allow decreasedvarianceerror while
still minimisingbiaserror.

However, thissecondfeatureis notdependantontheorthonormalpropertyof themodelstructure.
This is so sincethe orthonormalstructureis, undera linear parameterspacetransform,equivalent
to any other equivalently flexible non-orthonormalstructurewith the samefixed poles. As well,
sinceleastsquaresmethodsareemployed,theestimatesdependlinearlyontheoutputmeasurements.
Therefore,modulonumericalissues,preciselythesameestimatesof thesystemfrequency response
areobtainedwhetheror not onegoesto the effort of implementingan orthonormalstructure,or a
simplerstructurewherein(for example)thedenominatoris fixed,andonly thenumeratorco-efficients
areestimated.

Giventhis observation,a key contribution of this paperis to discover a new role for orthonormal
basesin a systemidentificationcontext thatis beyondtheir implementationaladvantageof improved
numericalconditioning.This insight,whichinvolvesexposingthatorthonormalbasesplayafarmore
fundamentalrole in systemidentificationtheorythanhasbeenpreviously suggested,is achieved by
takinga differentapproachto thatof previouswork [44, 45, 15, 37, 34] whereonly modelstructures
parameterisedin termsof orthonormalbaseshave beenconsidered.In contrast,it is shown here
how orthonormalbasesmayalsobeusedasananalysistool to determinethepropertiesof estimates
derivedwith respectto anymodelstructure.

In particular, this strategy achievestheafore-mentionedgoalof improving theaccuracy of (1) by
replacing � in (1) with a function 4 - ����5���
 which is the so-called‘reproducingkernel’ associated
with a particular � dimensionalsubspaceandwhich dependson fixedpolesor zeros.Notethateven
if suchfixed componentsarenot explicitly presentin the modelstructure,they areimplicitly there
whenever thecommonpracticeof datapre-filteringis employed;see6 7.

As well, by utilizing theorthonormalbasisformulationof [34], anexplicit formulafor 4 - ����5���

canbe generatedwhich clearlyshows how 4 - ����5���
 , andhenceVar� ������
	��7
�� , is affectedby fixed
modelstructurepolesorzeros.Forexample,it will beseenthatin thespecialcaseof all thepoles/zeros
fixedat theorigin (FIR/ARX modelstructures),then 4 - ����5���
#3 � andhence(1) arisesasa special
case.However, if all the polesarenot chosenat theorigin, theninclusionof the 4 - ����5���
 term in
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placeof � in (1) is shown hereto smoothlyextendtheoriginal analysisof [22, 25] andin sodoing
providemoreaccurateapproximationof Var� ��2��� 	$� 
�� overawider rangeof circumstances.

Thepaperis structuredasfollows. In thefollowing 6 2 ashortsimulationexampledemonstrating
thepossibleinaccuracy of thevarianceerrorapproximation(1) is presentedto motivatetheensuing
analysis. The paperthen provides a formal problemdefinition in 6 3 and in so doing allows 6 4
to theoreticallyexamineandhenceisolatethe causeof the inaccuracy demonstratednumericallyin6 2. This leadsto the work of 6 5 whereit is shown how new techniques,basedon new system
theoreticresultspertainingto generalisedorthonormalbases,generalisedFourier convergenceand
generalisedToeplitz-like matricesmaybeemployedto provideavarianceerrorapproximationwhich,
in somecircumstances(suchasthoseillustratedin 6 2), is a greatimprovementover thepre-existing
one(1). In 6 6 it is shown how the samenew tools may be usedto alsoquantify the biaserror for
fixed denominatormodelstructures.By the endof 6 6 the paperhasexclusively focusedon fixed
denominatorgeneralisationsof theFIR structure,but in 6 7 thescopeis broadenedto alsoconsider
ARX-lik e structureswith fixed zerosin the noisemodel. In analogywith the precedinganalysis,
it is demonstratedthat if all the noisemodelzerosarenot fixed at the origin, then the asymptotic
varianceexpressionsderivedin [22, 24] althoughprimafacieapplicable,arealsoliable to suffer from
inaccuracy, theseverity of whichdependson theproportionof non-originplacedzeros.Motivatedby
this, it is demonstratedin 6 7 how thesamenew techniquesandresultsof previous sectionscanbe
broughtto bearin the ARX modellingcontext so asto provide new approximationswhosevalidity
is not degradedby choosingnoisemodelzerosaway from the origin. Finally 6 8 providessome
concludingperspectiveson theresultsandtechniquesof thepaper.

Therehavebeenanumberof contributionsdealingwith certainaspectsof theproblemsconsidered
in thispaper, foremostof whichare[25, 22, 44, 45, 15, 37, 10]. In thesequelit will becommentedon
how thesefoundationsrelateto thepaperathand.

2 Motivation

In theinterestsof clearlymotivatingtheanalysisof thispaperconsiderthesimplecaseof estimating,
via least-squares,an � 398;:

’ th orderFIR modelof thetruesystem(thezeroorderhold equivalence
is calculatedusingasamplingperiodof 1 second)���=<>
?3A@�BDCFE 8��G�HI8;
J��:>G�HI8;
LK 3 MON 8;PRQTS><UH MONVM>W>X>W�=<�Y MONVZ>M>Z P>
J�=<1Y MONVX>ZT[/W 

by observing10000samplesof its input-outputresponsewhenthe former is a stationaryGaussian
processwith spectraldensity

��� ����
�3 MON :>P>\O�]8 N :>P^Y`_ba>cd��
 andthelatter is corruptedby zeromean
Gaussianwhite noiseof variance e�f 3 MONVM>M 8 . In this case,sinceboth � and

�
can reasonably

be considered‘large’, thenthe approximation(1) could be expectedto hold. This canbe checked
by Monte–Carlosimulationover say, 500 input andnoiserealisationssoasto estimatethevariance
Var� ��2���$	$�g
�� by its sampleaverage,whichcanthenbecomparedto theapproximation(1). Theresults
for just suchanexperimentareshown in Figure1 with theagreementbetween(dashed-dotline) the
expression(1) andthesampleaverage(solid line) beingexcellent.Notethatin thissimulation(andin
all therestto follow in thissection),thebiaserroris negligible,andhencethevarianceerrorrepresents
thetotalerror.

Now suppose,asmay commonlyoccur in practice,that prior knowledgeof the polesof
���=<>


exists. Then in the interestsof decreasingthe biaserror it makes senseto try to incorporatethis
prior knowledgein theestimationprocessby fixing somepolesin themodelnearwhereit is believed
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Figure1: FIR with all polesat origin. This is a comparisonof a Monte–Carloestimateof sample
variability (solid line) with (dashed-dotline) theapproximateexpression(1). Notethat this last line
obscuresa dashedline which is thenew approximation(53). Theobfuscationoccurs becausefor the
caseof all polesat theorigin thepre-existingapproximation(1) andthenew one(53) are identical.

10
−3

10
−2

10
−1

10
0

10
1

0

0.5

1

1.5

2

2.5

3

3.5

4
x 10

−6 Sample Variances vs Theory

Frequency (normalised)

Sample Var     
Extended Theory
Existing Theory

Figure2: FIR with 4 polesawayfromorigin. Thisis a comparisonof Monte–Carloestimateof sample
variability (solid line) with (dash-dotline) theapproximateexpression(2) and(dashedline) thenew
improvedapproximation(53)derivedin thispaper.
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Figure3: FIR with 8 polesawayfromorigin.

the true poles lie [44, 15]. For example,supposein the previous simulationit is believed that a
dominantpoleis near h 3 MONi[ P , sothatguessesof, say h 3 MONi[ 5 MONi[ :j5 MONi[ SO5 MON S areto beincorporated
into the model structure. This can be implementedby simply pre-filtering the input by k �=<>
l3<;mn\O�=<oY MONi[ 
J�=<pY MONi[ :>
J�=<pY MONi[ ST
J�=<pY MON ST
 beforean FIR ‘numerator’model

����=<>

is estimated,

and then the completesystem
��rqs�=<>
t3 ��2�=</
 k �=</
 may be taken as the fixed-poleestimateof the

underlyingdynamics.
Sincethemodelorderis still large ( � 3u8;:

) then(1) shouldstill provide a quantificationof the
variability of thisnew estimateby labelingtheFIR estimateas

��
andreasoning

Var� �� q ��� 	$� 
�� 3 v k ��� 	$� 
bv f Var� ������ 	�� 
��w� �� v k ��� 	$� 
bv f �#� ����
v k ��� 	$� 
bv f � � ����
 3 �� ��� ����
� � ����
 (3)

which is unchangedfrom thenormalFIR case.This unchangingnatureis alsoreasonable,sincethe
FIR casecanbeconsideredasalreadyincorporatingprior knowledgeof systempoles;namelypoles
neartheorigin.

Interestingly, whentheexpression(3) is comparedto Monte–Carlocalculatedsamplevariability
asit is in Figure2, thentheagreementbetweenthetruevariability (solid line) andapproximation(3)
(dash-dotline) is seento benot nearlyso goodasis figure1. Nevertheless,the expression(3) still
providesusefulinformationon thequalitative ‘high-pass’natureof how the truevariability changes
with frequency. Thedashedline nearthesolidonein figure2 will becommentedon in amoment.

Now supposeevenmoreguessesof systempolesaremade,sayatthelocations h 3 � MONi[ 5 MONi[ :j5 MONi[ SO5 MON Sx5 MyNi[ PO5 MxN STPO5 MxN S ,
with thesamplevariability againbeingcomparedto (3) in figure3. In this casethereis virtually no
agreement(evenqualitative) betweentrueandpredictedvariability.

Clearly then, the well known approximation(1) canbe quite misleadingin situationswhereit
wouldbeexpectedto bereliable,andthisapparentlypuzzlingandpracticallyimportantphenomenon
is themotivationfor this paper. In thework to follow, theconundrumjust illustratedwill beresolved
by exposingcertainhithertounappreciatedprinciplespertainingto whenit is advisableto conclude
(1) onthebasisof (2). Furthermore,anew expressionto extend(1) will bederivedwhich is shown as
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thedashedline in figures1,2,3andwhich (by considerationof thosefigures)canclearlyoffer greatly
improvedapproximationof thetruevariability in certaincircumstances.

3 Problem Formulation

Having provided certainmotivating arguments,the remainderof the paperproceedsmoreformally.
Theproblemsstudiedin this paperareonesin which

�
pointdatarecordsof aninputsequence�bz|{ �

andoutputsequence�b}>{ � of a lineartimeinvariantsystemareavailable.It is assumedthatthisdatais
generatedasfollows }>{ 3~���=<>
 zL{ H����=<>
�� { N
Here

���=<>

is anunknown transferfunctiondescribing,in termsof the forward shift operator

<
, the

systemdynamicsthat areto be identifiedby meansof the observations �bz|{ � and �b}>{ � . The output
measurements�b}>{ � arecorruptedby a zeromeanandstationarynoisesequence�;{ 3��`�=<>
�� { where���=</


is a stableand stably invertible and monic transferfunction and � � { � is a zero meanwhite
noisesequencewith varianceE � � f{j� 3 e f���� andwith E � v�� { v m
�g� � ��� for some��� M . The
input �bz { � is assumedto bequasi-stationaryin thesenseusedby Ljung [20] (or, equivalently, to be
amenableto the‘generalisedHarmonicanalysis’of Wiener[48]) sothat it hasanassociatedspectral
density

� � ����
 � M which is assumedto beLipschitzcontinuousof someorder �D� M . Thespectral
densityof the noiseprocess�;�;{ � is denotedas

�#� ����
�3 e�f v �`��� 	�� 
bv f and is alsoassumedto be
positive andLipschitzcontinuousof order ��� M .

Theidentificationschemesconsideredhereareonesin which thepredictionerrorframework [20,
43, 5] is used.This requiresamodelstructure}>{ 3A���=<j5
� - 
 z|{ H����=<�5
� - 
�� { (4)

parameterisedby avector
� -���� -

to beemployedwhich is of theform�2�=<j5
� - 
�3 0� ������� � �=� - 
]<�� � 5 �`�=<j5
� - 
�3¡8�H 0��b���x¢ � �=� - 
]<�� � N
Thisstructureimpliesthefollowing onestepaheadpredictor� }>{ �=� - 
�3�£i8UY¤�¥� � �=<j5
� - 
§¦ }>{ H¨�¥� � �=<j5
� - 
��2�=<j5
� - 
 zL{ (5)

andassociatedpredictionerror © { �=� - 
?ª }>{ Y �}>{ �=� - 
 (6)

sothatif thequadraticcriterion « * �=� - 
?ª 8: � *� { ��� © f{ �=� - 

is employed, thenbasedon the

�
point dataobservation,a leastsquaresestimate

�� -* of
� -

maybe
foundas �� -* ªA¬R­
® (¯&)°±�²�³R´,² « * �=� - 
 N (7)

Thetheorypertainingto thepropertiesof sucha methodis very rich. Germaneto this paperarethe
propertiesthat[20, 43, 5] �� -* a.s.Y|µ¶� -· as

� µ �
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wherewith E �>¸ � denotingexpectationovertheunderlyingprobabilityspacethatany randomvariables
aredefinedon � -· ªA¬R­
® (o&)°± ² ³R´ ² %)&)(*�.¹0 E � « * �=� - 
�� N (8)

As well [23, 20] º � � �� -* Y`� -· 
¼»YLµ¾½¡� M 5$¿ - 
�5 as
� µ �

where ¿ - ªÁÀ � �-ÃÂ - À � �- (9)

andwith thedefinitionof thepredictionerrorgradientÄÅ{ �=� - 
 asÄÅ{ �=� - 
?3 ÆÆ � - �}>{ �=� - 

then À - ª %)&'(*�.10 E

ErÆ f « * �=��
Æ �T�>Ç ÈÈÈÈ ± � ± ²ÉËÊ 3 %)&'(*�.10 8� *� { ��� E � Ä { �=� -· 
 Ä Ç{ �=� -· 
 � Y%)&'(*�.10 8� *� { ��� E Ì © { �=� - 
#Í Æ ÄË{ �=� - 
Æ � - Î Ç Ê (10)

and Â - ª %)&)(*�.10 � E Ì Æ « * �=� -· 
Æ � - Í�Æ « * �=� -· 
Æ � - Î Ç Ê3 %)&)(*�.10 8� *� { ��� *� Ï ��� E �>ÄÅ{ �=� -· 
 Ä Ï �=� -· 
 Ç © { �=� -· 
 © Ï �=� -· 
 � N (11)

A key contribution of [20, 22, 25] is to recognisethat in applications,oftenthequantificationof the
parameterspacepropertiesof

�� -* areof secondaryimportanceto their influenceon the associated
propertiesof

�2���$	$�Ð5 �� -* 
 and
�����$	$�Ð5 �� -* 
 . For thepurposesof analysingthe latter, it is expedientto

definethecompositetransferfunctionÑ �=<j5
� - 
�ª�£��2�=<�5
� - 
�5$�`�=<j5
� - 
§¦
(12)

andargueby TaylorexpansionthatÒÑ * ����
Óª Ñ ��� 	�� 5 �� -* 
ÅY Ñ ��� 	$� 5
� -· 
3 Ô ÆÆ � - Ñ ��� 	$� 5
� -· 
�Õ Ç � �� -* Y¤� -· 
ÐH¨ÖO�J× �� -* Y¥� -· ×J

wherehere

× ¸ × denotesEuclideannormso thatwith thenotation

Ñ q ���$	$�Ð5
� -· 
¹ª Æ Ñ ���$	$�Ð5
� - 
�\ Æ � -
andwith ¸ Ø denoting‘conjugatetranspose’º � ÒÑ * ����
 »YLµÙ½Ã� M 5$Ú - ����
�
 (13)

where Ú - ����
?3F£ Ñ q ��� 	$� 5
� -· 
§¦ Ø ¿ - Ñ q ��� 	$� 5
� -· 
 N (14)
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Thissuggeststheapproximation �
E Û ÒÑ * ����
 ÒÑ Ø * ����
nÜp�ÁÚ - ����
 N

Unfortunately, the evaluationof
Ú - ����
 is alwaystoo complicatedto be useful. A key contribution

of [22, 25] is to observe thatin contrastto theintractabilityof
Ú - ����
 , thelimit%)&'(*,+ ->.10 � � E Û ÒÑ * ����
 ÒÑ Ø * ����
 Ü 3 %'&)(-/.10 8� Ú - ����
,ªÁÚÝ����


doeshaveasimpleandusefulform; for example
Ú�����
�3 � � ����
�\ ��� ����


for FIRmodelstructures[25].
The suggestionof [22, 25] is to thenassumethat even for finite

�
and � it canreasonablybe

expectedthat � � � Ú - ����
 hasapproximatelyconvergedto thesimpleform
ÚÝ����


sothat

E Û ÒÑ * ����
 ÒÑ Ø * ����
nÜ����� Ú�����
 (15)

is agoodapproximation.Thevalidity of thisstrategy is arguedvia numericalexamplein [22, 25, 20],
andindeedit haswonwidespreadacceptanceasa tool for analysingtheperformanceof leastsquares
estimationschemes;seefor example[8, 21, 2, 12, 16].

However, 6 2 hasillustratedwhatseemsto betheunappreciatedfactthatin certaincircumstances
the accuracy of (15) is not guaranteedeven for what might be considered‘large’

�
or � . Instead,

it is indicatedin figures1–3 that thepresenceof fixedmodelstructurepolesthatareaway from the
origin mayseriouslydegradetheaccuracy of theapproximation(1). Thefollowing sectionprovidesa
theoreticalanalysisof thispreviouslyunrecognisedphenomenon.

4 Fixed Denominator Model Structures

The observationsof 6 2 will, in the interestsof generality, be addressedby consideringtheclassof
so-called‘fix eddenominator’modelstructures.This terminologywill refer to structuresof theform
(4) in which thepolesof

���=<j5
� - 

arepre-specifiedandof which thearchetypalexampleis�2�=<j5
� - 
�ªÁÞ � �- �=<>
 - � ���b�gß � -� < � 5 ���=<j5
� - 
�3à8

(16)

with Þ - �=<>
�3 - � �á���gß �=<�Ylâ � 
 (17)

for someuserchosenpoles � â � � ��ã ª �nh �åä¾æ v h v � 8>� where
ä

denotesthefield of complex
numbers.Although this is the quintessentialform, the resultsto be presentedherewill apply to a
muchmoregeneralclassof ‘fix eddenominator’modelstructures(54),(55)consideredlater.

Specialised‘orthonormal’ versionsof this structurehave recentlyattractedsignificantresearch
attention[44, 45, 15] whereit hasbeensuggestedthatalthoughthechoice

â � 3 M in (16) givesthe
commonFIR structure,it is intuitively morereasonableto choosethepoles � â � � accordingto prior
knowledgesoasto becloseto thesuspectedtruepolesof

���=<>

.

In order to explain why whenusing thesefixed denominatormodelstructures,the prima facie
applicableresultsof [25] leadto sucha poorapproximationillustratedin figure3, it is necessaryto
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preciselyexaminethestepsusedin [25] to arrive at (1). For this purpose,first notethat in thefixed
denominatorcasethepredictionerrorgradientÄÅ{ is givenbyÄÅ{ �=� -· 
�3Áç - �=<>
èÞ � �- �=<>
 zL{ 3Aç - �=<>
 z q{
wherez q{ ªAÞ � �- �=<>
 zL{ and ç - �=</
,ª�£i8>5
<j5
< f 5 ¸b¸b¸ 5
< - � � ¦ Ç N (18)

Therefore,Æ ÄÅ{ \ Æ � - 3 M sothatfrom (10)À - 3 %)&'(*�.10 8� *� { ��� E �TÄÅ{ �=� -· 
 Ä Ç{ �=� -· 
 � N (19)

Definingfor any positive function é æ £êY�ëÅ5$ëg¦gµì� M 5 � 
 the �¤í�� symmetricToeplitzmatrix î - � é 

by (sometimes,in theinterestsof readability,

�
will beusedin placeof

� 	$�
)î - � é 
�ª 8:Rëðï�ñ� ñ ç - ����
èç Ø - ����
 é ����
 Æ � (20)

thenusingParseval’s formulathematrix
À - maybewrittenas[20]À - 3 î - � � �nò 
 (21)

whereclearly
� �nò 3 v Þ - ���$	$�g
bv � f ��� ����
 . It is also possible[22], for the caseof

�`�=<>
¥3ó8
to

establishthatprovidedthetruesystemis in themodelsetthen Â - 3 e�f À - sothat
¿ - 3 e�f À � �- 3e f î � �- � � �nò 


. Furthermore,by employing well known resultson theasymptoticbehaviour of Toeplitz
matrices[11, 47] it is alsotruethat î � �- � � �nò 
,� î - Í 8� �;ò Î
wheretheprecisemeaningof the

�
operatoris thatequalityoccursin Hilbert–Schmidtweakmatrix

norm
v ¸ v (definedby

v ô - v f 3 � � � Trace� ô Ç- ô - � ) as � µ � .
Therefore,sincein the fixed denominatorcase

���=<j5
� - 
¹3uÞ � �- �=<>
èç Ç- �=<>
]� - and
�`�=<j5
� - 
¹3 8

sothat

Ñ �=<j5
� - 
U3��2�=<j5
� - 

andhence

Ñ q �=<j5
� - 
U3�Þ � �- �=<>
èç - �=<>
 thenfrom (14) andthepreceding
ToeplitzmatrixapproximationÚ - ����
,� e�fv Þ - ��� 	�� 
bv f ç Ø - ����
 î - Í 8� �nò Î ç - ����
 N (22)

Thefinal key ingredientfacilitatingtheanalysisin [25] is to recognisethat8� ç Ø - ����
 î - � é 
èç - ����
�3 -���� � - Í�8UY v�õ�v� Îðö � � 	$� � (23)

wherethe � ö � � aretheFourierco-efficientsof é ����
 definedbyö � ª 8:Rëðï�ñ� ñ é ����
��/� 	��
� Æ �

so that the left handside of (23) is in fact a Ces̀aro meanFourier reconstructionof é which is
known [51], provided é is continuous,to converge uniformly to é on its domainandwith increas-
ing � .
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Thereasoningunderlyingtheproofsof [25] for thespecialFIR caseof
v Þ - ���$	$�g
bvd3uv��$	$� - vL3÷8

thenis thatsinceby (23) theexpression(22) is the � ’ th orderCes̀aromeanFourierreconstructionof8;\ � �nò ����

, thenfor large � (22)shouldbeapproximatelydescribedby� � Var� ����� 	�� 5 �� -* 
�� � 8� Ú - ����
�� e�fv Þ - ��� 	$� 
bv f 8� � ò ����
 3 e�f� � ����
 (24)

which is (1).
Now themechanismleadingto the possibleinaccuracy of (1) is exposed.In orderfor (1) to be

anaccurateapproximation,it is necessarythat the � ’ th orderCes̀aromeanFourierreconstructionof8;\ � �nò ����

inherentin (22)hasapproximatelyconverged.Thesizeof � for whichthismaybeexpected

to holddepends[51] onthesmoothnessof
� � �� ò ����
�3Fv Þ - ��� 	�� 
bv f \ � � ����
 . For thespecialFIR caseofv Þ - ���
	���
bvT3¡8 , thesmoothnessis fixedasthesmoothnessof

� � ����

sothattheapproximationcanbe

expectedto monotonicallyimprove with increasing� . However, if polesarenot chosenat theorigin
thenthe smoothnessof

v Þ - ��� 	�� 
bv f \ � � ����
 may decreasewith increasing� so that convergenceof
(22)with increasing� neednotoccur.

Putanotherway, for polesof
Þ - �=</
 not at theorigin, theFourierreconstructioninherentin (22)

is with respectto co-efficientswhich aremoreaccuratelylabeledas � ö - � � ratherthan � ö � � sincethey
dependon themodelorder � becausethey aretheFourierco-efficientsof

v Þ - v f \ ��� . In this case,as
thelength � of theFourierreconstructiongrows, theco-efficientsmaychangeif

v Þ - ��� 	$� 
bv changes,
sothereis noguaranteethatapproximateconvergencehasoccurredfor ‘large’ but finite � .

Therefore,the more polesthat are chosenthat are away from the origin, and hencethe more
dependanton � that

v Þ - ���$	$�7
bv is, the lessoneshouldrely on (1) applyingfor finite � sincethe less
likely it is thattheunderlyingFourierserieshascomecloseto convergence.

This is preciselythebehaviour demonstratedin figures1,2and3 of 6 2.

5 Variance Error for Fixed Denominator Model Structure

Initially, this analysisof theutility of (1) for certainmodelstructuresmayseempessimisticsinceit
indicatesthat muchhighermodelorders� will be necessarybefore(1) canbe used. A main con-
tribution of this paperis to show that in fact this pessimismis unfounded,sinceaspre-cursedby
the dashedlines of figures2,3 it is possibleto derive improved approximationsthat do not require
increasedmodelcomplexity in orderto beaccurate.

Centralto achieving thisgoalis theconsiderationhereof particularrationalbasisfunctions,here-
afterdenotedastheset �ùø � �=<>
�� , anddefinedby ( ¸ denotescomplex conjugationof scalarquantities)ø ß �=<>
�ªÙú 8�YIv â ß v f<�Ylâ ß 5 ø � �=<>
�ªûú 8�Yüv â � v f<�Ylâ � � � �áý �gß Í 8ÝY â ý <<�Ylâ ý Î 5�õ¯þÿ8 N (25)

They areorthonormalaccordingto theinnerproductdefinition� é 5 ��� ª 8:Rë�ï�ñ� ñ é ��� 	$� 
 � ��� 	$� 
 Æ �¤3 8:Rë�� ��� é � h 
 � � h 
?Æ hh (26)

where � ª �nh �¤ä÷æ v h vO3�8>� ; theorthonormalityfollowing easilyusingCauchy’s integral formula.
Thesebasisfunctionshave beendiscussedin detailin [34] in thecontext of generalisingcertainother
orthonormalbasesexisting in thesystemidentificationliterature[44, 45, 37, 15].
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Oneof themaincontributionsof this paperis to recognisethattheasymptoticfrequency domain
propertiesof

����� 	�� 5 �� -* 
 areinvariantto re-parameterisationsof themodelstructure,andto therefore
notattemptthescrutiny of (16)directly, but insteadconsiderits reparameterisedform���=<j5
� - 
?3 - � ���b�gß � -� ø � �=<>
�5 ���=<j5
� - 
�3¡8

(27)

which,aswill bedemonstrated,is muchmoreamenableto analysisthantheoriginal form (16).
Pivotal to the ensuingstudyemploying this ideais the recognitionof the importanceof the the

so-called‘reproducingkernel’ 4 - � h 5	� 
 associatedwith the space
 - ª Span�ùø · 5 ø � 5 ¸b¸b¸ 5 ø - � � �
andwhichmaybeexpressedas4 - � h 5	� 
�3 - � ���b��� ø � ��� 
 ø � � h 
�5 h 5	� �lä N (28)

It derivesits namefrom thepropertythat for any é � 
 - and
� �¨ä

suchthat
�
�� � â ß 5 ¸b¸b¸ 5�â - � � �

then é ��� 
?3 � é � h 
�5 4 - � h 5	� 
 � (29)

andby virtue of which 4 - � h 5	� 
 is unique[35]. In 6 6 it will beshown how theproperty(29) canbe
exploitedin orderto quantifybiaserror, but to do soa moreexplicit expressionfor (28) is required.
This hasbeenderived in [35] wherein analogywith equivalentformulaein thestudyof orthogonal
polynomials[11, 41] it is termeda ‘Christoffel–Darboux’formula:4 - � h 5	� 
�3 8UY � - ��� 
	� - � h 
� h Y 8 5 h 5	� ��ã N (30)

In this expression,
� - � h 
 is definedastheBlaschke product-like quantity� ß � h 
�3¡8>5 � - � h 
�ª - � �á�b�gß Í 8ÝY â � hh Y â � Î 5 � þA8 N

However, deferringthe questionof biaserror until later, the purposeof this sectionis to quantify
varianceerror, andfor this purposeit is necessaryto modify theoriginal Toeplitzmatrix formulation
(20) to � - � é 
?ª 8:Rë ï ñ� ñ ç - ����
èç Ø - ����
 é ����
 Æ � (31)

which althoughformally identical to (31), is functionally quite different in that the underlyingor-
thonormalbasisis not fixed at the trigonometricone,but a generalisationobtainedby re-definingç - � h 
 from (18) to ç - � h 
,ª�£ ø · � h 
�5 ø � � h 
�5 ¸b¸b¸ 5 ø - � � � h 
§¦ Ç N (32)

Matricesdefinedby (31),(32)will becalled‘generalisedToeplitz’ matrices,with theepithetderiving
from the fact that if all the poles � â � � arechosenat theorigin then

� - � é 
13 î - � é 
 is a bona-fide
Toeplitzmatrix,but otherwiseit is not.

Pertinentto theemploymentof thematrices(31) in thispaperis thatwith
× ¸ × denotingthematrix

2-norm[9] andasshown in [35] thefollowing boundsapply× � - � é 
n×���× é × 0 5 × � � �- � é 
n×���×ù8;\ é × 0 N (33)
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Usingthenew notation(31),(32)there-parameterisedmodelstructure(27)maybewrittenas
�2�=<�5
� - 
?3ç Ç- �=<>
]� - so that ÄÅ{ �=� -· 
¹39ç - �=<>
 andhenceusing(19) andParseval’s Formula

À - is a generalised
Toeplitzmatrixof theform À - 3 � - � � � 
 N
Thematrix Â - is moredifficult to handle.To expandon this,notethatwith theformulationh � �=� -· 
�ª�£��2�=<>
ËY`���=<j5
� -· 
§¦ z � (34)

then
© � �=� -· 
?3 h � �=� -· 
�H � � andhenceusingthedefinition(11)Â - 3 %)&)(*�.10 8� * � ���b�gß * � ��ý �gß E � Ä � Ä Çý £ h � �=� -· 
ÐH � � ¦§£ h ý �=� -· 
�H � ý ¦ � N (35)

If thedataarecollectedin openloopsothat �bÄ � � and �;� � � areuncorrelatedthenthiscanbere-written
as Â - 3 %'&)(*�.10 8� * � �����gß * � ��ý �gß E � Ä � Ä Çý � E �R� � � ý ��H%'&)(*�.10 8� * � �����gß * � ��ý �gß E �>Ä � Ä Çý h � �=� -· 
 h ý �=� -· 
 � N (36)

Consideringonly the first part of this expression,useof LemmaA.1 in the appendixpermitsits
expressionas%)&)(*�.10 8� * � ���b�gß * � ��ý �gß E �TÄ � Ä Çý � E �;� � � ý � 3 8:Rë�ï�ñ� ñ ç - ����
èç Ø - ����
 ��� ����
 � � ����
 Æ � N (37)

Thisresult(37)hasbeenusedin previouswork [44, 45, 37, 34] relatedto theresultsof thissectionbut
despiteits importance,to theknowledgeof theauthors,aproofof (37)hasnotpreviouslyappearedin
any literature.

This still leaves the term containing �nh � �=� -· 
�� componentsto be dealtwith. Clearly, from the
definition(34) thesetermsaredueto undermodelling,andif it sohappensthat

�2�=</

is in themodel

set,thenthey will bezeroandhence(37) will completelydescribeÂ - . In theseminalwork [25, 22],
the assumptionof

�2�=</

beingin the modelset for finite � wasnot made,andinsteadthe effect of

the �nh � �=� -· 
�� componentswasdirectly addressed.In subsequentwork [44, 45, 37, 34] relatedto this
paperit hasbeenassumedthatsinceeventually � µ � is to beconsidered,thentheeffect of h � �=� -· 

will eventuallybe inconsequentialandhencecanbe neglectedfrom the beginning. However, sinceh � �=� -· 
 entersinto theformulationof

Ú - ����
 in suchacomplicatedway, it is notobviousthatits effect
on
Ú - ����
 will tendto zerowith increasing� evenif h � �=� -· 
 itself does.
As a result,thispaperelectsto in factaccountfor it by using(37) to write Â - asÂ - 3 � - � � � �#� 
�H�� -

where
� - is the secondterm of (36) which, if neglectedab-initio asin [44, 45, 37], impliesa pre-

sumptionof
%)&)( ->.10 ×�� - ×�3 M .

With thesecommentsin hand,theanalysiscanproceedby notingthatfrom (9)¿ - 3 � � �- � � � 
 � - � � � �#� 
 � � �- � � � 
�H � � �- � � � 
�� - � � �- � � � 
 N
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With the reparameterisation(27) then
���=<j5
� - 
^3 ç Ç- �=<>
]� - with

ç - �=<>
 beingthe generalisedform
(32) sothat

Ñ qs�=<j5
� - 
�3~ç - �=<>
 (thederivative with respectto
�`�=<>


hasbeenignoredsinceit is zero)
andhencefrom (14) thequantity

Ú - ����
 quantifyingvarianceerrormaybewrittenasÚ - ����
�3 ç Ø - ����
 � � �- � � � 
 � - � � � �#� 
 � � �- � � � 
èç - ����
ÐHç Ø - ����
 � � �- � � � 
�� - � � �- � � � 
èç - ����
 N (38)

In order to simplify this for large � it is necessaryto know somethingof the asymptoticalgebraic
structureof thegeneralisedToeplitzmatricesin this expression,andthis turnsout to bea somewhat
delicatequestion.

In relatedclassicalresults[11, 47] pertainingto ‘classical’ symmetricToeplitzmatricesî - � é 
 ,
it is shown that

v î - � é 
 î - � � 
ÝY î - � é � 
bv�µ M as � µ � where
v ¸ v denotesthe Hilbert-Schmidt

weakmatrix norm definedearlier. In the generalisedcasean equivalent resultcannotbe shown to
hold without overly restrictive assumptionsbeingimposed[35]. Instead,it is necessaryto bemore
subtleandrecognisethatin applicationswhatis really importantis how products

� - � é 
 � - � � 
 affect
vectorsonly in thedirectionsspecifiedby

ç - ����
 .
Thisprincipleleadsto thenotionof asymptoticequivalencebetweentwo �¥í�� matrices

ô - and� - with notation ô -�� � - as � µ � (39)

if for all
� � £êYUëÅ5$ëg¦ %)&)(->.10 ç Ø - ����
b£ ô - Y � - ¦§£ ô - Y � - ¦ Ø ç - ����
4 - ����5���
 3 MON (40)

Theutility of this ideais that if
ô -�� � - as � µ � thentheasymptoticconsiderationof quadratic

forms of
ô - and

� - in
ç - ����
 are identical. Specifically, for any

��5�� � £êYUëÅ5$ëg¦
and using the

Cauchy–SchwarzinequalityÈÈÈÈ ç Ø - ����
èô - ç - ���7
4 - ����5���
 Y ç Ø - ����
 � - ç - ���7
4 - ����5���
 ÈÈÈÈ f 3 ÈÈÈÈ ç Ø - ����
b£ ô - Y � - ¦)ç - ���7
4 - ����5���
 ÈÈÈÈ f� ÈÈÈÈ ç Ø - ����
b£ ô - Y � - ¦§£ ô - Y � - ¦ Ø ç - ����
4 - ����5���
 ÈÈÈÈ íÈÈÈÈ ç Ø - ���7
èç - ���|
4 - ����5���
 ÈÈÈÈ N (41)

However, takingadvantageof theexplicit formsof thereproducingkernelmadepossibleby (28) and
(25) ç Ø - ���7
èç - ���|
�3 4 - ����5��7
Ó3 - � �� �b�gß v ø � ��� 	�� 
bv f3 - � �� �b�gß 8ÝYåv â � v fv�� 	�� Ylâ � v f (42)� � f - � �����gß 8�Yüv â � v fv�� 	$� Ylâ � v f 3�� f 4 - ����5���
 (43)

where
��3 ( ¬! � + � v��
	��1Ypâ � v�\yv��$	��#Ypâ � v is someconstantindependentof � thatis guaranteedto befi-

niteprovidedall thepoles� â � � arechosenin someclosedsubsetof theopenunit disk
ã

. Substituting
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(43) in (41) shows that the latter tendsto zerowith increasing� therebyestablishingtheasymptotic
equivalenceof thequadraticforms.Notethekey roleplayedby thereproducingkernel 4 - ����5���
 .

Of fundamentalimportancein usingtheseprinciplesto clarify (38)aretheresultsof [35] showing
thatif é and

�
areany (possiblycomplex valued)functionsthatareinvertibleandLipschitzcontinuous

of someorder �w� M , andif all thepoles � â � � arechosenin someclosedsubsetof theopenunit discã
, then � - � é 
 � - � � 
 � � - � é � 
 as � µ � 5 (44)� � �- � é 
 � � - �]8;\ é 
 as � µ � N (45)

Applying theseresultsto (38) thenprovidestheformulation¿ -"� � - Í � �� � Î H � � �- � � � 
�� - � � �- � � � 

(46)

as � µ � sothatusingthemechanismillustratedin (41)%)&)(->.10 Ú - ����
4 - ����5���
 3 %)&)(->.10 ç Ø - ����
 � - � �#� \ � � 
èç - ����
4 - ����5���
 H � - ����
 (47)

where � - ����
�ª ç Ø - ����
 � � �- � � � 
�� - � � �- � � � 
èç - ����
4 - ����5���
 (48)

whichusing(33), theCauchy–Schwarzinequalityandtheexplicit form (28)canbeboundedasv � - ����
bv��à×ù8;\ � � × f0 ×�� - × N (49)

In order to further simplify (47) to someuseful form, it is pivotal that a generalisedanalogof the
Fourierconvergenceof (23) exists. Sucha resultis provided in [35] whereit is shown thatprovided# �]8UYIv â � v�
?3 � thenfor any possiblycomplex valuedbut continuousé%)&)(-/.¹0 84 - ����5���
 ç Ø - ����
 � - � é 
èç - ���7
�3 E é ����
%$���3&�Ð5M $��'�3&� (50)

Again observe the key role playedby the reproducingkernel,andin particularnotethat useof the
formulation(28),(25)with

â � 3 M gives 4 - ����5���
�3 � so that the left handsideof (50) becomes
the Ces̀aro mean(23). Becauseof this, the result (50) canbe seento expandFourier convergence
analysisto thegeneralorthonormalbasis(25)whichcontainstheclassicaltrigonometricbasisof (23)
asaspecialcaseof

â � 3 M . In fact,(50) is somethingmorethanthis,sinceit alsoshows convergence
to zeroif

���3ÿ�
. In thespecialtrigonometriccasethis latterspecialisationappearsto have beenfirst

establishedin [13].
Applying(50)to (47)thenprovidestheresultthat(assumefor themomentthatthelimit

%)&)( ->.10 � - ����

exists.Thiswill beverifiedlater.)%)&'(-/.10 Ú - ����
4 - ����5���
 3 �#� ����
� � ����
 H %)&)(->.10 � - ����
 N (51)

The dividend of consideringthe orthonormalreparameterisation(27) ratherthan the more natural
fixeddenominatorform (16) is now revealed.Namely, in sodoing (51) is derived from asymptotic
analysisof anexpression(47) which involvesgeneralisedFourieranalysisof anunderlyingfunction�#� \ � �

whosesmoothnessis invariantto modelorder, or fixedpoleselection.Thiscrucialfeaturewill
permitthederivationof theimprovedvarianceerrorapproximationshown in figures1–3.

Beforefurtherelucidatingthispoint,thedevelopmentsof thissectionareformally collectedin the
following theoremandcorollary
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Theorem 5.1. With
�� -* calculatedvia (7) usingthemodelstructures(16),(27)or anyotherstructure

with the samefixedpoles � â � � all chosento lie within the openunit disk
ã

thenwith 4 - ����5���
)(4 - ���$	$� 5��$	$�7
 givenby(28) andin thelimit as
� µ �º � Ô 4 - ����5���
 MM 4 - ���Ð5��|
 Õ �

�+* f), �����
	��Ð5 �� -* 
ËY`�����
	��Ð5
� -· 
�����
	��O5 �� -* 
ËY`�����
	��O5
� -· 
.- »YLµ¾½Ã� M 5�/ - ����5��7
�

where, providedthedatais collectedin openloop,all thepoles � â � � are chosenin a closedsubsetofã

and
� � ����


,
�#� ����


areLipschitz continuousof someorder ��� M thenwith thedefinition� ����
,ª %)&'(->.10 � - ����

where � - ����
 is definedby(48), then%)&)(->.10 / - ����5��|
�3%0112 �#� ����
� � ����
 � q ����
� q ����
 �#� ���|
��� ���7


35446 H � ����
+7
where for somefinite

� v Ò � ����
bv��8�,v � ����
bv N
Proof. It hasalreadybeenestablishedin (13)and(14) thatº �:9 �2��� 	$� 5 �� -* 
ÅY`�2��� 	$� 5 �� -· 
�;¶»YLµ¾½¡� M 5$Ú - ����
�
 as

� µ �
where

Ú - ����
�3Áç Ø- ����
è¿ - ç - ����
 . An extensionof this is thatas
� µ �º �=< �2���$	$�Ð5 �� -* 
ÅY`�����
	��Ð5
� -· 
�2���$	��O5 �� -* 
ÅY`�����
	��O5
� -· 
?> »Y|µ¾½¡� M 5 Ò/ - ����5��|
�


where Ò/ - ����5��7
�ª Ô ç Ø - ����
è¿ - ç - ����
 ç Ø - ����
è¿ - ç - ���7
ç Ø - ���7
è¿ - ç - ����
óç Ø- ���|
è¿ - ç - ���7
 Õ
sothatusingthenotationof (13), (14)º � Ô 4 - ����5���
 MM 4 - ���Ð5��|
 Õ �

�+* f , ����� 	�� 5 �� -* 
ËY`����� 	�� 5
� -· 
����� 	�� 5 �� -* 
ËY`����� 	�� 5
� -· 
 - »YLµ¾½Ã� M 5�/ - ����5��7
�

where/ - ����5��|
Ó3 Ô 4 - ����5���
 MM 4 - ���Ð5��|
 Õ �

�+* f Ò/ - ����5��7
 Ô 4 - ����5���
 MM 4 - ���Ð5��7
 Õ �
�+* f 5

3 0112 Ú - ����
4 - ����5���
 ç Ø - ����
è¿ - ç - ���7
ú 4 - ����5���
 4 - ���Ð5��7
ç Ø - ���7
è¿ - ç - ����
ú 4 - ����5���
 4 - ���Ð5��7
 Ú - ���|
4 - ����5��7

35446 N
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It hasjustbeenestablishedin (51) that%)&)(->.10 Ú - ����
4 - ����5���
 3 %)&)(->.10 � - ����
 H � � ����
� � ����

whichaccountsfor theasymptoticvalueof thediagonaltermsof

/ - ����5��7
 . For theoff-diagonalterms
notethatusingtheformulation(46)andthedefinition(48)Ò � ����
�3 ç Ø - ����
è¿ - ç - ���|
ú 4 - ����5���
 4 - ���Ð5��|
 3 ç Ø - ����
 � - � �#� \ � � 
èç - ���|
ú 4 - ����5���
 4 - ���Ð5��7
 H 4 - ����5���
 � - ����
ú 4 - ����5���
 4 - ����5��7
 N
However, by theargumentleadingto (43), 4 - ���Ð5��|
�þ@� f 4 - ����5���
 for somefinite

�
sothatÒ � ����
A�@� ç Ø - ����
è¿ - ç - ���7
4 - ����5���
 HB� � ����
 N

Useof (50) thencompletestheproof.

Themainuseof this resultwill be to infer thenatureof thevariability of
�����
	��Ð5 �� -* 
 . However, as

pointedout in [20], convergencein distribution guaranteesnothingaboutmean-squareconvergence.
Therefore,to berigorous,it is necessaryto separatelyconsiderthis,but fortunatelysuchexamination
is straightforwardprovidedtheassumptionson thenoiseprocess� � { � aresomewhatstrengthened.

Corollary 5.1. Underthesameconditionsastheprevioustheorem,but with a strengthenedrequire-
mentthat E � �DC{j� �I� then%)&'(->.10 %)&)(*�.10 �4 - ����5���
 E � v������ 	�� 
ÅY������ 	$� 5
� -· 
bv f � 3 � � ����
� � ����
 H � ����
 (52)

where � ����
,ª %)&'(->.10 � - ����

with � - ����
 definedby (48).

Proof. Follows from thepreviousTheoremusingthemethodsin Appendix9B of [20].

By drawing ontheprecedentof [25, 22] in whichtheapproximation(1) is derivedfromtheasymptotic
result(2), thispaperusesthenew asymptoticresult(52)andtheexplicit formulae(28),(25)to suggest
theapproximation

Var Û ����� 	$� 5 �� -* 
nÜp� 8� ��� ����
��� ����
 - � ���b�gß v ø � ��� 	$� 
bv f N (53)

Notethat in providing this approximation,it hasbeenassumedasin [44, 45,37] thattheundermod-
elling inducedcomponent� ����
 is negligible, andthis simplificationwill be commenteduponlater.
However, beforedoingso,thereareseveralimportantpointspertainingto theapproximation(53) that
needto behighlighted.

Firstly, the expression(53) is shown asa dashedline in the figures1–3 of 6 2 which, beingso
closeto thesamplevariability estimateof thetruevariability, illustratesthatin situationswheresome
fixeddenominatorpolesarechosenaway from theorigin, thenew expression(53) canrepresentan
approximationthatis significantlymoreaccuratethanthewell known one(1). As alreadysuggested,
the reasonfor the improved approximationrestssolely with the strategy of re-parameterisingwith
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�3 # - � ��b�gß v ø � ���$	$�g
bv f which captures
effectof polechoice � â � � ontransferfunctionestimatesensitivityto measurementnoise. Here � 3ÁQ .
respectto theorthonormalbases(25) in thatby doingso,theasymptoticresult(52) involvesconsid-
eringconvergenceof thegeneralisedFourierexpansion(47) of a function

�#� \ � �
whosesmoothness

is invariantto themodelorder, sothatthedegreeof approximationin concluding(53)on thebasisof
(52)canbeexpectedto monotonicallyimprove with increasingmodelorder � .

By usingthisnovel reparameterisationapproach,theessentialfeatureimbuingthenew expression
(53) with greateraccuracy thanthe pre-existing approximation(1) is that the influenceof the fixed
polelocationonVar� �2���$	$� 5 �� -* 
�� is quantifiedby thereproducingkernel 4 - ����5���
 . Seefor example
figure4 wheretheexpression4 - ����5���
 is plottedfor a varietyof choicesof � â � � . In particular, note
that for all polesfixedat theorigin, by the formulation(28),(25)then 4 - ����5���
13 � so that in this
specialcaseof FIR modeling,(53) is identicalto (1). However, themorepolesthatarenotfixedat the
origin, themore 4 - ����5���
 will (beingthenfrequency dependent)differ from � andhencethemore
thenew approximation(53)will, in theinterestsof improvedaccuracy, beperturbedfrom theoriginal
approximation(1).

A point to noteis that figure 4 indicatesthat the choiceof poles � â � � could be conceived asa
designvariablefor decreasingvarianceerrorat particularfrequencies.However, not only might this
incuranincreasedbiaserrorif the � â � � arechosenfar from thetruepoles(seethefollowing section),
figure4 alsoindicatesthatdecreasedin varianceerroratonefrequency aretraded-off againstincreases
at anotherfrequency. In fact, it is a trivial consequenceof orthonormalitythat thearea(on a linear
axis)underneathall thecurvesin figure4 is themodelorder �

Anotherpoint worth emphasisingis that theresultsin Theorem5.1 andCorollary5.1 andhence
in theapproximation(53) applyfor any modelstructure(of which (16) and(27) arespecialcases)of
theform �2�=<�5
� - 
 zL{ 3'E Ç{ � - (54)
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where E { � � 3ÁôFE { H � zL{ (55)

with
ô �`��-�Gj-

and
� �`��-�G �

arbitrarybut suchthat theeigenvaluesof
ô

are � â ß 5�â � 5 ¸b¸b¸ 5�â - � � � .
It seemsquite unexpectedthat this role for the orthonormalbases�ùø � � given by (25) shouldarise
in sucha fundamentalmannerin a problemthat canvia (54), (55) be ab-initio formulatedwith no
orthonormalityin its structure.

Theroleof orthonormalbasesin systemidentificationis thereforemuchdeeperandmoreintrinsic
thanhadpreviously beenthought.This providesfurthermotivation for their employmentandstudy
that is in additionto thenumericalefficiency, andmodellingefficiency featuresexposedin previous
works[44, 37, 15, 34].

Indeed,previous work which haspioneeredthe useof orthonormalbasesfor systemidentifica-
tion [44, 45, 37] hasalsoconsideredvarianceexpressionswhich arerestrictedversionsof the form
(53). For example,in [44] the useof Laguerrebasesis analysed.However, this casemay be en-
compassedin the framework of this paperby choosingall the polesthe sameand real valuedasâ � 3Iâ ���

in whichcase(53) reducesto

Var Û �2��� 	$� 5 �� -* 
 Ü � �� �#� ����
� � ����
 8UYlâ fv�� 	$� YlâLv f (56)

which is thesameastheresultobtainedin [44].
In [37, 15], whichis thefirst work to considerthecaseof possiblydifferentpoles,they arestill all

restrictedto becyclically repeatedfrom afinite set,say
â � � � â ß 5 ¸b¸b¸ 5�â	H � � � andtheresult%'&)(ý + *�.¹0 �I 4 qH ����5���
 Var Û ����� 	$� 5 �� -* 
nÜp3 �#� ����
� � ����
 (57)

is derived where 4 qH ����5���
o3 # H � ��b�gß v ø q� ��� 	$� 
bv f with �ùø q� � beingthe particularsetof orthonormal
basesconsideredin [37]. The quantity I is thenumberof completerepetitionsof thewholesetof
bases�ùø q· 5 ¸b¸b¸ 5 ø qH � � � in themodelstructure.

This latter point on completerepetitionsof pole setsis of crucial importancesinceit hasbeen
demonstratedherethatwheninferringanapproximationlike (53) from anasymptoticresultlike (57)
it is vital that convergenceof a result like (57) can be reasonablyexpectedto have occurredfor
finite I . However, if all the fixed polesin a modelarechosendifferently as in 6 2 then I 3¶8

.
Therefore,since(57) is asymptoticin I , it cannotbearguedthat(57) canreasonablybeexpectedto
haveconvergedin thiscaseof I 3à8

, andhencethetheoreticaljustificationfor anapproximationlike
(53),which is derivedon thebasisof (57) in [37], is in thesecasesproblematic.

Ontheotherhand,usingthemethodsof thispaper, attentionis focussedon theasymptoticnature
of (47) which convergeswith increasingmodelorderratherthanpole setrepetitioncount. In view
of this (andwith theprecedentof the foundationwork [44, 45, 37, 15] in mind) thenew techniques
proposedhereareconsideredto provide a more theoreticallysoundargumentfor inferring a fixed
orderapproximationfrom anasymptoticresult.

Indeed,becauseof the fixed pole restrictionsinvolved in previous work, the connectionsmade
hereto generalfixed denominatormodelsof the form (54), (55) were never madeand hencethe
fundamentalrelationshipof orthonormalbasesto situationswhich are not ab-initio formulatedin
termsof themhasnotbeenpreviouslyexposed.

A consequenceof thepolerestrictionsimposedin thepreviouswork [44, 45, 37] is that it forces
thebases�ùø q- � employedthereto mimic thealgebraicproperty

�$	$� - �
	�� ý 3ÿ�$	$��J ý � -LK
of theclassical
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trigonometricbasis.Thisallowsanelegantpathto varianceresultsto befollowedwhereintheproblem
is reducedto an equivalent FIR problemby establishing,via a bilinear or multilinear (‘Hambo’)
transform,an algebraisomorphismbetween�ùø q- � and

�$	$� -
. The original resultsof [25] are then

mappedthroughthissameisomorphismin orderto generalisethem[44, 45, 37].
As is evident, the strategy of this paperis completelydifferent and, apartfrom avoiding pole

restrictions,it hasthe dividendof illustratingnew analysismethodsemploying recentlyderived re-
sults [35] pertainingto generalisedToeplitz matricesandgeneralisedFourier analysis. Thesenew
techniquesareconsideredto beof interestin their own right, asthey would appearto have potential
for applicationbeyondtheparticularsystemidentificationsettingconsideredhere.

The final advantageof the methodspursuedhereare that they permit an explicit formulation
(28),(25) for the term 4 - ����5���
 revealing how fixed polesaffect va‘riability; in previous work it
hasbeenimplicit in a statespaceconstruction[37]. Indeed,by the recognitionherethat this term4 - ����5���
 affectingvariability is areproducingkernel,andhenceunique,aclosedform expressionfor
theequivalenttermin [37] is providedfor thefirst time.

It remainsto commentontheundermodellinginduced� - ����
 termin thederivationof (53). Firstly,
note that with its omission

Ò � ����
�3 M in Theorem5.1 so that the frequency responseestimatesat
differentfrequenciesareasymptoticallyuncorrelated.Notealso,thatit canbearguedthatdisregarding� - ����
 is reasonable,sinceif oneassumesfor thesake of simplicity thatE �bÄ � Ä Çý h � �=� -· 
 h ý �=� -· 
���3
E �bÄ � Ä Çý � E �nh � �=� -· 
 h ý �=� -· 
�� thenusingLemmaA.1 andassuming�nh � �=� -· 
�� is astationarystochastic
process � - 3 � -�M v��ÿY`���=� -· 
bv f � f�ON
sothatuseof (33)provides×�� - × f �à×J�2��� 	$� 
ÅY¤����� 	�� 5
� -· 
n× 0 × � � ����
n× f0 N
In this case,using(49) v � - ����
bv��à×J�2��� 	$� 
ÅY`����� 	�� 5
� -· 
n× 0 × � � × 0 ×ù8;\ � � × 0 N
Sinceit will beprovedin lemma6.1thattheright handsideof this inequalitytendsto zero,theoretical
justificationwhich hasnot beenprovided in someprevious works of neglecting the � - ����
 term is
provided.

In fact,thiscanbemademorerigorousin sucha way to evenaddresstheclosedloopcase,but at
thecostof morerestrictive assumptions.

Theorem 5.2. Undertherestrictionthatboth �bz { � and � � { � areGaussiandistributed,zero meansta-
tionary stochasticprocesses,thentheresultsof Theorem5.1 andCorollary 5.1 hold evenfor closed
loop datacollectionandwith the � ����
 termguaranteedto be identicallyzero providedthat thesub-
stitution �#� ����
QPµ �SR ����5
� -· 

is madein thestatementsof Theorem5.1 andCorollary 5.1. Here

�SR ����5
� -· 
 is to be interpretedas
the spectral densityof the predictionerror residualsequence� © { �=� - 
�� definedin (6) evaluatedat� - 3ÿ� -· , thelatter beingdefinedin (8).

Proof. Theassumptionof openloopdatacollectiononly manifestsitself in theproofsof Theorem5.1
andCorollary5.1by allowing thesplitting of (35) into two termsin (36), thefirst of which canhave
lemmaA.1 appliedto it to concludethat Â -T� � - � � � �#� 
,HU� - as � µ � where

� - accounts
for the second,undermodellinginducedterm in (36). However, underGaussianassumptions,and
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Figure5: FIR with 8 polesawayfromorigin: Closedloop datacollectionanda non-Gaussian(uni-
formly)distributedprocess.

regardlessof whetheror not thedatais collectedin openloop,theninsteadof thisstrategy lemmaA.2
maybeapplieddirectly to establishthat Â -"� � - � � � ����
 �#� ����5
� -· 
�
 as � µ � (with

� -�� M ). The
restof theproofsof Theorem5.1andCorollary5.1thengo throughunchanged.

Therefore,in theGaussiancase,thenew approximation(53),which containsthepre-existing one(1)
asa specialFIR case,is shown theoreticallyto hold for closedloop datacollection. This is thefirst
time a result like (53) hasbeenestablishedfor this caseof ‘fix ed denominator’modelling,all the
precedingwork [25, 44, 45, 37] eitherapplyingonly for openloop situations,or whenconsidering
closed-loopdata[22], appliesonly for thetruenoisemodelbeing

�`�=<>
?3¡8
.

To illustratetheefficacy of Theorem5.2,considerthesimulationconditionsof 6 2 alteredsothat
theclosedloop scenarioof a proportionalcontrollerof gain 4 3÷8

is involvedandthat furthermore
the referencesignal �WVù{ � hasspectrum

�SX ����
o3 MON :>P>\O�]8 N :>PpYI_ba>cd��
 and the measurementnoise
hasspectrum

��� ����
¹3û�]8 NVX>Z YÁ8 N :Ë_ba>c|��
�\O�]8 N 8 Z Y MON SÅ_ba>c|��
 . Thesampleaverageandtheoretical
variabilities given by (1) and (53) for this situationwhere8 poles in the model structureare not
at the origin are shown in figure 5. As in 6 2, the new approximation(53) shown as the dashed
line providesa moreinformative approximationto the truevariability (solid line) thandoesthepre-
existing approximation(1). Notethat in usingTheorem5.2 to form the(dashedline) approximation
in figure 5, it wasassumedthat (sincethe modelstructurewasconsidered‘rich’ andtherewereno
commonparametersbetweendynamicsandnoisemodel)therewasnegligible biaserror, andhence
that

� R J ± ²É K ����
�� �#� ����
 .
An interestingpoint is that the simulationproducingfigure 5 specificallyviolatedthe Gaussian

assumptionsthat Theorem5.2 wasderived underby usinguniformly distributedrandomprocesses.
This robustnessof theresultto violationsof theassumptionsit wasderivedunderis considereden-
couragingfrom theviewpointof its practicalutility.
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6 Bias Error with Fixed Denominator Model Structure

Having quantifiedthe varianceerror involved with usingthe structure(16), the papernow turnsto
thequestionof quantifyingthebiaserror, againby a strategy of consideringtheequivalentbut more
tractableorthonormalre-parameterisation(27). First, a key motivation for a modelstructuresuch
as (16) is the intuitive belief that for fixed � , any undermodellingassociatedwith lack of model
structurerichnesscanbe decreasedby choosingpoles � â � � in

Þ - � h 
 closeto the true poles �ZY � �
in the underlyingtrue system

��� h 
 . The following Theoremjustifies this intuition by useof the
Christoffel–Darbouxformula(30).

Theorem 6.1. Suppose
�2� h 
 haspartial fractionexpansion��� h 
?3 ý � �� [ �gß \ [h Y Y [

where all thepolessatisfy
v Y [ v � 8 . Put

�� - � h 
 asthebest ] f approximationto
�2� h 
 with respectto

the � basisfunctions�ùø ß 5 ø � 5 ¸b¸b¸ 5 ø - � � � . Thenv��2��� 	$� 
ÅY �� - ��� 	$� 
bv�� ý � �� [ �gß ÈÈÈÈ \ [� 	$� Y Y [ ÈÈÈÈ - �
�á���gß ÈÈÈÈ Y

[ Y¥â �8UY â � Y [ ÈÈÈÈ N (58)

Proof. Take
� � ã

. Then since
�2�]8;\ h 
 is analytic in

ã
the useof Cauchy’s Integral Theorem

provides �2�]8;\^� 
,3 8:Rë�� � � �2�]8;\ h 
h Y_� Æ h N
Also, by useof thedefiningproperty(29) of thereproducingkernel�� - �]8;\^� 
�3 - � ���b�gß ø � �]8;\^� 
 8:Rë�� �`� ���ba$
 ø � �ba$
 Æ aa N
Usingachangeof variableh 3ca � � thenleadsto�� - �]8;\^� 
,3 8:Rë�� �`� ���]8;\ h 
 , - � �� ���gß ø � �]8;\^� 
 ø � �]8;\ h 
 - Æ hh 5
sothatusingtheChristoffel–DarbouxFormula(30)���]8;\^� 
?Y �� - �]8;\^� 
 3 �d� - �]8;\^� 
:Rë�� ��� ���]8;\ h 
 � - �]8;\ h 
h Ye� Æ hh3 �d� - �]8;\^� 
:Rë�� ��� ��� h 
 � - � h 
8�Ye� h Æ h N (59)

Thenby using(59)andCauchy’s ResidueTheorem�2�]8;\^� 
ÅY �� - �]8;\^� 
Ó3 �d� - �]8;\^� 
:Rë�� ý � �� [ �gß ��� Í \ [h Y Y [ Î Í 88UY_� h Î - �
�á�b�gß Í h Y¥â �8UY â � h Î Æ h 53 �d� - �]8;\^� 
 ý � �� [ �gß Í \ [8UY_� Y [ Î - �

�á�b�gß Í Y [ Y¥â �8UY â � Y [ Î N
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Writing
��3 V � � 	$� with

v V v � 8
, letting V µ 8

andusing the triangle inequality thengives the
result.

Note that this boundis tight in thesensethat if perfectknowledgeof thepolesof
�2� h 
 is available

(so that fhg 5jiLõ æ â � 3 Y [ ) thentheupperboundis zero. The interpretationof the resultis that the
convergenceof theexpansion(27) to theunderlyingsystem

�2�=</

canbeverymuchfasterthanthatof

thespecialcasesof FIR, Laguerreor two-parameterKautzexpansionsif reasonableguesses� â � � of
thepolesof

�2�=<>

canbemade.This is sosinceh Ylâ �8UY â � h (60)

is analyticon
ã

andof modulus
8

on the boundary� of
ã

. Therefore,by the maximummodulus
Theorem,thefactor(60) with h 3 Y [ thatappears� timesin thebound(58) is of moduluslessthan
one,andhencethebound(58) decreasesgeometricallywith modelorder � ; thegeometricratewill
dependon theerrorterm

v Y [ Y¥â [ v in theguess
â [

in thetruepoleposition Y [ .
A boundsimilar to that of Theorem6.1 is given, usingcompletelydifferentmethodsrelatedto

thenew theoryof ‘Hambo’ transformsin [15]. However, it is lessexplicit sinceit containsaconstant
scalingfactorfor which theonly informationavailableis thatit is finite.

Thesignificanceof Theorem6.1 in thecontext of quantifyingtheundermodellinginducederror
in anestimatedfrequency responseis realisedby notingthat� -· 3A¬R­
® (o&)°±�²T³/´�² E ï ñ� ñ v������ 	�� 
ËY`����� 	�� 5
� - 
bv f ��� ����
 Æ � K (61)

so that for �bz { � white (
�#� ����
¹3

constant),the expression(58) is a quantificationof the asymptotic
undermodellinginducedestimationerror.

Although(58) appearsto be themostexplicit statementthatcanbemadeaboutundermodelling
inducederror, it is possibleto draw furtherconclusionsthatapplyalsowhen

� � ����

is notwhite. For

example,it is shown in [31] that the frequency responsemagnitudeis on average(over frequency)
under-estimatedin thesensethatï�ñ� ñ v������ 	�� 5
� -· 
bv f � � ����
 Æ �8� ï�ñ� ñ v������ 	�� 
bv f � � ����
 Æ � N
Theequation(61)mayalsobeusedto boundthebiaserrorin estimating

�2���$	$�7

by notingthatsince,

underthecondition
# �]8UYIv â � v�
�3 � the �ùø � � arecompletein

� f � � 
 , thenit maybeexpandedas����� 	�� 
,3 - � �� Ï �gß � -Ï ø Ï ��� 	�� 
 H 0�Ï � -lk Ï ø Ï ��� 	$� 
 N (62)

Usingthisnotation,thefollowing biaserrorboundcanbeobtained.

Lemma 6.1. Supposethat
�2� h 
 � � f � � 
 sothat theco-efficients k Ï in (62)arewell defined.ThenÈÈ ����� 	$� 
ÅY`�2��� 	$� 5
� -· 
 ÈÈ � Í � ( ¬! � ��� ����
(¯&)° � � � ����
 HI8 Î ( ¬! ß�mL�!n - v ø � ����
bv 0�Ï � - v k Ï v N w.p.1.
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Proof. The methodof proof is identical to that employed by Wahlberg in [44]. Expression(61)
characterises

� -· asthesolutionto À - � -· 3 E � E � } � � N
Usingthisanddefiningthesequence�nh � � ash � 3 0�Ï � - k Ï ø Ï �=</
 z �
gives ×�� - Y¤� -· × f �à×
À � �- × f × E � E � h � ��× f N
But by Parseval’s Theorem£

E � E � h � �b¦ ý 3 8:Rë 0�Ï � -Sk Ï ï ñ� ñ ø ý ��� 	�� 
 ø
Ï ��� 	$� 
 � � ����
 Æ � N

Now, usingthe triangleinequality, the Cauchy-Schwarz inequalityandusing(33) to bound
×
À � �- ×

provides ×�� - Y¤� -· × � � � ( ¬! � � � ����
(o&)° � � � ����
 0�Ï � - v k Ï v N
But from (62) ÈÈ ����� 	$� 
ÅY`�2��� 	$� 5
� -· 
 ÈÈ � ( ¬! ß�mL�on - v ø � ��� 	�� 
bv , ×�� - Y¤� -· × � H 0�Ï � - v k Ï v - N

As mentionedfor the particularcaseof Laguerremodelsstudiedin [44], this indicatesthat as� µ � then
� -· will converge to theexpansionco-efficientsgiven in (62) andhencethe frequency

responseestimatewill converge to thetrueoneprovidedtheexpansionco-efficientsin (62) decrease
sufficiently quickly that %)&)(->.10 � 0�Ï � - v k Ï v>3 MON
This is satisfiedfor exampleif

��� h 
 is stableandfinite dimensional.In this casea simpleargument
usingCauchy’sResidueTheoremshowsthatthereexistsa

v pÐv � 8 and 4 �ü� suchthat
v k Ï v � 4 p Ï .

7 ARX Type Model Structures

Althoughthefixeddenominatormodelstructure(16)andits generalisation(54),(55)havemany prac-
tical advantagessuchasrelevanceto ‘identificationfor control’ ideas[1, 40, 27, 33] andtherequire-
mentof only simpleandrobust numericalproceduresfor thecalculationof

�� -* [44, 37], they suffer
from thedrawbackof relyingonprior-knowledgeof polelocation.

A commonstrategy for avoidingthisdrawbackis to estimatethepolelocationsof
���=<>


while still
involving a predictorthat is linear in

� -
so that the advantageof simplenumericalrequirementfor

finding
�� -* is retained.This is doneby employing themodelstructure���=<j5
� - 
?3 � �=<j5
� - 
ô^�=<j5
� - 
 5¤���=<�5
� - 
?3 Þ - �=</
ô^�=<j5
� - 
 (63)
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where ô^�=<>
 3 q ß H�q � <�H�q f < f H ¸b¸b¸ H�q - � � < - � � H < - 5� �=<>
�3 r ß H@r � <�H@r f < f H ¸b¸b¸ H@r - � � < - � �
with � - 3F£ q ß 5�r ß 5sq � 5�r � 5 ¸b¸b¸ 5sq - � � 5�r - � � ¦ Ç
beingthevectorof parametersto beestimatedand

Þ - �=<>
 is aspreviouslydefinedin (17).
Herethe dynamicsandnoisemodelshareparametersin

� -
. As is well known, this canleadto

biasif themodelstructureis not rich enough[46, 20]. Themotivationfor includingthe
Þ - �=</
 term

in thenoisemodelis to avoid this biasby allowing
���=<�5
� -· 
U�F���=</
 for some

� -· while simultane-
ously, throughzerosof

� �=<j5
� -· 
 cancellingpartsof
ô^�=<j5
� -· 
 thatpertainonly to

�`�=<j5
� -· 
 , achieving
sufficient flexibility for

���=<j5
� -· 
?3ÿ�2�=<>
 .
Mostcommonlythemodelstructure(63)appearswith thechoice

â � 3 M in whichcaseit is known
asthe‘equationerror’ or sometimes‘ARX’ modelstructureandfor which theanalysisof Ljung [22]
provides,usingthedefinition(12), thewell known result(which holds,whenat leastasymptotically
in � , thetruesystemis in themodelset)

Cov Û Ñ ��� 	$� 5 �� -* 
nÜp� �� e f v ����� 	$� 5
� -· 
bv f � � �t ��� 	�� 5
� -· 
 N (64)

Here � t ����5
� - 
?ª Ô � � ����
 � Ø � R J ± ² K ����
� � R J ± ² K ����
 � R J ± ² K ����
 Õ
is thespectraldensityof thetwo dimensionalvectorsignal uJ{ �=� - 
 definedasuJ{ �=� - 
?ª Ô zL{© { �=� - 
 Õ N
Theimportanceof thelatter, aswill becomeclearin amoment,is toallow (byuseof (5)) theprediction
errorgradientÄÅ{ �=� - 
 to beexpressedasÄÅ{ �=� - 
 3 Æ �} { �=� - 
Æ � - 3Á� � � �=<j5
� - 
 Ñ q �=<�5
� - 
 uJ{ �=� - 
�5 (65)Ñ q �=<j5
� - 
 ª Ô Æ �2�=<j5
� - 
Æ � - 5TÆ ���=<j5
� - 
Æ � - Õ N
Sincethisstrategy of avoidingbiascanleadto over-parameterisationof

�2�=<�5
� - 

, thedegreeof which

dependson how many extra termsin
ô^�=<j5
� - 


are requiredfor modeling
���=</


, thereis greatim-
portancein choosingthe zeros � â � � not, in fact, all at the origin but ascloseaspossibleto where
the truezeroesof

���=<>

arebelieved to lie. For example,if

���=<>

hasa zeroneartheunit circle, an

AR expansion
< - \Jô^�=<j5
� - 


accountingfor this zerowill needto beof quitehigh order � beforeit is
accurate[39].

A mainpurposeof this sectionis to highlight thatunfortunately(andin resonancewith thefixed
denominatorcase)if accordingto this motivation the � â � � arenot all chosenat theorigin, thenthe
approximation(64)canbequiteinaccurate,evenfor largemodelorderanddatalength.

Thisperhapsunexpectedphenomenoncanbeillustratedin a fashionsimilar to thatof 6 2 by con-
sideringthe leastsquaresmethod(7) andann=8’th orderARX-lik e structure(63) for theestimation
of the‘ Åström system’ �2�=</
?3 <#H MON P< f Y¨8 N P/<�H MONi[ 5¤���=</
,3¡8
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Figure6: ConventionalARXwith all noisemodelzerosat theorigin. Thisis a comparisonof Monte–
Carlo estimateof samplevariability (solid line) with (dash-dotline) theapproximateexpression(64).
Notethat this last line obscuresa dashedline which is the new approximation(78) becausefor the
caseof all polesat theorigin thepre-existingapproximation(64)andthenew one(78)are identical.

on thebasisof
� 3 8 M>M>M>M observedopenloop input-outputmeasurements,the formerbeingwhite

Gaussiannoisewith spectraldensity
� � ����
�3 MON :>P>\O�]8 N :>P^Y¥_ba>cL��
 andthelatterbeingcorruptedby

whiteGaussiannoiseof variancee f 3 MONVM>M 8 . Supposealso,thatall fixednoisemodelzeroes� â � � inÞ - �=<>
 arechosenat theorigin, sothata trueARX structureis employed. Notethat in this example,
andall the rest following in this section,the biaserror in the estimationprocessis negligible, and
hencethevarianceerrorwill representthetotalestimationerror. In any event,sinceboth

� 3à8 M>M>M>M
and � 3ÿS canreasonablybeconsideredlarge[22], thentheapproximation(64) for thevarianceerror
couldbeexpectedto beaccurate,andindeedit appearsto besowhenshown asthedash-dotline in
figure6, with thesampleaverage(over 500Monte–Carlosimulations)estimateof thetruevariability
beingshown asthesolid line.

However, if threenoisemodelzerosaremovedawayfrom theorigin to beat
â � 3 � MON SO5 MON SO5 MON SO� ,

thenthe ensuingcomparisonof the theoretical(dash-dotline) approximation(64) andthe Monte–
Carloestimate(solid line) of truevariability shown in figure7 shows muchlessagreement.Contin-
uing,by choosingsix noisemodelzerosaway from theorigin at � â � �13 � MON SO5 MON SO5 MON SO5 MONi[ 5 MxNi[ 5 MONi[ � ,
the resultsof this choiceshown in figure 8 indicatethat now the approximationbetween(dash-dot
line) thetheoreticalapproximation(64) and(solid line) theestimatedtruevariability is sopoorasto
beconsideredveryun-informative.

In contrast,thedashedline in figures6–8(which, in figure6) is equalto andhenceobscuredby
thedash-dotline) remainsa goodapproximationregardlessof thefixedzeroposition.This line is in
fact thenew approximationto bederived in this section,andagainin resonancewith thepreceding
fixeddenominatoranalysis,it involvesreplacingthe � termin (64) with a term 4 - ����5���
 . Sincethe
latterin factequals� for all thezerosat theorigin, theoriginalapproximation(64) is encompassedas
aspecialcase.
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Figure7: ARX-typestructure with threenoisemodelzeros not at the origin:comparisonof Monte–
Carlo estimateof samplevariability (solid line) with (dash-dotline) theapproximateexpression(64)
and(dashedline) thenew approximation(79).
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Figure8: ARX-typestructure with sixnoisemodelzerosnotat theorigin.
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Also in accordancewith thepreviousanalysis,theimprovedapproximationshown in figures6–8
is obtainedby re-parameterisingthe modelstructureinto an equivalentorthonormalform which is
tractableto analysisusingthenew generalisedFourierandToeplitzresultsof [35] presentedin 6 5.

It is, of course,first necessaryto establishthetheoreticalgenesisof the inaccuracy phenomenon
illustratedin figures6–8,andfor this purposeit is necessaryto give a brief synopsisof themethods
usedin [22] to derive (64).

The conditionsassumedtherewhich aresalientto themodelstructurearethat it satisfywhat is
calleda ‘shift’ propertyformulatedasthe requirementthat with

ç - �=<>
 definedasin (18), an
G í G

matrixof transferfunctionsv �=<j5
� - 
 existssuchthatÑ q �=<j5
� - 
,3�£ ç - �=</
xwB7oy�¦ v �=<j5
� - 
 (66)

wherethe dimension
G

will be madeclear in a momentby exampleand
w

denotesthe Kronecker
tensorproductof matricesdefinedfor an I í�� matrix

ô
and an z í|{ matrix

�
to provide the� z í I { matrix

ô�w �
as ôBw � ª~}���� q ��� � q � f � ¸b¸b¸ q � - �q f � � q f�f � ¸b¸b¸ q f - �...

...q ý � � q ý f � ¸b¸b¸ q ý - �
�W������

In any event,it is arguedin [22] thatassumingthat �L�� is suchthat �"�����s�L����Q� �"��� � �	�������s�L����Q� ����� �
(thatis, it is assumedthatthetruesystemis in themodelset)thenwith theToeplitzmatrixdefinition
(18),(20)extendedto block-Toeplitzmatricesvia� � ��� ��� ��^������ � � ¡ � �b¢ �¤£B¥o¦�§ �¨�b¢ � � ¡ ©� �b¢ �¤£�¥o¦	§Dª ¢ (67)

to handle «­¬T« multi-variablespectraldensities�¨�b¢ � , thenusingknown resultson the asymptotic
natureof block-Toeplitzmatrices[49, 14]® ��¯ � �±°¤²´³ ��µ	¶	·¤�s� �� �¹¸Aº �b¢»�s� �� � ³ © ��µ	¶	·d�s� �� �+¼ �x½	¾ as ¿ÁÀÃÂ (68)

so that recognisingimplicit Ces̀aromeansandemploying classicalresultsfrom Fourieranalysisvia
(14),it isarguedin [22] thatfor large ¿ thefollowing approximationsarevalid (someabuseof notation
is madein theinterestsof readability)Ä � �b¢ �¿ � ¿ �x½ � Å�Æ ��µ ¶	· �s� �� �+§ © ® � Å�Æ ��µ ¶	· �s� �� �Ç ¿ �x½ ³ ©� �b¢ � � ¡ © � �b¢ �¤£B¥o¦¹§ � �¨° � ³ � �b¢ �¹¸Aº �b¢»�s� �� � ³ ©� �b¢ �+§ �x½ ¾ � ¡ � �b¢ �d£�¥o¦�§ ³ � �b¢ � (69)Ç È � � �b¢ � È É ³ ©� �b¢ � � ³ � �b¢ �¹¸Aº �b¢»�s� �� � ³ ©� �b¢ �+§ �x½ ³ � �b¢ � (70)� Ê É È �T��µs¶¹·Ë�s� �� � È É ¸ �x½º �b¢»�s� �� � �
wherein progressingto thelastline, invertibility of ³ � �b¢ � hasbeenassumed.

However, for themodelstructure(63), it is easilyshown [22] thatwith theelementsin thevector�L� groupedinto ¿ blockseachof dimension« � �
andeachof the form �L�Ì � � Í Ì ��Î Ì §ÐÏ , thenthe

corresponding³ �����s� � � of (66) is givenas³ �����s� � ��� �Ñ � ��� ��Ò�Ó �¨���Ô�s� � � �T�����s� � � Ó � É �����s� � ������Ô�s�Õ� � Ö × �
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Therefore,whenevaluatedat �L�� it is betterlabeledas ³ � �b¢»�¹¿ � sinceif all the Ø Ì arechosenawayfrom
theorigin thenvia the

Ñ �x½� ��� � term,themagnitudeof thetransferfunctioncomponentsof ³ ��µ ¶¹· �s� �� �
all dependon ¿ . In this casetheFourierconvergenceargumentallowing theprogressionfrom (69)
to (70) is problematicsincethe matrix valuedfunction � ³ � �b¢»�¹¿ �¹¸Aº �b¢»�s� �� � ³ ©� �b¢»�¹¿ �+§ �x½ whose¿ ’ th
orderFourierreconstructionis implicit in (69),cannotbeguaranteedto convergeas ¿ increasessince
the function possibly(dependingon how many zerosof

Ñ � ��� � arenot at the origin) becomesless
smoothwith increasing¿ .

In the strict ARX caseoriginally analysedin [22] thereis (as illustratedin figure 6) no prob-
lem sincein this instance,with all the zerosat the origin, È Ñ � ��µ ¶	· � È � È µ ¶¹· � � È � � so that by the
assumptionof thetruesystembeingin themodelclass,thenthefunction ³ � �b¢ �¹¸»º �b¢»�s�L���� ³ ©� �b¢ � be-
ing implicitly Fourier reconstructedin (69) is invariant to increasing¿ , so that indeedit is valid to
concludeincreasingaccuracy with increasing¿ andhencepassfrom (69) to (70).

Therefore,in orderto provide the improvedapproximationshown in figures6–8 for thecaseof
many zerosof

Ñ � ��� � not at theorigin, thechallengeis to mimic this invariantto ¿ behaviour of the
underlyingFourierreconstructedfunction.

As in Ù 5 thisis achievedbyusingtheobservationthat,asymptoticallyin ¿ , thefrequency response
propertiesof estimatesareinvariantto (injective) changesin modelstructure,so that insteadof the
ARX-lik estructure(63) theequivalent,orthonormallyparameterised,modelstructure�¨�����s� � �Ú� Û �����s�L� �Ü ���Ô�s� � � �ÞÝ � �x½ßÌWà á Î Ì!âãÌ ��� ��ä8Ý � Ó � �x½ßÌWà á Í ÌoâãÌ ��� ��ä

�x½
(71)

�����Ô�s� � �Ú� �Ü �����s� � � �ÞÝ � Ó � �x½ßÌWà á Í Ì!âãÌ ��� ��ä (72)

is considered,whetheror not theactualimplementationemploys thisor themorenaturalform (63).
The advantageof the orthonormallyparameterisedform (71),(72) is that with the generalised

definition(32) for ¡ � ��� � , it satisfiesageneralisedshift property(againwith « � � )
Å Æ �����s� � ��� � ¡ � ��� �x£B¥o¦¹§ ³ �����s� � �wherenow ³ �����s� ����ã� Ò Ó �¨���Ô�s�Õ�� � �T�����s�L�� � Ó � É �����s�L�� ��T�����s� �� � Ö × (73)

is (by theassumptionof truesystemlying in themodelclass)independentof ¿ for any choiceof åWØ ÌÔæ .
To make this moreprecise,it is necessaryto expand(31) to thedefinitionof a generalisedblock-

Toeplitz matrix dependingon an «?¬�« dimensionalpositive definitematrix valuedfunction �¨�b¢ �
as ç � ��� �Q� ��^�Á�B�� � � ¡ � �b¢ �¤£�¥o¦¹§ �­�b¢ � � ¡ © � �b¢ �x£�¥o¦¹§Dª ¢ (74)

where ¡ � ��� � is thegeneralisedform (32). Also, usertheassumptionthat (at leastasymptoticallyas¿TÀ%Â ) thetruesystemis in themodelset[22], then èDé	��� �� �»� µZé sothatusing(65), (10), (11) and
Parseval’s Theoremê � � ç �?ë ³ ��µ ¶¹· �s�L����¹¸Aº �b¢»�s�L���� ³ © ��µ ¶	· �s�L����È ����µ ¶	· �s� �� � È É ì ��í � �UÊ É ê �
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andtherefore ® � �UÊ É ê �x½� �UÊ É ç �x½� ë ³ ��µ ¶	· �s�L����¹¸»º �b¢»�s�L���� ³ © ��µ ¶	· �s�L����È ����µ ¶	· �s� �� � È É ì �
However, by LemmaA.5 the sameequivalence(45) shown in [35] to hold for generalisedToeplitz
matricescanalsobeshown to hold for generalisedblock Toeplitzmatrices.In particular, usingthe
definition(74)ç �x½� ë ³ ��µ ¶	· �s�L����¹¸Aº �b¢»�s�Õ���� ³ © ��µ ¶	· �s�L����È ����µ ¶	· �s� �� � È É ì ¯ ç �"î È ����µ ¶	· �s� ���� È É � ³ ��µ ¶¹· �s� ����¹¸Aº �b¢»�s� ���� ³ © ��µ ¶¹· �s� ����+§ �x½�ï(75)
as ¿ÁÀÞÂ whereherethedefinitionof the ¯ equivalenceis extendedfrom thatof (39), (40) to being
that(75) impliesthatðòñôó�Lõ÷öùø �x½� �b¢»�¹¢ � � ¡ © � �b¢ �¤£�¥o¦¹§ �

ç � ��� �x½ � Ó ç �x½� ��� �+§ �
ç � ��� �x½ � Ó ç �x½� ��� �+§ Ï � ¡ � �b¢ �d£T¥o¦¹§ú�UÖcomponent-wiseandfor all ¢@û � Ó � � � § . Therefore,againusingthereasoningin (41), thenfrom (14)

useof theorthonormalreparameterisationideameansthatinsteadof (69) thefollowing expressionis
consideredðôñòó�Õõ÷ö Ä � �b¢ �ø � �b¢»�¹¢ � � ðòñôó�Lõ÷ö �ø � �b¢»�¹¢ � ³ ©� �b¢ � � ¡ © � �b¢ �¤£T¥o¦	§ ¬ç �­° È � � �b¢ � È É � ³ � �b¢ �¹¸Aº �b¢»�s� ���� ³ ©� �b¢ �+§ �x½ ¾ � ¡ � �b¢ �x£�¥o¦	§ ³ � �b¢ �¤üý ��þ�ÿ� �� Ó � �� þ É �ø � �b¢»�¹¢ � � (76)

Asymptoticin ¿ analysisof this expressionthenprovideswhatarethe lastmaintechnicalresultsof
thepaper.

Theorem 7.1. With ÿ� �� calculatedvia (7) using the modelstructures (63), (71),(72)or any other
equivalentstructure with thesamefixednoisemodelzeroes åWØ Ì�æ all chosento lie within theunit disk�

, thenin thelimit as � ÀÃÂ� � � �"��µ ¶¹· � ÿ�L�� � Ó �"��µ ¶	· �s�L�� ��T��µ ¶¹· � ÿ�L�� � Ó �T��µ ¶¹· �s�L������ �Ó À	� � Ö � Ä � �b¢ �¹�
where with ø � �b¢»�¹¢ ��
 ø � ��µ ¶	· ��µ ¶	· � givenby (28) and underthe assumptionthat eventually, for
large enough¿ , thetruesystemis in themodelset,thenðôñôó�Õõ÷ö Ä � �b¢ �ø � �b¢»�¹¢ � �&¸�� �b¢ � Ò ¸�
 �b¢ � ¸�
�� �b¢ �¸ © 
��o�b¢ � Ê É × �x½
Proof. It hasalreadybeenestablishedin (13) thatwith thedefinitionof thecompositetransfermatrix
(12) � ��� Å ��µ ¶	· � ÿ� �� � Ó Å ��µ ¶	· � ÿ� �� ��� �Ó À�� � Ö � Ä � �b¢ �¹� as � ÀÃÂ
where(76) gives an asymptoticin ¿ expressionfor

Ä � �b¢ ��� ø � �b¢»�¹¢ � . Becauseof the Kronecker
producttermsin (76), theresult(50) is notapplicable.However, LemmaA.3 shows thatfor �¨�b¢ � an
arbitraryregularmulti-variablespectraldensity(50)maybeextendedtoðòñôó�Lõ÷ö �ø � �b¢»�¹¢ � � ¡ © � �b¢ �¤£B¥ ¦ §

ç � ��� � � ¡ � �b¢ �x£�¥ ¦ §ú� �¨�b¢ �
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component-wisein �­�b¢ � andwhere

ç � ��� � is definedby (67). Applying this result to (76) with�¨�b¢ �Q� È � � �b¢ � È É � ³ � �b¢ �¹¸Aº �b¢»�s� �� � ³ ©� �b¢ �+§ �x½ thengives(since ³ ��µ ¶	· �s� �� � is invertible)ðôñòó�Õõ÷ö Ä � �b¢ �ø � �b¢»�¹¢ � � È � � �b¢ � È É ³ ©� �b¢ � � ³ � �b¢ �¹¸Aº �b¢»�s� �� � ³ ©� �b¢ �+§ �x½ ³ � �b¢ �� Ê ÉLÈ ����µ ¶	· �s� �� � È É ¸ �x½º �b¢»�s� �� � �
Corollary 7.1. UnderthesameconditionsasthepreviousTheorem,but with a strengthenedrequire-
mentthat E ��µ�� Ì���� Â thenðôñôó�Õõ÷ö ðôñôó� õ ö �ø � �b¢»�¹¢ � Cov � Å ��µ ¶	· ��ÿ� �� �� ��&¸�� �b¢ � Ò ¸�
 �b¢ � ¸�
�� �b¢ �¸ © 
�� �b¢ � Ê É × �x½ (77)

Proof. Follows from thepreviousTheoremusingthemethodsin Appendix9B of [20].

The essentialpoint of Theorem7.1 andCorollary 7.1 that discriminatesthemfrom previous corre-
spondingresults[22] is that the asymptoticexpression(52) implicitly involvesgeneralisedFourier
reconstructionof a matrix valuedfunction È � � �b¢ � È É � ³ � �b¢ �¹¸»º �b¢»�s� �� � ³ ©� �b¢ �+§ �x½ which is invariant to¿ , regardlessof whetherfixed noisemodelzerosarechosenat the origin or not. In this case,and
unlike the analysisleadingto (71), it canbe expectedthat the approximationbetweenthe left hand
sideof (52) andits asymptoticvalueon theright handsideof (52) will monotonicallyimprove with
increasing¿ , againregardlessof thelocationof thefixednoisemodelzeros.

As a consequenceof this thesuggestionof this paperis thatan improvedapproximationfor the
variability of ARX-typemodelstructureestimatesis obtainedfrom (52)by assumingthatfor finite �
and ¿ convergencehasapproximatelyconvergedin (52)sothat

Cov � Å ��µs¶¹·d�sÿ� �� �� Ç �� ¸!� �b¢ � Ò ¸�
 �b¢ � ¸�
�� �b¢ �¸�
"� �b¢ � Ê É × �x½ � �x½ßÌZà á È âãÌ ��µs¶¹· � È É � (78)

In particular, if thedatais collectedin openloop( ¸�
"� �b¢ �Q�UÖ ) then

Cov � �"��µ ¶	· � ÿ� �� �  Ç �� ¸�� �b¢ �¸�
 �b¢ � � �x½ßÌWà á È âãÌ ��µ ¶¹· � È É (79)

and

Cov �h�T��µs¶¹·¤� ÿ� �� �� Ç È ����µ ¶	· �s�L���� È É� � �x½ßÌZà á È âãÌ ��µs¶¹· � È É (80)

whichexplicitly shows,via the # � �x½ÌWà á È âãÌ ��µ ¶¹· � È É � ø � �b¢»�¹¢ � termhow thechoiceof fixedzerosåWØ Ì�æ
in thenoisemodelinfluencesthesensitivity of thefinal transferfunctionestimationto measurement
noise;again,seefigure4. Notethataspertheprevioussectiononfixeddenominatormodelstructures,
thesenew expressionscontainthe resultsfor equationerrorstructurespresentedin [22] asa special
caseof Ø Ì �UÖ sincethelatterimplies # � �x½ÌWà á È âãÌ ��µ ¶	· � È É � ¿ sothat(78) becomes(64).

To concludethis section,it is interestingto note two importantcaseswherefixed zero noise
modelsin ARX structuresareimplicitly involved, albeit via alternatemotivations. Firstly, consider
thecaseof employing a standardARX structuresave that, in the interestsof concentratingattention
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on certainfrequency regions[46], the commonpracticeof datapre-filteringis employed in sucha
way that(denotingthefiltering actionby thetransferfunction �¨��� � ) theARX modelstructurebeing
employedbecomes Ü �����s� � � �¨��� �%$ é � Û �����s� � � �¨��� �%& é ü µZé
In this case,if the filter �¨��� � is all pole of the form �¨��� ��� � � Ñ � ��� � thenthis modelstructureis
clearly identicalto themodelstructure(63) with fixed-zeronoisemodelandfor which it wasshown
in figures7–8 that the approximation(64) canbe quite poor if the numberof pre-filter polesis an
appreciableproportionof the modelorder. The leadsto the conclusionthat whenever all-pole pre-
filtersareusedwith ARX structures,thentheimprovedapproximation(78) is preferable.

Finally, in the interestsof numericalconditioningwhensamplingwell beyond theNyquist rate,
theso-called‘ ' operator’modelstructureis anoption[30, 7]. Suchstructures,whenin equationerror
form aspresentedin [30] appearasÜ �('D�s� � �Ñ � �(' � $ é � Û �('D�s� � �Ñ � �(' � & é ü µ é (81)

wherewith ) equalto thesamplingperiodin seconds,' is definedas' � � Ó �)
and Ü �(' �=� Í á ü Í ½ ' ü Í É ' É ü+*,*,*^ü Í � �x½ ' � �x½ ü ' � �Û ��� �~� Î á ü Î ½ ' ü Î É ' É ü-*,*,*Õü Î � �x½ ' � �x½
with Ñ � ��� �Q� �.ÌZà ½ �(' Ó0/Ø Ì �
andnow the Ø ÆÌ arechosento all lie in the disc /� � å�1�û3254 È 1 ü � � ) È � � � ) æ . Aside from
numericalconsiderations,anotherdividendof usingthis modelstructureis thatsincethe ' operator
is theEulerdifferencingapproximationto thedifferentiationoperator, theensuingestimatescanbe
interpretedasan approximationof the underlyingcontinuoustime system.Again, this dependson
samplingwell beyondtheNyquistrate[32].

In the � operatorcaseandin theabsenceof noisemodelknowledgeit is naturalto simplychooseÑ � ��� �Q� � � . However, whenoperatingin a ' operatorframework it is notnaturalto makethespecific
equivalentchoice

Ñ � � �(' ü � � ) � � , sinceakey philosophyunderlyingtheuseof ' operatorsis that
of morecloselyapproachingcontinuoustime intuition whereintheprecisevalueof ) is incidental.
Otherconsiderationsthereforecomeinto play in the choiceof the zerosof

Ñ � �(' � , for which [30]
providesa discussion.

In thissetting,attentionis thereforefocusedonamodelstructure(81)whichis (modulonumerical
issues)equivalentto theshift operatormodel(63) with fixednoisemodelzerosnot at theorigin, but
at the locationsØ Ì � ) /Ø Ì ü � . Themostaccuratequantificationof thevariability of theensuing'
operatorbasedestimateswill thereforeby given by the new approximation(78). These' operator
inspiredasymptoticvariability issueswerefirst presciencedin [10].
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8 Conclusion

This paperhasprovidedanexpositionof thepreviously unsuspectedintrinsic natureof orthonormal
basesin thestudyof certainleast-squaresestimationproblems.In works [25, 22,20] precedingthis
paper, thebaseshave beenpresentin thespecialform correspondingto Ø Ì ��Ö of â � ��µ ¶¹· �»� µ � ¶¹· �
so that they have beenhiddensincethen È â � ��µ ¶¹· � È É � È µ � ¶¹· � È É � � . However, asshown for the
first time herein a completelygeneralsetting,they becomeapparentfor certainstructureswith fixed
poleor zerotermswhere È Ñ � ��µ ¶	· � È É76� � andhencewhosechangingnaturewith respectto increasing¿ cannotbe ignoredin argumentsthat areasymptoticin ¿ . This paperhasshown that the analytic
key to circumventing this difficulty is to develop and apply resultsthat generalisecertainFourier
convergenceandasymptoticToeplitzmatrix propertiesto thecaseof anunderlyinggeneralrational
orthonormalbasis,of which theclassicaltrigonometricbasiså!µ � ¶	· � æ is aspecialcase.

As a final comment,it is importantto acknowledgethat theorthonormalbasisideasusedin this
paperhave a very long history. The studyof the formulation(25) in mathematicalliteraturecanbe
tracedbackat leastasfar as[28, 42], andtheengineeringapplications(25) seemto originatein [17],
althoughit clearthatWienerwasawareof theengineeringrelevanceof (25) somewhatearlier[19].
In morerecenttimes,the list of works employing specialised‘Laguerre’ or ‘two-parameterKautz’
forms of (25) is immense,but a partial list for readersinterestedin further investigationsshould
include[29, 4, 38, 36, 26,44, 45, 37, 15, 6, 36, 18]. However, a key featurediscriminatingthis work
from that in the currentpaper, is that in pre-existing work the orthonormalbaseswereexploredas
an implementationaloptionwhile here,they have beenemployed purelyasananalysistool, that is
applicableto modelstructuresthatarenotab-initio formulatedin termsof them.

A Auxiliary Results

Lemma A.1. Let å"8!é æ bea stationarystochasticprocesswith associatedcovariancefunction

ê � �:9 �
andspectral density̧ � �b¢ � satisfying¸�� �b¢ �Q� öß; à � ö

ê � �:9 � µ � ¶	· ; � öß; à � ö È
ê � �:9 � È � Âc�

and supposeå & é æ is a quasi-stationaryprocesswith associatedspectral density ¸�
 �b¢ � . Thenwith< é � ¡ � ��� �%& é and ¡ � ��� � definedby (32)ðôñôó� õ÷ö �� � �x½ßÌWà á � �x½ß= à á E � < Ì < Ï= � E å"8 Ì 8 = æ � ��^�Á�B�� � ¡ �b¢ � ¡ © �b¢ �¹¸�
 �b¢ �¹¸�� �b¢ �`ª ¢ �
Proof. Without lossof generalityassume& é �UÖ for > � Ö sothatðôñôó� õ÷ö �� � �x½ßÌWà á � �x½ß= à á E � < Ì < Ï= � E å"8 Ì 8 = æ � ðôñôó� õ÷ö ��^� � � �� � ¸!� �b¢ � � �x½ßÌWà á � �x½ß= à á E � < Ì < Ï= � µ ¶	·�? Ì � =�@ ª ¢

� ðôñôó� õ÷ö ��^� � �� � ¸�� �b¢ � � �x½ß; à ½¹� � � �� � �x½ßÌZà á E � < Ì < ÏÌ �BA ; A  �C DFE GHJI ? ; @ µ ¶	· ; ª ¢ �
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Therefore,definingêLK �:9 �Q� ðôñôó� õ÷ö �� � �x½ßÌWà á E � < Ì < ÏÌ �BA ; A  �� ��^�Á�T�� � ¡ � �b¢ � ¡ © � �b¢ �¹¸�
 �b¢ � µ � ¶	· ; ª ¢
leadsto (theabsolutevalueinequalitiesfollowing areto beinterpretedcomponent-wisein thematrix
quantitiesinvolved)MMMMM ��^�Á�T�� � ¡ �b¢ � ¡ © �b¢ �¹¸�
 �b¢ �¹¸!� �b¢ �`ª ¢ Ó �� � �x½ßÌWà á � �x½ß= à á < Ì < Ï= ê � ��N ÓPO � MMMMM �MMMMMM ��^������ � ¸�� �b¢ �7QR � � �x½ß; à ½¹� � êLK �:9 � Ó

ê � �:9 � � ü ßA ; A S � êLK �:9 �(TU µ ¶¹· ; ª ¢ MMMMMMV � �x½ß; à ½¹� � È êLK �:9 � Ó
ê � �:9 � ÈÐÈ ê � �:9 � È ü MMMMMM ßA ; A S � êLK �:9 � ê � �:9 � MMMMMMV ë óXW"YA ; A Z � È ê[K �:9 � Ó
ê � �:9 � È ì � �x½ß; à ½¹� � È ê � �:9 � È ü �]\_^a`A ; A S � È ê � �:9 � È � ßA ; A S � È ê[K �:9 � È �

However, by the quasi-stationarityassumptionon å & é æ , then
ðôñôó � õ÷ö ê � �:9 � � ê[K �:9 � so for suf-

ficiently large � then
óXW"Y A ; A Z � È êLK �:9 � Ó

ê � �:9 � È canbe madearbitrarily small, so sincealsoby
assumption# ; È ê � �:9 � È � Â , then the first term in the above overboundtendsto zero with in-
creasing� . For the secondterm, note that sinceby the assumptionthat # ; È ê � �:9 � È � Â , thenðôñôó \_^a` ; õ ö È ê � �:9 � È � Ö so that for large enough� , then

\_^a` A ; A S � È ê � �:9 � È canbe madearbitrar-
ily small. As well, by thequasi-stationarityassumptionon å & é æ , which impliesthat # ö; à � ö ê[K �:9 �
existscomponent-wise,then

ðôñôó \_^a` � õ÷ö # A ; A S � È êLK �:9 � È �UÖ , whichcompletestheproof.

Lemma A.2. Supposethat å & é æ and å!µ é æ are both realisationsof zero meanGaussiandistributed
stationarystochasticprocessesandtheorthonormalmodelstructure (27) is employed.Thenregard-
lessof whetherthe data is collectedin openor closedloop, and with no approximationcausedby
neglectinganundermodellinginducedterm,thematrix í � definedin (11)obeysí ��¯ ç � � ¸�
 �b¢ �¹¸�b �b¢»�s� �� �¹�
as ¿eÀ=Â where thematrix formulation

ç � is definedin (31) and ¸�b �b¢»�s� �� � is thespectral density
of thepredictionresidualsåDèDés���L� � æ definedin (6) andevaluatedat �L� � �L�� definedin (31).

Proof. From the definition (11) after using the stationarityassumptionand the changeof variable9 � N ü O andre-groupingtermsí � � ðôñòó� õ÷ö �ß; à � � ë � Ó È 9 È� ì E � < Ì < ÏÌ � ; è Ì ��� �� � è Ì � ; ��� �� � � �� öß; à � ö E � < Ì < ÏÌ � ; è Ì ��� �� � è Ì � ; ��� �� � � �
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wherethepropertiesof Ces̀aromeanshave beenusedin progressingto thelastline. UsingtheGaus-
sianityassumptionandtheformulafor fourthmomentsof jointly Gaussianrandomvariables[43]

E � < Ì < ÏÌ � ; è Ì ��� ���� è Ì � ; ��� ���� � � E � < Ì < ÏÌ � ; � E åDè Ì ��� ���� è Ì � ; ��� ���� æ ü E å < Ì è Ì � ; ��� ���� æ E � < ÏÌ � ; è Ì ��� ���� �
whereuseis madeof thefactthatby thedefinitionof � �� , E å < Ì è Ì ��� �� � æ �UÖ . Furthermore,(suppress-
ing thedependenceon �L�� andwith '�� * � denotingKronecker delta)öß; à � ö E � < Ì < ÏÌ � ; � E åDè Ì è Ì � ; æ � ößc à � ö öß; à � ö E � < Ì < ÏÌ � ; � E åDè Ì è Ì � c æ '��ed Ó 9 � �� ößc à � ö öß; à � ö E � < Ì < ÏÌ � ; � E åDè Ì è Ì � c æ ��^��� �� � µ ¶	·�? c � ; @ ª ¢»�� ��^������ � öß; à � ö E � < Ì < ÏÌ � ; � µ � ¶	· ; ößc à � ö E åoè Ì è Ì � c æ µ ¶	· c ª ¢»�� ��^������ � ¸

K �b¢ � ¸�b �b¢ ��ª ¢»�� ��^������ � ¡ � �b¢ � ¡ © � �b¢ �¹¸�
 �b¢ �¹¸�b �b¢ �`ª ¢»�� ç � � ¸�
�¸�b�� �
Usinganidenticalline of argumentöß; à � ö E å < Ì è Ì � ; æ E � < ÏÌ � ; è Ì � � ��^��� �� � öß; à � ö E å < Ì è Ì � ; æ µ � ¶¹· ; ößc à � ö E � < ÏÌ � c è Ì � µ ¶	· c ª ¢»�� ��^���B�� � öß; à � ö E å < Ì è Ì � ; æ µ � ¶¹· ; ößc à � ö E � < ÏÌ è Ì � c � µ � ¶	· c ª ¢»�� ��^� � �� � ¸

K b �b¢ �¹¸ ÏK b �b¢ �`ª ¢»�� ��^���B�� � ¡ � �b¢ � ¡ Ï� �b¢ �¹¸ É
�b �b¢ �`ª ¢ �+f � �
Now, in thecaseof all thepoles åWØ Ì�æ beingreal,thensinceâãÌ ��µ ¶	· �Q� âãÌ ��µ � ¶	· �MMMM ¡ © � �b¢ �%f � ¡ � �b¢ �ø � �b¢»�¹¢ � MMMM V þ ¸�
�b þ ö�^� ø � �b¢»�¹¢ � ���� � È ø � ��g¤�¹¢ � ÈÐÈ ø � � Ó ¢»�hg � È ª g �
However, in [35] it is shown that expressionsof this form tendto zerowith increasing¿ provided
all the poles åWØ Ì�æ arechosenwithin the opendisc

�
. This sameresultcanalsobe shown to hold

for the åWØ Ì�æ beingcomplex, but at the expenseof considerablymore involved arithmeticwhich is
not appropriateto documenthere. Therefore,since í � � ç � � ¸�
�¸�bW��üif � and it hasjust been
establishedthat f �"¯ Ö as ¿ÁÀÞÂ , then í ��¯ ç � � ¸�
�¸�b�� as ¿ÁÀÞÂ .

Lemma A.3. Let �­�b¢ � bea continuous«÷¬|« matrix valuedfunctiondefinedon � Ó � � � § . Thenðòñôó�Lõ÷ö �ø � �b¢»�¹¢ � � ¡ © � �b¢ �¤£B¥ ¦ §
ç � ��� � � ¡ � �b¢ �x£�¥ ¦ §ú� �¨�b¢ �
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component-wisein �¨�b¢ � andwhere

ç � ��� � is definedby(67)with ¡ � �b¢ � beingthegeneralisedform
(32).

Proof. Using the algebraicpropertiesof Kronecker tensorproduct [3] and the definition (67) ofç � ��� �
� ¡ © � �b¢ �¤£�¥ ¦ §

ç � ��� � � ¡ � �b¢ �x£�¥ ¦ § � � ¡ © � �b¢ �¤£�¥ ¦ § Ò ��^�Á�T�� � � ¡ � ��g �¤£�¥ ¦ § �¨��g � � ¡ © � ��g �¤£B¥ ¦ §Dª g × ¬� ¡ � �b¢ �¤£�¥o¦¹§ �� ��^� � �� � � ¡ © � �b¢ �¤£B¥o¦¹§ � ¡ � ��g � ¡ © � ��g �¤£ �¨��g �+§ � ¡ � �b¢ �¤£�¥o¦	§Dª g¤�� ��^�Á���� � È ¡ © � �b¢ � ¡ � ��g � È É £ �¨��g �`ª g �
Useof the result(50) on noting that theabove expressionis a matrix madeup of termsof the form¡ © � �b¢ �

ç � ��� = � � ¡ � �b¢ � with � = � ��g � beingthe O �¹¿ ’ th scalarentryof �­��g � andwith

ç � �(j � defined
by (31),(32)thencompletestheproof.

Lemma A.4. With thedefinitionof generalisedToeplitzmatrixbeingexpandedto thatof generalised
block-Toeplitzmatrix by (74), thenfor �»��� any «"¬e« complex matrix valuedfunctionswhich have
entrieswhich areLipschitz continuousof order èlk Öðôñôó�Õõ÷öùø �x½� �b¢»�¹¢ � � ¡ © � �b¢ �¹£ ¥ ¦ § �

ç � ��� � ç � ��� � Ó ç � ���)� �+§ © �
ç � ��� � ç � ��� � Ó ç � ���)� �+§ � ¡ � �b¢ �¹£ ¥ ¦ §h�UÖ(A.1)

component-wise.

Proof. Usingtheformulation(74)

�
ç � ��� � ç � ��� � � ¡ � �b¢ �¤£�¥o¦	§Ð§nm ¦po Ì"q é �

�r � É � �� � � �� � � ¡ � ��g � ø � �b¢»� Ê¤� ø � � Ê �hg �d£ �¨��g � �"� Ê¤�+§ m ¦po Ì"q é ª g ª Ê� �r � É ���� � ���� � â m ��g � ø � �b¢»� Ê¤� ø � � Ê �hg � � �¨��g � �"� Ê¤�+§ Ì"q é ª g ªhÊ� �r � É ¦ �x½ß c à á ���� � �T�� � â m ��g � ø � �b¢»� Ê¤� ø � � Ê �hg � � �­��g �+§ Ì"q c � �"� Ê¤�+§ c q é ª g ª Ê� ¦ �x½ß c à á � ç � ��� Ì"q c � ç � ��� c q é � ¡ � �b¢ �+§ m �
Also, by asimilarargument

�
ç � ���)� � � ¡ � �b¢ �d£�¥o¦�§Ð§sm ¦po Ì�q é � ¦ �x½ß c à á � ç � ��� Ì"q c � c q é � ¡ � �b¢ �+§ m �

Therefore,defining ) � � ç � ��� � ç � ��� � Ó ç � ���)� � leadsto

�Ð� ¡x©� �b¢ �¤£�¥o¦	§ ) © � ) � � ¡ � �b¢ �x£�¥o¦¹§Ð§ut q é �



TheFundamentalRoleof GeneralOrthonormalBasesin SystemIdentification 36� �x½ß m à á ¦ �x½ßÌWà á � ) � � ¸ � �b¢ �x£B¥ ¦ §Ð§sm ¦po Ì�q t � ) � � ¸ � �b¢ �x£�¥ ¦ §Ð§sm ¦%o Ì"q é� � �x½ß m à á ¦ �x½ßÌWà á ¦ �x½ß c à á ¦ �x½ßv à á �Ð� ç � ��� Ì"q c � ç � ��� c q t � Ó ç � ��� Ì"q c ��� c q t �+§ ¡ � �b¢ �+§ m ¬�Ð�
ç � ��� Ì"q c � ç � ��� c q é � Ó ç � ��� Ì"q c ��� c q é �+§ ¡ � �b¢ �+§ mNow, when w � > thenthe scalarresult (44) gives that this expressiondivided by ø � �b¢»�¹¢ � tends

to zeroas ¿@À Â . When w 6� > it is first necessaryto upper-boundtheabove expressionusingthe
Cauchy–Schwarz inequalityas È ¡ © � Ü Û ¡ � È É V È ¡ © � Ü Ü © ¡ � ÈÐÈ ¡ © � Û © Û ¡ � È beforeagainusingthescalar
result(44) to concludethat this overbound,andhencethe expressionof interest,alsotendsto zero
whendividedby ø � �b¢»�¹¢ � as ¿ À~Â .

Lemma A.5. With the property (A.1) being understoodas the definingfeature of the relationshipç � ��� � ¯ ç � ��� � as ¿ùÀÚÂ for generalisedblock-Toeplitzmatricesdefinedby (74), thenfor �¨�b¢ �
anyLipschitz continuousmatrix valuedfunctionthat is invertibleç �x½� ��� � ¯ ç � ��� �x½ � as ¿ÁÀÃÂ �
Proof.

� ¡ © � �b¢ �¤£B¥ ¦ § �
ç �x½� ��� � Ó ç � ��� �x½ �+§ Ï �

ç �x½� ��� � Ó ç � ��� �x½ �+§ � ¡ � �b¢ �¤£�¥ ¦ §h�� ¡ © � �b¢ �d£�¥o¦¹§ � ¥ Ó
ç � ��� � ç � ��� �x½ �+§ Ï ç � Ï� ��� � ç �x½� ��� � � ¥ Ó

ç � ��� � ç � ��� �x½ �+§ � ¡ � �b¢ �¤£�¥o¦�§However, by lemmaA.4

ç � ��� � ç � ��� �x½ � ¯ ç � � ¥��¨� ¥ as ¿&À Â so that useof the Cauchy–
Schwarzinequalityandthebound þ ç � ��� �x½ � þ V þs� �x½ þ ö completestheproof.
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[43] T.SÖDERSTRÖM AND P.STOICA, SystemIdentification, PrenticeHall, New York, 1989.

[44] B. WAHLBERG, SystemidentificationusingLaguerre models, IEEETransactionsonAutomatic
Control,AC-36(1991),pp.551–562.

[45] B. WAHLBERG, Systemidentificationusing Kautz models, IEEE Transactionson Automatic
Control,AC-39(1994),pp.1276–1282.

[46] B. WAHLBERG AND L.LJUNG, Designvariablesfor biasdistribution in transferfunctionesti-
mation, IEEETransactionsonAutomaticControl,AC-31(1986),pp.134–144.

[47] H. WIDOM, Studiesin RealandComplex Analysis, MAA Studiesin Mathematics,PrenticeHall,
EnglewoodCliffs, NJ,1965,ch.ToeplitzMatrices.

[48] N. WIENER, TheFourier Integral andCertainof its Applications, CambridgeUniversityPress,
1933.

[49] Z. YUAN AND L. LJUNG, Black box identification of multivariable transfer func-
tions:Asymptoticpropertiesand optimal input design, InternationalJournalof Control, 40
(1984),pp.233–256.

[50] Y. ZHU, Black box identificationof MIMO transferfunctions:Asymptoticpropertiesof predic-
tion error models, InternationalJournalof Adaptive Control andSignalProcessing,3 (1989),
pp.357–373.

[51] A. ZYGMUND, TrigonometricSeries, CambridgeUniversityPress,1959.


