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Abstract

The purposeof this paperis threefold.Firstly, it is to establisithatcontraryto whatmight be
expectedtheaccurag of well known andfrequentlyusedasymptotio/arianceresultscandepend
on choicesof fixed polesor zerosin the modelstructure.Secondlyit is to derive new variance
expressionghat canprovide greatlyimprovedaccurag while alsomakingexplicit theinfluence
of ary fixed polesor zeros. This is achieved by employing certainnewn resultson generalised
Fourier seriesandthe asymptotigpropertiesof Toeplitz-like matricesin sucha way thatthe new
varianceexpressionpresentediereencompasgre-«isting onesasspecialcases.Via this latter
analysisa new perspectie emegeson recentwork pertainingto the use of orthonormalbasis
structuredn systemidentification. Namely that orthonormalbasesare muchmorethananim-
plementationabption offering improved numericalproperties.In fact, they areanintrinsic part
of estimationsince,asshavn here,orthonormalbasegjuantify the asymptoticvariability of the
estimatesvhetheror notthey areactuallyemployedin calculatingthem.
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1 Introduction

A resultthat hasfound greatutility in practicalapplicationsof least-squaresystemidentification
methods[8, 21, 2] is that the sensitvity to measurementoiseof the ensuingfrequeng response
estimateG (e’*) maybe quantifiedas[25, 22, 24, 50]
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where®, (w) and®,(w) arethe measurementoiseandinput excitation spectraldensities(respec-
tively), N is thelengthof the availabledatarecord,andn is the orderof the modelG (e/%).
In [25, 22, 24] anessentiaprinciplein deriving (1) is to establistthat

) N o D, (w)
_ JwWyl — 2 T/
N,lém - Var{G(e’“)} )

(@)

andthenassumehatin fact(2) holdsapproximatelyfor finite N andn, hencetheresult(1).

A maincontrikution of this papelis to shawv thatin fact,for severalcommonlyoccurringsituations,
the approximation(1) canbe quite misleading,evenfor large N andn. For example,problemsare
shavn to occurwhen emplg/ing model structureswith fixed denominatotermsor when utilizing
extensionf ARX structureswith fixednoisemodelzeros.

Giventhesenew obsenrations,amoreimportantpurposenf thiswork is to establisthow (1) should
bemodifiedsoasto provide improvedaccurag. In deriving theseenhancedccurag expressionsthe
third andfinal mainthemeof this paperemeges.Namely to provide a new perspectie ontherole of
orthonormamodelstructuresn systemidentification.

To elaboratemore on this final point, therehasrecentlybeensignificantactivity on the system
identificationapplicationof speciaklasse®f fixeddenominatomodelstructureghatareconstructed
to be orthonormal;seefor example[44, 45, 15, 37, 34] andthe referencesherein. This latter work
hasbeenmotivatedby two mainfactors.Firstly, theachiszementof improved numericalkconditioning
andsecondly the provision of efficient parameterisationthat allow decreasedarianceerrorwhile
still minimisingbiaserrot

However, this secondeatureis notdependanvntheorthonormapropertyof themodelstructure.
This is so sincethe orthonormalstructureis, undera linear parametespacetransform,equivalent
to ary otherequialently flexible non-orthonormaktructurewith the samefixed poles. As well,
sinceleastsquaresnethodsaareemplo/ed, theestimateslependinearly onthe outputmeasurements.
Therefore modulonumericalissues preciselythe sameestimateof the systemfrequeng response
are obtainedwhetheror not one goesto the effort of implementingan orthonormalstructure,or a
simplerstructurevherein(for example)thedenominators fixed,andonly thenumeratoco-eficients
areestimated.

Giventhis obseration, a key contritution of this paperis to discaver a new role for orthonormal
basesn a systemidentificationcontet thatis beyondtheirimplementationahdvantageof improved
numericalconditioning.Thisinsight,whichinvolvesexposingthatorthonormabasegplay afar more
fundamentalole in systemidentificationtheorythanhasbeenpreviously suggesteds achieved by
taking a differentapproachto thatof previouswork [44, 45, 15, 37, 34] whereonly modelstructures
parameteriseih termsof orthonormalbaseshave beenconsidered. In contrast,it is shavn here
how orthonormabasesnay alsobe usedasan analysistool to determinethe propertiesof estimates
derivedwith respecto anymodelstructure.

In particular this stratgy achievesthe afore-mentionedoal of improving theaccurag of (1) by
replacingn in (1) with a function K, (w,w) which is the so-called'reproducingkernel’ associated
with a particularn dimensionasubspac@ndwhich dependn fixed polesor zeros.Notethateven
if suchfixed componentare not explicitly presentin the modelstructure they areimplicitly there
when&erthecommonpracticeof datapre-filteringis emplged; see§ 7.

As well, by utilizing the orthonormabasisformulationof [34], anexplicit formulafor K, (w, w)
canbe generatedvhich clearly shavs how K, (w,w), and henceVar{@(ej‘”)}, is affectedby fixed
modelstructurepolesor zeros.For examplejt will beseerthatin thespeciakaseof all thepoles/zeros
fixedattheorigin (FIR/ARX modelstructures)thenK,,(w, w) = n andhence(1) arisesasa special
case.However, if all the polesarenot chosenat the origin, theninclusionof the K, (w, w) termin
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placeof n in (1) is shawn hereto smoothlyextendthe original analysisof [22, 25 andin sodoing
provide moreaccuratepproximatiorof Var{G(e/~)} overawider rangeof circumstances.

Thepaperis structuredasfollows. In thefollowing § 2 a shortsimulationexampledemonstrating
the possibleinaccurag of the varianceerror approximation(1) is presentedo motivatethe ensuing
analysis. The paperthen provides a formal problemdefinitionin § 3 andin so doing allows § 4
to theoreticallyexamineand henceisolatethe causeof the inaccurag demonstratechumericallyin
§ 2. This leadsto the work of § 5 whereit is shavn how new techniquesbasedon nen system
theoreticresultspertainingto generalisedrthonormalbases generalised-ourier corvergenceand
generalisedoeplitz-like matricesmaybeemplo/edto provide avarianceerrorapproximatiorwhich,
in somecircumstanceésuchasthoseillustratedin § 2), is a greatimprovementover the pre-«isting
one(1). In § 6 it is shavn how the samenew tools may be usedto alsoquantify the biaserror for
fixed denominatomodel structures.By the end of § 6 the paperhasexclusively focusedon fixed
denominatogeneralisationsf the FIR structure but in § 7 the scopeis broadenedo alsoconsider
ARX-lik e structureswith fixed zerosin the noisemodel. In analogywith the precedinganalysis,
it is demonstratedhatif all the noisemodelzerosare not fixed at the origin, thenthe asymptotic
varianceexpressionslerivedin [22, 24] althoughprimafacieapplicablearealsoliable to sufer from
inaccuray, theseverity of which depend®n the proportionof non-originplacedzeros.Motivatedby
this, it is demonstrateéh § 7 how the samenew techniqguesandresultsof previous sectionscanbe
broughtto bearin the ARX modellingcontet so asto provide newv approximationsvhosevalidity
is not degradedby choosingnoise model zerosaway from the origin. Finally § 8 providessome
concludingperspectieson theresultsandtechnique®f the paper

Therehave beeranumberof contritutionsdealingwith certainaspect®f theproblemsonsidered
in this paperforemostof which are[25, 22, 44, 45, 15, 37, 10]. In thesequelt will becommentedn
how thesefoundationgelateto the paperathand.

2 Motivation

In theinterestf clearlymotivatingthe analysisof this paperconsiderthe simplecaseof estimating,
via least-squaresnn = 12'th orderFIR modelof thetrue system(the zeroorderhold equivalence
is calculatedusinga samplingperiodof 1 second)

1 0.1548¢ + 0.0939
-z =
Glg) = 20M { GF)Es+ 1)} (g — 0.6065)(¢ — 0.3679)

by observingl0000samplesof its input-outputresponsevhenthe formeris a stationaryGaussian
processwith spectradensity®, (w) = 0.25/(1.25 — cosw) andthelatteris corruptedoy zeromean
Gaussianwhite noiseof variances? = 0.001. In this case,sincebothn and N canreasonably
be consideredlarge’, thenthe approximation(1) could be expectedto hold. This canbe checled
by Monte—Carlosimulationover say 500 input and noiserealisationsso asto estimatethe variance
Var{@(ejw)} by its sampleaveragewhich canthenbecomparedo theapproximatior(1). Theresults
for just suchan experimentareshavn in Figure1 with the agreemenbetween(dashed-doline) the
expression1) andthesampleaverage(solid line) beingexcellent.Notethatin this simulation(andin
all therestto follow in this section) thebiaserroris nggligible, andhencethevariancesrrorrepresents
thetotal error.

Now supposeas may commonlyoccurin practice,that prior knowledgeof the polesof G(q)
exists. Thenin the interestsof decreasinghe bias error it makes senseto try to incorporatethis
prior knowvledgein the estimatiornprocessy fixing somepolesin themodelnearwhereit is believed
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Figurel: FIR with all polesat origin. Thisis a comparisonof a Monte—Carloestimateof sample
variability (solid line) with (dashed-dotine) the approximateexpression(1). Notethatthis lastline
obscuesa dashedine which is the new approximation(53). Theobfuscatioroccuis becausdor the
caseof all polesat theorigin the pre-&istingapproximation(1) andthe newv one(53) are identical.
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Figure2: FIR with 4 polesawayfromorigin. Thisis a comparisorof Monte—Carloestimateof sample
variability (solid line) with (dash-dotine) the approximateexpression(2) and (dashedine) the new
improvedappoximation(53) derivedin this paper
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Figure3: FIR with 8 polesawayfromorigin.

the true poleslie [44, 15]. For example,supposen the previous simulationit is believed that a
dominantpoleis nearz = 0.75, sothatguessesf, sayz = 0.7,0.72,0.78, 0.8 areto beincorporated
into the model structure. This can be implementedby simply pre-filtering the input by F(q) =
¢*/(g — 0.7)(q¢ — 0.72)(q — 0.78)(¢q — 0.8) beforean FIR ‘numerator' model G(q) is estimated,
andthenthe completesystemG’(q) = G(q)F(q) may be taken as the fixed-poleestimateof the
underlyingdynamics.

Sincethe modelorderis still large (n = 12) then(1) shouldstill provide a quantificationof the
variability of this new estimateby labelingthe FIR estimateasG andreasoning

D, (w) _ ﬁ@,j(w)
[F(ed*)2®y(w) N Oy(w)

whichis unchangedrom the normalFIR case.This unchangingiatureis alsoreasonablesincethe
FIR casecanbe consideredisalreadyincorporatingprior knowledgeof systempoles;namelypoles
neartheorigin.

Interestingly whenthe expression(3) is comparedo Monte—Carlocalculatedsamplevariability
asit is in Figure2, thenthe agreemenbetweerthetruevariability (solid line) andapproximation3)
(dash-dotine) is seento be not nearlyso goodasis figure 1. Neverthelessthe expression(3) still
providesusefulinformationon the qualitative ‘high-pass’natureof how the true variability changes
with frequeng. Thedashedine nearthesolid onein figure2 will be commenteanin amoment.

Now suppos@venmoreguessesf systenrpolesaremade sayatthelocationsz = {0.7,0.72,0.78,0.8,0.75,0.85,0.8
with the samplevariability againbeingcomparedo (3) in figure 3. In this casethereis virtually no
agreemenfevenqualitative) betweertrue andpredictedvariability.

Clearly then, the well known approximation(1) canbe quite misleadingin situationswhereit
would be expectedo bereliable,andthis apparenthypuzzlingandpracticallyimportantphenomenon
is the motivationfor this paper In thework to follow, the conundrumnjustillustratedwill beresohed
by exposingcertainhithertounappreciategrinciplespertainingto whenit is advisableto conclude
(1) onthebasisof (2). Furthermoreanew expressiorto extend(1) will bederivedwhichis shavn as

Var{@'(e)} = |F(/*)PVar{G(e)} = —|F (/)] @)

n
N
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thedashedine in figuresl,2,3andwhich (by consideratiorof thosefigures)canclearly offer greatly
improved approximatiorof thetrue variability in certaincircumstances.

3 Problem Formulation

Having provided certainmotivating aguments the remainderof the paperproceedsnoreformally.
Theproblemsstudiedin this paperareonesin which N point datarecordsof aninputsequencéu, }
andoutputsequencéy, } of alineartime invariantsystemareavailable. It is assumedhatthis datais
generatedsfollows

Yt = G(q)ur + H(q)e:-

Here G(q) is anunknavn transferfunction describing,in termsof the forward shift operatorg, the
systemdynamicsthat areto be identified by meansof the obserations{u;} and{y;}. The output
measurementy; } arecorruptedby a zeromeanandstationarynoisesequence; = H(q)e; where
H(q) is a stableand stably invertible and monic transferfunction and {e;} is a zero meanwhite
noisesequencevith variancek {e? } = o2 < oo andwith E {|e;|**%} < oo for somes > 0. The
input {u;} is assumedo be quasi-stationaryn the senseusedby Ljung [20] (or, equialently to be
amenabldo the ‘generalisedHarmonicanalysis’of Wiener[48]) sothatit hasanassociate@dpectral
density®,(w) > 0 whichis assumedo be Lipschitz continuousof someordere > 0. Thespectral
densityof the noiseprocess{v;} is denotedas @, (w) = o%/H(e/*)|? andis alsoassumedo be
positive andLipschitzcontinuousof ordere > 0.
Theidentificationschemegonsideredhereareonesin whichthe predictionerrorframevork [20,

43, 5] is used.Thisrequiresa modelstructure

v = G(q,0™)us + H(q,0")e; 4)

parameterisetly avectorf™ € R" to beemplo/edwhichis of theform

o0 o0

G(g,0™) = gr(0™)q ", H(q,0") =1+ hp(0™)g".
k=1 k=1

This structureimpliesthefollowing onestepaheadpredictor

5u(0™) = [1 — H™(q,0™)]ys + H ' (g,6™)G (g, 0™ )uy (5)
andassociategredictionerror
er(0) £ yr — y(0") (6)
sothatif thequadraticcriterion
N
1
ny & — 2(nn
Vn(0%) £ ZN;stw )

is employed, thenbasedon the N point dataobsenration, a Ieastsquaresatstimateé\}lV of " maybe
foundas
0% 2 argmin Vi (™). (7)
gncRn
Thetheorypertainingto the propertiesof sucha methodis very rich. Germando this paperarethe

propertieghat[20, 43, 5]

~n a.S.
N —'07 asN — oo
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wherewith E{-} denotingexpectatiorovertheunderlyingprobabilityspacehatary randonvariables
aredefinedon
07 £ argmin lim E{Vyx(0")}. (8)
gnecRn N—00
As well [23, 20]
VN(@ — 6% 2 N(0,P,), asN — oo

where
P, £ R,'QuR," 9)

andwith the definitionof the predictionerrorgradienty, (™) as

Py (0") = %ﬂt(en)

then

=
S
(>

2
lim E { 4"V (6)

N—oo

N
} = lim > E {w@)l 00} -
0=07 R

1 Y NS TACONE
Nlﬁ%oﬁgE{gt”)( a" ) (10)

and

(1>

N N

= im >3 E {0 e a0} (11)
t=1 ¢=1

lim NE{dVN(HZ?) <dVN(02))T}

A key contrilution of [20, 22, 29] is to recognisethatin applicationspftenthe quantificationof the
parametespacepropertiesof 7% areof secondarymportanceto their influenceon the associated

propertiesof G (e, /0\}”{,) and H (e/*, 51"\,). For the purpose®f analysingthe latter, it is expedientto
definethe compositdransferfunction

I(q,0") £ [G(q,0™), H(q,0"™)] (12)
andargueby Taylor expansiorthat
My(w) 2 (e, 0%) —Ti(e’, 07)
d

T
_ [dwﬂ(ejw,l??)] (0% — 62) + o(16 — 67 11)

wherehere|| - || denotesEuclideannorm so thatwith the notationIT’ (e/¢, %) £ dII(e/, 6™)/do™
andwith -* denoting'conjugatetranspose’

VN Iy (w) 25 N(0, A (w)) (13)

where _ _
Ap(w) = [IT' (e, 07)]* B,IT' (7%, 67). (14)
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This suggestsheapproximation
NE {ﬁN(w)ﬁyv(w)} ~ A ().

Unfortunately the evaluationof A, (w) is alwaystoo complicatedto be useful. A key contritution
of [22, 25] is to obsere thatin contrasto theintractabilityof A, (w), thelimit

. N =~ % _ . 1 A
wlim BT @)} = Jim ©Aw) £ Aw)
doeshave asimpleandusefulform; for exampleA(w) = @, (w)/®,(w) for FIR modelstructure$25].
The suggestiorof [22, 25] is to thenassumehat even for finite N andn it canreasonablye
expectedhatn~! A, (w) hasapproximatelycorvergedto the simpleform A(w) sothat

E{ T ()T (@)} ~ AW) (15)

is agoodapproximationThevalidity of this stratgy is arguedvia numericalexamplein [22, 25, 2Q],
andindeedit haswon widespreagcceptancasatool for analysinghe performancef leastsquares
estimationschemesseefor example[8, 21, 2,12, 16].

However, § 2 hasillustratedwhatseemdo betheunappreciatethctthatin certaincircumstances
the accurag of (15) is not guaranteedven for what might be consideredlarge’ N or n. Instead,
it is indicatedin figures1-3thatthe presencef fixed modelstructurepolesthatareaway from the
origin mayseriouslydegradetheaccurayg of theapproximatior(1). Thefollowing sectionprovidesa
theoreticabnalysisof this previously unrecognisegghenomenon.

4 Fixed Denominator Model Structures

The obserationsof § 2 will, in theinterestsof generality be addressedy consideringthe classof
so-calledfix ed denominatormodelstructures.This terminologywill referto structuresf the form
(4) in whichthepolesof G(q, ™) arepre-specifiedndof which thearchetypakxampleis

n—1
G(q,0") £ D' (q) Y 0p¢*, H(q,0") =1 (16)
k=0
with -
Dn(q) = [](a— &) (17)
k=0

for someuserchoserpoles{¢;} € D 2 {z € C : |z| < 1} whereC denoteshefield of comple
numbers. Although this is the quintessentiaform, the resultsto be presentederewill applyto a
muchmoregeneraklassof ‘fix eddenominatormodelstructureg54), (55) consideredater

Specialisedorthonormal’ versionsof this structurehave recentlyattractedsignificantresearch
attention[44, 45, 15] whereit hasbeensuggestedhatalthoughthe choice;, = 0 in (16) givesthe
commonFIR structure,it is intuitively morereasonabléo choosethe poles{¢} accordingto prior
knowledgesoasto becloseto the suspectetrue polesof G(q).

In orderto explain why whenusingthesefixed denominatommodel structuresthe prima facie
applicableresultsof [25] leadto sucha poorapproximationillustratedin figure 3, it is necessaryo
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preciselyexaminethe stepsusedin [25] to arrive at (1). For this purposefirst notethatin the fixed
denominatocasethe predictionerrorgradienty; is givenby

%i(05) = Tn(@) Dy (¢)us = Tn(q)u;
whereu} £ D;(g)u; and
Fn(Q) £ [17 q, q2a e ,qn—l]T. (18)
Thereforedy,/df™ = 0 sothatfrom (10)

1 g T (g
Ry = lim ; E{pu(02)9/ (62)} - (19)

Definingfor ary positive function f : [—m, 7] — (0, 00) then x n symmetricToeplitzmatrix T, (f)
by (sometimesin theinterestsof readability w will beusedin placeof e/%)

7,(1) 2 o [ Tl (w)do (20)

thenusingParseal’s formulathe matrix R,, maybewritten as[20]
R, =T, (Py) (21)

whereclearly ®,, = |D,(e/*)|72®,(w). It is alsopossible[22], for the caseof H(q) = 1 to
establishthat provided the true systemis in the modelsetthen@,, = 0?R,, sothatP,, = ¢?R;! =
0T, Y(®,). Furthermoreby emplg/ing well known resultson theasymptoticdoehaiour of Toeplitz
matriceqg11, 47] it is alsotruethat

_ 1
TTL 1(@,“1) ~ Tn (@ /)
u

wherethe precisemeaningof the = operatoiis thatequalityoccursin Hilbert—Schmidtweakmatrix
norm| - | (definedby |A,|> = n 'Tracd AT A,}) asn — .

Therefore sincein the fixed denominatorcaseG(q, ") = D, *(¢)TL(¢)8" andH(q,0") = 1
sothatTI(q,6™) = G(g,6™) andhencell’(¢,0") = D,,*(¢)I'»(q) thenfrom (14) andthe preceding
Toeplitzmatrix approximation

0.2

Ap(w) = WFZ(W)Tn (i) Ln(w). (22)

Thefinal key ingredientfacilitatingtheanalysisn [25] is to recognisehat

n

%F:;(w)Tn( Alnlw) = (1 - Lbﬁ') cpedk (23)
k=—n

wherethe {c, } arethe Fourierco-eficientsof f(w) definedby

1 [7 ;
cp 2 > /_ﬂf(w)e_]‘”k dw

so that the left hand side of (23) is in fact a Cesaro meanFourier reconstructionof f which is
known [51], provided f is continuousto cornverge uniformly to f onits domainandwith increas-
ing n.
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Thereasoningunderlyingthe proofsof [25] for the specialFIR caseof |D,,(e/*)| = |e/¥"| = 1
thenis thatsinceby (23) the expression(22) is the n'th orderCesairo meanFourierreconstructiorof
1/®,(w), thenfor largen (22) shouldbe approximatelydescribedy

1 o2 1 o?

N iw n ~ =~ =
VaiG(e™, oY)} = —An(w) = 1Dy ()2 @y () Py(w) )

whichis (1).

Now the mechanismeadingto the possibleinaccurag of (1) is exposed.In orderfor (1) to be
anaccurateapproximationjt is necessaryhatthe n’th orderCesaro meankFourierreconstructiorof
1/®,/(w) inherentn (22) hasapproximatelycorverged. Thesizeof n for whichthis maybeexpected
to hold depend$51] onthesmoothnessf @;,1(w) = |D,(e’?)|?/®,(w). ForthespecialFIR caseof
|D,,(e?*)| = 1, thesmoothnesss fixedasthe smoothnessf @, (w) sothattheapproximatiorcanbe
expectedto monotonicallyimprove with increasing:. However, if polesarenot choseratthe origin
thenthe smoothnessf | D, (e/*)|?/®,(w) may decreasavith increasingn so that corvergenceof
(22) with increasingn neednotoccur

Putanothemway;, for polesof D, (¢q) notattheorigin, the Fourierreconstructioninherentin (22)
is with respecto co-eficientswhich aremoreaccuratelylabeledas{c} } ratherthan{c;} sincethey
dependon the modelordern becausehey arethe Fourier co-eficientsof | D,,|?/®,,. In this caseas
thelengthn of the Fourierreconstructiorgrows, the co-eficientsmay changef |D,,(e/*)| changes,
sothereis no guarante¢hatapproximatecorvergencehasoccurredor ‘large’ but finite n.

Therefore,the more polesthat are chosenthat are away from the origin, and hencethe more
dependanbn n that|D,,(¢“)| is, the lessoneshouldrely on (1) applyingfor finite n sincethe less
likely it is thattheunderlyingFourierserieshascomecloseto convergence.

Thisis preciselythe behaiour demonstrated figuresl,2and3 of § 2.

5 VarianceError for Fixed Denominator Model Structure

Initially, this analysisof the utility of (1) for certainmodelstructureamay seempessimisticsinceit
indicatesthat much highermodelordersn will be necessarypefore(1) canbe used. A maincon-
tribution of this paperis to shav thatin fact this pessimismis unfounded sinceas pre-cursedy
the dashedines of figures2,3 it is possibleto derive improved approximationghat do not require
increaseanodelcompleity in orderto beaccurate.

Centralto achieving this goalis the consideratioereof particularrationalbasisfunctions,here-
afterdenotedastheset{B(q)}, anddefinedby (- denotecomplex conjugatiorof scalarquantities)

—1€al2 TPl S R
B 2 VZEE g e LESET] (2500) han )

q— &k q—E&m

q—¢&o

m=0
They areorthonormalkccordingo theinnerproductdefinition

a2 5 [ 5@ = o 4 06 (26)

whereT £ {z € C : |z| = 1}; theorthonormalityfollowing easilyusingCauchys integral formula.
Thesebasisfunctionshave beendiscussedn detailin [34] in thecontext of generalisingertainother
orthonormabasesxisting in the systemidentificationliterature[44, 45, 37, 15].
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Oneof the main contritutionsof this paperis to recognisehatthe asymptotidrequeng domain
propertieof G(e/*, 7%,) areinvariantto re-parameterisatiorsf the modelstructure andto therefore
not attemptthe scrutiry of (16) directly, but insteadconsiderits reparameterisefrm

n—1
G(q,0") = 0rBi(q), H(q,0") =1 (27)
k=0

which, aswill bedemonstrateds muchmoreamenabléo analysighantheoriginal form (16).

Pivotal to the ensuingstudy emplgying this ideais the recognitionof the importanceof the the
so-called‘reproducingkernel’ K,,(z, 1) associatedvith the spaceX,, £ Spar{B.,Bi,---,B, 1}
andwhich maybeexpresseds

n—1
Kn(z,1) = ) Br(w)Bi(2), zmu€C. (28)
k=1

It derivesits namefrom the propertythatfor ary f € X,, andy € C suchthaty ¢ {&o,---,&n-1}
then

f(n) = {f(2), Kn(z, pn)) (29)

andby virtue of which K, (z, 1) is unique[35]. In § 6 it will be shavn how the property(29) canbe
exploitedin orderto quantify biaserror, but to do soa moreexplicit expressiorfor (28) is required.
This hasbeenderived in [35] wherein analogywith equivalentformulaein the studyof orthogonal
polynomialg11, 41] it is termeda ‘Christoffel-Darboux’formula:

(2 ) = 2= S;T;(‘j)f”(z), z,u€D. (30)

In this expressiong,, (z) is definedasthe Blaschle product-lile quantity

n—1

eo(2) =1,  en(2) 2] (1_5_’“/2), n> 1.

k—0 z— &g

However, deferringthe questionof biaserror until later, the purposeof this sectionis to quantify
varianceerror, andfor this purposeit is necessaryo modify the original Toeplitzmatrix formulation
(20)to
1 K
M0 2 o [ B @) @) dw (31)

:% .

which althoughformally identicalto (31), is functionally quite differentin that the underlyingor-
thonormalbasisis not fixed at the trigonometricone, but a generalisatiorobtainedby re-defining
I'n(z) from (18)to

Tn(2) £ [Bo(2), B1(2), -+, Bu-1(2)]". (32)

Matricesdefinedby (31), (32) will be called‘generalisedloeplitz’ matriceswith theepithetderiving
from the factthatif all the poles{¢;} arechosenatthe origin thenM,(f) = T,,(f) is abona-fide
Toeplitzmatrix, but otherwiseit is not.

Pertinento theemplgymentof thematriceg31) in this papeiis thatwith || - || denotingthe matrix
2-norm[9] andasshawn in [35] thefollowing boundsapply

1M (NI < 1flloos 1M (A < 111/ Flloo- (33)
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Usingthenew notation(31),(32)there-parameteriseiodelstructurg27) maybewrittenasG(q, ™) =
I'T(q)™ sothaty(87) = T',(¢) andhenceusing (19) and Parseal’s Formula R, is a generalised
Toeplitzmatrix of theform

R, = M,(®,).

Thematrix @Q,, is moredifficult to handle.To expandon this, notethatwith theformulation

2(07) £ [G(q) — G(q,05)]ux (34)
thene, (07) = 2(07) + v andhenceusingthedefinition(11)

N-1N-1

Qn = hm — Z Z E {¢k¢m [2k(03) + vi][zm(00) + ym]} (35)

kOmO

If thedataarecollectedn openloopsothat{y } and{v; } areuncorrelatedhenthis canbere-written
as

lim i E (0o (07)] (36)
=0

Consideringonly the first part of this expression,useof LemmaA.1 in the appendixpermitsits
expressioras

N-1N-1 1

hm — Z Z E {iﬁk?/)m} E{vivm} = o Ln ()} (w)@u(w) @y (w) dw.  (37)

kOmO -

Thisresult(37) hasbeenusedn previouswork [44, 45, 37, 34] relatedto theresultsof this sectionbut
despitdts importanceto theknowledgeof theauthorsa proof of (37) hasnot previously appearedh
ary literature.

This still leaves the term containing{z;(67)} componentgo be dealtwith. Clearly from the
definition (34) thesetermsaredueto undermodellingandif it sohappenghatG(q) is in themodel
set,thenthey will bezeroandhence(37) will completelydescribe®,,. In theseminalwork [25, 22,
the assumptiorof G(q) beingin the modelsetfor finite n wasnot made,andinsteadthe effect of
the {2 (67)} componentsvasdirectly addressedin subsequenwork [44, 45, 37, 34] relatedto this
paperit hasbeenassumedhatsinceeventuallyn — oo is to be consideredthenthe effect of z, (07)
will eventuallybe inconsequentiaand hencecanbe neglectedfrom the beginning. However, since
z(07) entergnto theformulationof A, (w) in suchacomplicatedvay, it is notobviousthatits effect
on A, (w) will tendto zerowith increasing: evenif z,(67) itself does.

As aresult this paperelectsto in factaccountor it by using(37) to write Q,, as

Qn = Mn(cI)u(I)u) + An

whereA,, is the secondterm of (36) which, if neglectedab-initio asin [44, 45, 37], impliesa pre-
sumptionof lim,, , ||An|| = 0.
With thesecommentsn hand,theanalysiscanproceeddy notingthatfrom (9)
Py = M () My (®,®,) M, (D) + M, (@) An M, (®y).

n
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With the reparameterisatio(27) thenG(q, 8*) = T'L(¢)™ with T',,(¢) beingthe generalisedorm
(32)sothatIl’(¢, ™) = T'y(q) (thederiative with respecto H(q) hasbeenignoredsinceit is zero)
andhencefrom (14) the quantity A, (w) quantifyingvarianceerrormaybewrittenas

Ap(w) = FZ(W)M_l(q)u)Mn(‘I)u(I’V)Mn_l(@u)Fn(w) +
T (W) M, (D) An M, (D, T (w). (38)

In orderto simplify this for large n it is necessaryo know somethingof the asymptoticalgebraic
structureof the generalised oeplitzmatricesin this expressionandthis turnsout to be a somevhat
delicatequestion.

In relatedclassicalresults[11, 47] pertainingto ‘classical’ symmetricToeplitz matricesT,(f),
it is shawn that |T5,(f)T.(9) — T.(fg)] — 0 asn — oo where| - | denotegthe Hilbert-Schmidt
weak matrix norm definedearlier In the generaliseccasean equivalentresultcannotbe shavn to
hold without overly restrictve assumptiondeingimposed[35]. Instead,it is necessaryo be more
subtleandrecognisehatin applicationsvhatis reallyimportantis how productsM,,(f) M, (g) affect
vectorsonly in thedirectionsspecifiecby I';, (w).

This principleleadsto the notion of asymptoticequivalencebetweertwo n x n matricesA,, and
B,, with notation

A, ~ B, asn— oo (39)

if forall w € [—, 7]

* _ _ *
n—o0 Kp(w,w)
Theutility of thisideais thatif A,, ~ B, asn — oo thentheasymptoticconsideratiorof quadratic
forms of A, and B,, in I';,(w) areidentical. Specifically for ary w,A € [—m,n] andusingthe

Cauchy—Scharzinequality

[ (w)AnTn(A) _ 7 (w) Brl'n(A) ? _ [7(w)[An — Ba|T'n(X) ?
K, (w,w) K, (w,w) K, (w,w)
< I7(w)[An — Bn][An — Bp]* Th(w) %
- Ky (w,w)
LR (MR ()
W‘ - “D

However, taking advantageof the explicit formsof thereproducingkernelmadepossibleby (28) and
(25)

DY) = Ku(W ) = 3 [Bu(e)P
k=0

1 —|&
SR N .1 42
2 ep (42)
-Gl
< u? Z [ — & = 1Ky (w,w) (43)
k=0

wherep = maxy j [e/ — &|/|e/* — &| is someconstantndependentf » thatis guaranteetb befi-
nite providedall thepoles{¢; } arechoserin someclosedsubsetf theopenunitdisk D. Substituting
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(43)in (41) shavs thatthe lattertendsto zerowith increasing. therebyestablishinghe asymptotic
equialenceof thequadratidorms. Notethekey role playedby thereproducingernel K, (w, w).

Of fundamentaimportancen usingtheseprinciplesto clarify (38) aretheresultsof [35] shawving
thatif f andg areary (possiblycomplex valued)functionsthatareinvertibleandLipschitzcontinuous
of someordere > 0, andif all thepoles{¢,} arechoserin someclosedsubsebf the openunit disc
D, then

Mn(f)Mn(g) ~ Mn(fg) asn— oo, (44)
MY f) ~ My(1/f) asn— oo. (45)
Applying theseresultsto (38) thenprovidestheformulation
2, _ _
P, ~ M, (¢_> + M (D) AL M, (D) (46)
u
asn — oo sothatusingthe mechanisnillustratedin (41)
. An(w) T Fz(w)Mn((I)V/(I)u)Fn(w)
nh_)rgo Ko(w.w) Jim Ky (w,0) + 6n(w) (47)
where ) M (8, A, M (8,) ()
a Th(W)MH () A My (@) (w
which using(33), the Cauchy—-Scharzinequalityandthe explicit form (28) canbeboundedas
16n(w)] < 111/@ull3 ]| Anll. (49)

In orderto further simplify (47) to someusefulform, it is pivotal that a generalisecanalogof the
Fourierconvergenceof (23) exists. Sucha resultis providedin [35] whereit is shovn thatprovided
> (1 = |&]|) = oo thenfor ary possiblycomplex valuedbut continuousf

: 1 * _J fw) sw=2A,
Jim an(w)Mn(f)rn()\) = { 0w\ (50)
Again obsenre the key role playedby the reproducingkernel,andin particularnotethat useof the
formulation(28),(25)with &, = 0 gives K,,(w,w) = n sothatthe left handside of (50) becomes
the Cesaro mean(23). Becauseof this, the result(50) canbe seento expandFourier corvergence
analysigo thegenerabrthonormabasis(25) which containghe classicatrigonometrichasisof (23)
asaspecialcaseof &, = 0. In fact,(50) is somethingnorethanthis, sinceit alsoshavs corvergence
to zeroif A\ # w. In the specialtrigonometriccasethis latter specialisatiorappeargo have beenfirst
establishedhn [13].

Applying (50)to (47)thenprovidestheresultthat(assumédor themomenthatthelimit limy, , 6, (w)
exists. Thiswill beverifiedlater)

. Ay (w) O, (w) | ..
P Rww)  Bu() &0

The dividend of consideringthe orthonormalreparameterisatio(27) ratherthan the more natural
fixed denominatofform (16) is now revealed. Namely in sodoing (51) is derived from asymptotic
analysisof anexpression(47) which involves generalisedrourieranalysisof anunderlyingfunction
o, /®,, whosesmoothnests invariantto modelorder or fixedpoleselection.This crucialfeaturewill
permitthe derivation of theimprovedvarianceerrorapproximatiorshavn in figures1-3.

Beforefurtherelucidatingthis point, thedevelopment®f this sectionareformally collectedn the
following theoremandcorollary
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Theorem 5.1. With 5,"\, calculatedvia (7) usingthemodelstructues(16), (27) or anyotherstructue
with the samefixedpoles{¢;} all chosento lie within the openunit disk D thenwith K, (w,w) =
K, (e’*, /) givenby (28) andin thelimit asN — oo

Kyww) 0 (G, i) -G, ) o
VN 0 K,(\ ) ] G(e, é\?v) — G, 07 N(0, 2y (w, A))

wheee, providedthe datais collectedin openloop, all thepoles{¢, } are chosenn a closedsubsebf
D and®,(w), ®,(w) are Lipsditz continuousof someorder e > 0 thenwith thedefinition

§(w) £ lim 6, (w)

whee 6, (w) is definedby (48), then
CI)V((“)) 5/
(w)
Tim S (w, ) = By (w) 3,00 | @I
7@ .0

whele for somefinite

[6(w)] < plé(w)].
Proof It hasalreadybeenestablishedh (13)and(14)that
VN [G(ej“’, ) — G, 52)] D, N(0,An(w)) @SN — oo
whereA,, (w) = T'}(w)P,,I'n(w). An extensionof thisis thatasN — oo

G(&P, ) — G(&P,00) ] 2. N0, Snw,3)

VN . :
G(e/,0) — G(e7,07)

where

$(w, ) 2 [ % (w)Paln(w) Th(w)Paln(N) ]

LA PaTn(w)  TH(A)PaTn(X)
sothatusingthe notationof (13), (14)

Kp(w,w) 0 e G(e??, o ) — G(e?,67)
\/N 0 Kn()‘a )\) :| ( G(ej}\,b\g) _G(ej)\,eon) ) i)./\/-(O,En(W,)\))
where
. K, (w,w) 0 —12 Ky (w,w) 0 —1/2
mn = [0 S]] Ben [T LG ]
[ An(w) I (w) PaTn(A)
_ Kp(w,w) VEn(w, w)Kn(X,A)
N I‘Z()‘)Pnrn(w) An(A)
| VK (w,w) K, (M, A) Kn(A )
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It hasjustbeenestablishedh (51) that

) Ap(w) . ,(w)
Ilm ————— = lim
oo Kp(w,w) | nosoo bn(w) + B ()

whichaccountdor theasymptotiozalueof thediagonatermsof ¥, (w, A). For theoff-diagonalterms
notethatusingtheformulation(46) andthe definition (48)

5@,) = FZ(W)P”F"()‘) — F:L(W)Mn(q)u/q)u)rn(/\) Kn(w,w)én(w)
VEn(w,w) K, (A A) VEKn(w,w) K, (X, A) VEn (w0, ) K, (A, N

However, by theargumentieadingto (43), K,,(A, \) > u?K,(w,w) for somefinite u sothat

o < S0

Useof (50) thencompleteghe proof. O

+ pé(w).

The main useof this resultwill beto infer the natureof the variability of G(e/*, 4/9\%). However, as
pointedoutin [20], convergencein distribution guaranteesothingaboutmean-squareonvergence.
Thereforeto berigorous,it is necessaryo separatelgonsidetthis, but fortunatelysuchexamination
is straightforvard providedtheassumptionsn thenoiseprocesse; } aresomeavhatstrengthened.

Corallary 5.1. Underthe sameconditionsasthe previoustheoem,but with a strengthenedequire-
mentthatE {e? } < oo then

lim Jim_ %E (1G(e) — G, )2} = Z:—Ezg +6(w) (52)
whee
6(w) 2 lim 8,(w)
with 6, (w) definedby (48).
Proof Follows from the previous Theorenusingthe methodsn Appendix9B of [20]. O

By drawing ontheprecedentf [25, 22] in whichtheapproximatior(1) is derivedfrom theasymptotic
result(2), thispapemseghenev asymptotiaesult(52) andthe explicit formulag(28), (25)to suggest
theapproximation

Var{G(ejw é\n )} ~ iq)y(w) 7121 |B (erJ)|2 (53)
TMIT N w & T

Notethatin providing this approximationjt hasbeenassumedsin [44, 45, 37] thatthe undermod-

elling inducedcomponen®(w) is negligible, andthis simplificationwill be commentediponlater

However, beforedoingso, thereareseveralimportantpointspertainingto theapproximatior(53) that

needto behighlighted.

Firstly, the expression(53) is shavn asa dashedine in the figures1-3 of § 2 which, beingso
closeto the samplevariability estimateof thetrue variability, illustratesthatin situationsvheresome
fixeddenominatompolesare choseraway from the origin, the new expression(53) canrepresenain
approximatiorthatis significantlymoreaccuratehanthewell knowvn one(1). As alreadysuggested,
the reasonfor the improved approximationrestssolely with the stratgy of re-parameterisingvith
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Reproducing Kernel for various pole choices
16 : —_——— : —_— : —_——

14

12 All poles real and:away from origin (Laguerre)

10~

Mixture of real:and complex poles

All poles real and at the origin: (FIR) N

10 10 10 10 10
Frequency (Normalised)

Figure4: Plot, for variouschoicesof {¢;}, of term K, (w,w) = Zz;é |By.(e/+) |2 which captues
effectof polechoice{{x } ontransferfunctionestimatesensitivityto measuementoise Heren = 4.

respecto the orthonormabaseq25) in thatby doing so, the asymptotiaesult(52) involves consid-
eringcorvergenceof the generalisedrourierexpansion(47) of afunction®,, /®, whosesmoothness
is invariantto themodelorder sothatthedegreeof approximatiorin concluding(53) on the basisof
(52) canbe expectedo monotonicallyimprove with increasingnodelordern.

By usingthis novel reparameterisatiospproachtheessentialeatureimbuing thenew expression
(53) with greateraccurag thanthe pre-&isting approximation(1) is thatthe influenceof the fixed
polelocationon Var{G (e’*, 55:,)} is quantifiedby thereproducingkernel K, (w, w). Seefor example
figure4 wherethe expressionk,, (w, w) is plottedfor a variety of choicesof {¢;}. In particular note
thatfor all polesfixed at the origin, by the formulation(28),(25)then K,,(w, w) = n sothatin this
speciakcaseof FIR modeling,(53)is identicalto (1). However, themorepolesthatarenotfixedatthe
origin, themore K, (w, w) will (beingthenfrequeng dependentlliffer from n andhencethe more
thenew approximation(53) will, in theinterestof improvedaccurayg, beperturbedrom theoriginal
approximation(1).

A point to noteis thatfigure 4 indicatesthat the choiceof poles{¢;} could be conceved asa
designvariablefor decreasingarianceerror at particularfrequenciesHowever, not only might this
incuranincreasediaserrorif the {{;} arechoserfar from thetruepoles(seethefollowing section),
figure4 alsoindicateghatdecreaseih varianceerroratonefrequeng aretraded-of againsincreases
at anotherfrequeny. In fact, it is atrivial consequencef orthonormalitythatthe area(on a linear
axis)underneattall the curvesin figure4 is themodelordern

Anotherpoint worth emphasisings thattheresultsin Theoremb.1 andCorollary5.1 andhence
in theapproximation(53) applyfor ary modelstructure(of which (16) and(27) arespecialcasespf
theform

G(q,0™yur = 70" (54)
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where
bi41 = Ady + Buy (55)

with A € R™"™ andB € R™*! arbitrarybut suchthatthe eigevaluesof A are{&y, &1, -+, & 1}
It seemqquite unexpectedthat this role for the orthonormalbases{B;} given by (25) shouldarise
in sucha fundamentamannerin a problemthat canvia (54), (55) be ab-initio formulatedwith no
orthonormalityin its structure.

Therole of orthonormabasesn systemidentificationis thereforemuchdeepeandmoreintrinsic
thanhadpreviously beenthought. This providesfurther motivation for their emplgymentandstudy
thatis in additionto the numericalefficiency, andmodellingefficiency featuresexposedin previous
works[44, 37, 15, 34].

Indeed ,previous work which haspioneeredhe useof orthonormalbasedor systemidentifica-
tion [44, 45, 37] hasalsoconsideredrarianceexpressionavhich arerestrictedversionsof the form
(53). For example,in [44] the useof Laguerrebasess analysed.However, this casemay be en-
compassedh the frameavork of this paperby choosingall the polesthe sameand real valuedas
& = € € R in which casg(53) reduceso

Var{G(ejW,ayv)} 2 Ow) 1-¢ (56)

3,
TN Oy (w) elv — €]2

whichis the sameastheresultobtainedn [44].
In [37, 15], whichis thefirst work to considetthe caseof possiblydifferentpoles,they arestill all

restrictedto be cyclically repeatedrom afinite set,sayé, € {o,-- -, &,—1} andtheresult
: N jiw pn _ (I)V(w)
m,%\lrrgoo mK)(w,w) Var{G(eJ ’HN)} B, (w) ®7)

is derved where K (w,w) = Eﬁ;é |By.(e79)|? with {B}} beingthe particularsetof orthonormal
basesconsideredn [37]. The quantitym is the numberof completerepetitionsof the whole setof
baseq B, -+, B,_; } in themodelstructure.

This latter point on completerepetitionsof pole setsis of crucialimportancesinceit hasbeen
demonstratetierethatwheninferring anapproximatiorik e (53) from anasymptotiaesultlike (57)
it is vital that convergenceof a resultlike (57) can be reasonablyexpectedto have occurredfor
finite m. However, if all the fixed polesin a modelare chosendifferently asin § 2 thenm = 1.
Thereforesince(57) is asymptotian m, it cannotbe aguedthat(57) canreasonablye expectedto
have cornvergedin this caseof m = 1, andhencethetheoreticajustificationfor anapproximatiorike
(53), whichis derived onthebasisof (57)in [37], is in thesecasegproblematic.

Ontheotherhand,usingthe method<f this paper attentionis focussedn theasymptoticnature
of (47) which corvergeswith increasingmodelorderratherthanpole setrepetitioncount. In view
of this (andwith the precedenbf the foundationwork [44, 45, 37, 15] in mind) the new techniques
proposechereare consideredo provide a more theoreticallysoundargumentfor inferring a fixed
orderapproximatiorfrom anasymptotiaesult.

Indeed,becausef the fixed pole restrictionsinvolved in previous work, the connectiongnade
hereto generalfixed denominatomodelsof the form (54), (55) were never madeand hencethe
fundamentalkelationshipof orthonormalbasesto situationswhich are not ab-initio formulatedin
termsof themhasnot beenpreviously exposed.

A consequencef the polerestrictionamposedn the previouswork [44, 45, 37] is thatit forces
thebaseq B, } emplgedthereto mimic thealgebraigropertye/«neiwm = eiw(m+n) of theclassical
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trigonometrichasis.Thisallows anelegantpathto varianceresultsto befollowedwhereintheproblem
is reducedto an equivalent FIR problemby establishing,via a bilinear or multilinear (‘Hambo’)
transform,an algebraisomorphismbetween{B,,} ande’“". The original resultsof [25] arethen
mappedhroughthis sameisomorphisnin orderto generaliseshem([44, 45, 37].

As is evident, the strat@y of this paperis completelydifferentand, apartfrom avoiding pole
restrictions,it hasthe dividendof illustrating new analysismethodsemplgying recentlyderived re-
sults[35] pertainingto generalisedloeplitz matricesand generalised=ourier analysis. Thesenewn
techniguesreconsideredo be of interestin their own right, asthey would appeaitto have potential
for applicationbeyondthe particularsystemidentificationsettingconsideredhere.

The final advantageof the methodspursuedhere are that they permit an explicit formulation
(28),(25)for the term K, (w,w) revealing how fixed polesaffect va‘riability; in previous work it
hasbeenimplicit in a statespaceconstruction37]. Indeed,by the recognitionherethat this term
K, (w,w) affectingvariability is areproducingernel,andhenceunique,aclosedform expressiorfor
theequialenttermin [37] is providedfor thefirst time.

It remaingo commenbntheundermodellingnduceds,, (w) termin thederivationof (53). Firstly,
note that with its omissioné(w) = 0 in Theorem5.1 so that the frequeng responseestimatesat
differentfrequenciesreasymptoticallyuncorrelatedNotealso,thatit canbearguedthatdisregarding
6n(w) is reasonablesinceif oneassumedor the sale of simplicity that E{sp 1L 2 (07) 2, (07)} =
E{vppL }E {2 (07) 2, (67)} thenusingLemmaA.1 andassuming z (%) } is astationarystochastic
process

An =M, (|G - G(62)®2)

sothatuseof (33) provides
1Anllz < [[G(e7) — G (7, 87| oo | Bu () [5-
In this caseusing(49)
160(w)] < NG() = G(™,02) ool Pullooll 1/ Pullo-

Sinceit will beprovedin lemma6.1thattheright handsideof thisinequalitytendsto zero,theoretical
justification which hasnot beenprovided in someprevious works of neglectingthe 6, (w) termis
provided.

In fact,this canbe mademorerigorousin suchaway to evenaddresshe closedioop case put at
the costof morerestrictive assumptions.

Theorem 5.2. Undertherestrictionthatboth{u,} and{e;} are Gaussiardistributed,zeo meansta-
tionary stohastic processesthenthe resultsof Theoem5.1 and Corollary 5.1 hold evenfor closed
loop datacollectionandwith the §(w) term guaranteedto beidentically zeo providedthat the sub-
stitution

P, (w) = Pc(w, 05)

is madein the statement®f Theoem5.1 and Corollary 5.1. Here &, (w, 67) is to beinterpretedas
the spectal densityof the predictionerror residualsequencee;(6™)} definedin (6) evaluatedat
0™ = 67, thelatter beingdefinedn (8).

Proof Theassumptiomf openloop datacollectiononly manifestdtselfin theproofsof Theorenb.1
andCorollary 5.1 by allowing the splitting of (35) into two termsin (36), thefirst of which canhave
lemmaA.1 appliedto it to concludethat@,, ~ M, (®,®,) + A, asn — oo whereA,, accounts
for the second,undermodellingnducedtermin (36). However, underGaussiarassumptionsand
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6 x10°° Sample Variances vs Theory

Sample Var
- - = = Extended Theory
— == Existing Theory

Frequency (normalised)

Figure5: FIR with 8 polesawayfromorigin: Closedloop datacollectionand a non-Gaussiarfuni-
formly) distributedprocess.

regardlesof whetheror notthedatais collectedin openloop, theninsteadof this stratgy lemmaA.2
maybeapplieddirectlyto establishithat@Q,, ~ M,,(®,(w)®,(w, 7)) asn — oo (with A, ~ 0). The
restof the proofsof Theoremb.1andCorollary5.1thengo throughunchanged. O

Thereforejn the Gaussiartase the new approximation(53), which containghe pre-«isting one (1)

asa specialFIR case,s shavn theoreticallyto hold for closedloop datacollection. This is the first

time a resultlike (53) hasbeenestablishedor this caseof ‘fixed denominatormodelling, all the
precedingwork [25, 44, 45, 37] eitherapplyingonly for openloop situations,or whenconsidering
closed-looata[22], appliesonly for thetruenoisemodelbeingH(¢) = 1.

To illustratethe efficacy of Theoremb.2, considerthe simulationconditionsof § 2 alteredsothat
the closedloop scenaricof a proportionalcontrollerof gain K = 1 is involved andthatfurthermore
the referencesignal {r;} hasspectrum®,(w) = 0.25/(1.25 — cosw) andthe measurememoise
hasspectrum®, (w) = (1.36 — 1.2 cosw)/(1.16 — 0.8 cosw). The sampleaverageandtheoretical
variabilities given by (1) and (53) for this situationwhere 8 polesin the model structureare not
at the origin areshawn in figure 5. As in § 2, the new approximation(53) shavn asthe dashed
line providesa moreinformative approximatiorto the true variability (solid line) thandoesthe pre-
existing approximation1). Notethatin usingTheorem5.2 to form the (dashedine) approximation
in figure 5, it wasassumedhat (sincethe modelstructurewas consideredrich’ andtherewereno
commonparameterdetweendynamicsandnoisemodel)therewasnggligible biaserror andhence
that(I)E(ag)(w) ~ <I>,,(w).

An interestingpoint is that the simulationproducingfigure 5 specificallyviolatedthe Gaussian
assumptionshat Theorem5.2 wasderived underby usinguniformly distributed randomprocesses.
This robustnessf the resultto violationsof the assumptiong wasderived underis considerecen-
couragingrrom theviewpoint of its practicalutility.
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6 BiasError with Fixed Denominator Model Structure

Having quantifiedthe varianceerror involved with usingthe structure(16), the papernow turnsto
the questionof quantifyingthe biaserror, againby a stratgy of consideringhe equivalentbut more
tractableorthonormalre-parameterisatio(27). First, a key motivation for a model structuresuch
as (16) is the intuitive belief that for fixed n, ary undermodellingassociatedvith lack of model
structurerichnesscan be decreasedby choosingpoles{¢;} in D,(z) closeto the true poles{~y}
in the underlyingtrue systemG(z). The following Theoremijustifies this intuition by use of the
Christofel-Darbouxformula(30).

Theorem 6.1. Supposé&(z) haspartial fractionexpansion

wheee all thepolessatisfy|y;| < 1. Put @n(z) asthebestL, appoximationto G(z) with respecto
then basisfunctions{By, B1,--, Bn,—1}. Then

m—

— &k
516'71

G(e7) — G(e?®)] (58)

_'Yz

k=0

Proof. Take p € D. ThensinceG(1/z) is analyticin D the useof Cauchys Integral Theorem

provides
61/ = 5 ¢ S04

Also, by useof the definingproperty(29) of thereproducingernel

Bu(/m) = ZmuM;ﬁWEE%

Usingachangeof variablez = ¢! thenleadsto

n—1
~ 1 —\ dz
Gn(1 = —7{ G(1/z Br(1/u)Br(1/2) | —,
(1/m) WT</%§umanz
sothatusingthe Christofel-DarbouxFormula(30)
pon(L/p) [ G(1/2)pn(1/2) dz
21y T Z— i z

pen(1/p) [ G(2)pn(2)
rrmal s p dz. (59)

G(/p) — Gu(1/p) =

Thenby using(59) andCauchys Residuerheorem

—1 o nl — & >
— (1
ney ( /,u,) — (1_/”7"')]:9[[0(1 fk')’z

(3
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Writing = re~J¢ with |r| < 1, lettingr — 1 andusingthe triangle inequality then gives the
result. O

Note thatthis boundis tight in the sensethatif perfectknowvledgeof the polesof G(z) is available
(sothatVi, 3k : & = ;) thentheupperboundis zero. The interpretationof the resultis thatthe
convergenceof theexpansion27) to theunderlyingsystemG(g) canbevery muchfasterthanthatof
the specialcaseof FIR, Laguerreor two-parameteKautz expansionsf reasonablguessegé; } of
thepolesof G(¢) canbemade.Thisis sosince

z— &
1—&2

is analyticon D andof modulusl on the boundaryT of D. Therefore by the maximummodulus
Theoremthefactor(60) with z = ~; thatappears: timesin the bound(58) is of moduluslessthan
one,andhencethe bound(58) decreasegeometricallywith modelordern; the geometricrate will
dependntheerrorterm|y; — &;| in theguess; in thetruepoleposition-y;.

A boundsimilar to that of Theorem6.1 is given, usingcompletelydifferentmethodsrelatedto
thenew theoryof ‘Hambo' transformsn [15]. However, it is lessexplicit sinceit containsaconstant
scalingfactorfor which the only informationavailableis thatit is finite.

The significanceof Theorem6.1in the context of quantifyingthe undermodellingnducederror
in anestimatedrequeny responsés realisedoy notingthat

(60)

" eR” -

0" = arg min {/7r |G(e?) — G/, 0™)|2 D, (w) dw} (61)

sothatfor {u;} white (®,(w) =constant)the expression(58) is a quantificationof the asymptotic
undermodellingnducedestimationerrot

Although (58) appeargo be the mostexplicit statementhatcanbe madeaboutundermodelling
inducederror; it is possibleto draw furtherconclusionghatapplyalsowhen®,,(w) is notwhite. For
example,it is shawvn in [31] thatthe frequeng responsemagnitudeis on average(over frequeng)
underestimatedn thesensehat

[ e mpewa < [ 166#) 0 ,w) o

—T -7

Theequation(61) mayalsobe usedto boundthe biaserrorin estimatingG(e’*) by notingthatsince,
underthecondition) (1 — |¢x|) = oo the{By} arecompleten H;(T), thenit maybeexpandedas

G(el?) = 2_: 07 Be(e7) + 3 keBy(e). (62)
=0 =

Usingthis notation thefollowing biaserrorboundcanbe obtained.

Lemma6.1. Suppose¢hatG(z) € Ho(T) sothattheco-eficientsk, in (62) are well defined.Then

; ; max, @, (w)
Jw Jw gn < p.1.
‘G(e ) — G(e ,HO)‘ (n iy By (@) —|—1> max | B (w)] E |kel.  wp.1
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Proof The methodof proof is identicalto that emplo/ed by Wahlbeg in [44]. Expression(61)
characteriseg? asthesolutionto

Rp600 = E{dryx} -
Usingthis anddefiningthesequencéz; } as

2 =Y keBe(q)ur
{=n

gives
10" — 63112 < IRy [l21[E { w2k} [l2-
But by Pars&val’s Theorem

E i)l = 5= D e [ Ble)Bi(e),(w) do.
{=n -

Now, usingthe triangleinequality the Cauchy-Scharz inequalityand using (33) to bound || R |
provides

n n max,, $,(w)
_ <nnp— 7 E .
16 A _nmlnw b, (w) el

But from (62)

0
|G(*) = G, 0)] < max [Be(e™)] (ne" —ol+ Y |w|> .
{=n

T 0<k<n
O

As mentionedfor the particularcaseof Laguerremodelsstudiedin [44], this indicatesthat as
n — oo thend? will converge to the expansionco-eficientsgivenin (62) andhencethe frequeng
respons@stimatewill cornverge to the true oneprovided the expansionco-eficientsin (62) decrease
sufficiently quickly that

o
lim n2|/<ag\ = 0.
n—oo

{=n

Thisis satisfiedfor exampleif G(z) is stableandfinite dimensional.In this casea simpleargument
usingCauchys ResidueTheoremshavs thatthereexistsa || < 1 andK < oo suchthat|r,| < K7,

7 ARX TypeMode Structures

Althoughthefixeddenominatomodelstructurg(16) andits generalisationf54),(55)have mary prac-
tical advantagesuchasrelevanceto ‘identificationfor control’ ideas[1, 40, 27, 33| andtherequire-
mentof only simpleandrobust numericalproceduredor the calculationof % [44, 37], they suffer
from the drawbackof relying on prior-knowledgeof polelocation.

A commonstratey for avoiding this dravbackis to estimatehepolelocationsof G(gq) while still
involving a predictorthatis linearin ™ sothatthe advantageof simple numericalrequiremenfor
finding @\% is retained.Thisis doneby emplg/ing themodelstructure

= B(g,0") Dn(q)

G0 = g om) A(q,0M)

(63)

H(q,0") =
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where

AlQ) = ao+aiqg+asg®+-+an1¢" " +¢",
B(g) = bo+big+bag®+---+by 1¢""

with
0" = [0’07 b07 ai, b17 crc,Ap—1, bn—l]T
beingthevectorof parameter$o be estimatedand D, (q) is aspreviously definedin (17).

Herethe dynamicsandnoisemodelshareparameterén 8”. As is well known, this canleadto
biasif the modelstructureis notrich enough[46, 20]. The motivationfor includingthe D,,(¢) term
in the noisemodelis to avoid this biasby allowing H (g, 67) ~ H(q) for some§? while simultane-
ously throughzerosof B(q, 67) cancellingpartsof A(q, 67) thatpertainonly to H (g, 02), achieing
suficientflexibility for G(g,02) = G(q).

Mostcommonlythemodelstructurg(63) appearsvith thechoiceé;, = 0 in whichcaset is known
asthe‘equationerror’ or sometimesARX’ modelstructureandfor which theanalysisof Ljung [22]
provides,usingthe definition (12), the well known result(which holds,whenat leastasymptotically
in n, thetrue systemis in themodelset)

Cov {T1(e™, %) } ~ -0 [H(e™, 02) 207 (7, 07). (64)
Here ) . )
D, (w (0] w
d w’en é[ u ue(6™) :|
(w6 Dye(gny(w)  Pe(gny(w)

is the spectradensityof thetwo dimensionalectorsignal(;(0™) definedas

o= i |

Theimportanceof thelatter, aswill becomeclearin amomentjs to allow (by useof (5)) theprediction
errorgradienty,(6™) to beexpresseds

) = PO g 0y 07600, 65)
w(g.on) 2 [CET) @I,

Sincethis stratgy of avoiding biascanleadto over-parameterisatioaf G(q, §™), thedegreeof which
dependn howv mary extra termsin A(q,0™) arerequiredfor modeling H(q), thereis greatim-
portancein choosingthe zeros{{;} not, in fact, all at the origin but ascloseas possibleto where
the true zeroesof H(q) arebelievedto lie. For example,if H(q) hasazeronearthe unit circle, an
AR expansiong™/A(g, 0™) accountingor this zerowill needto be of quite high ordern beforeit is
accuratd39].

A mainpurposeof this sectionis to highlight thatunfortunately(andin resonancevith thefixed
denominatorcase)if accordingto this motivationthe {¢;} arenot all chosenat the origin, thenthe
approximatiorn(64) canbe quiteinaccurateevenfor large modelorderanddatalength.

This perhapsinexpectedohenomenoranbeillustratedin afashionsimilarto thatof § 2 by con-
sideringthe leastsquaresnethod(7) andan n=8'th orderARX-lik e structure(63) for the estimation
of the* Astrom system’

+ 0.5
G(q) = -2

=177 H(q)=1
Z-isgto07 2
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x 10°° Variance of ARX estimate of G vs existing and extended Theory
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— == Exisiting Theory I

10 10 10 10 10"
Frequency (normalised)

Figure6: CorventionalARXwith all noisemodelzeosat theorigin. Thisis a comparisorof Monte—
Carlo estimateof samplevariability (solidline) with (dash-dotine) the appioximateexpression(64).
Notethat this last line obscuesa dashedine whidch is the new approximation(78) becausedor the
caseof all polesat theorigin the pre-existingapproximation(64) andthe new one(78) are identical.

onthebasisof N = 10000 obsered openloop input-outputmeasurementshe former beingwhite
Gaussiamoisewith spectradensity®, (w) = 0.25/(1.25 — cos w) andthelatterbeingcorruptedby
white Gaussiamoiseof variances? = 0.001. Supposelso,thatall fixednoisemodelzeroes{¢;} in
D, (q) arechoseratthe origin, sothatatrue ARX structureis emplo/ed. Notethatin this example,
andall the restfollowing in this section,the biaserrorin the estimationprocesss negligible, and
hencethevarianceerrorwill representhetotal estimationerror In ary event,sinceboth N = 10000
andn = 8 canreasonablyeconsideredarge[22], thentheapproximation64) for thevarianceerror
could be expectedto be accurateandindeedit appeardo be sowhenshavn asthe dash-dotine in
figure6, with the sampleaverage(over 500 Monte—Carlosimulations)estimateof the true variability
beingshavn asthesolidline.

However, if threenoisemodelzerosaremovedaway from theoriginto beaté;, = {0.8,0.8,0.8},
thenthe ensuingcomparisorof the theoretical(dash-dotine) approximation(64) and the Monte—
Carloestimatg(solid line) of true variability shavn in figure 7 shavs muchlessagreementContin-
uing, by choosingsix noisemodelzerosaway from theorigin at {{; } = {0.8,0.8,0.8,0.7,0.7,0.7},
the resultsof this choiceshavn in figure 8 indicatethat now the approximationbetween(dash-dot
line) thetheoreticalpproximation(64) and(solid line) the estimatedrue variability is sopoorasto
be consideredrery un-informatve.

In contrastthe dashedine in figures6—8 (which, in figure 6) is equalto andhenceobscuredy
the dash-dotine) remainsa goodapproximatiorregardlessof the fixed zeroposition. Thisline is in
factthe new approximatiorto be derived in this section,andagainin resonancavith the preceding
fixeddenominatomnalysisjt involvesreplacingthen termin (64) with aterm K, (w, w). Sincethe
latterin factequals: for all thezerosattheorigin, theoriginalapproximatiorn(64) is encompasseals
aspecialcase.



The FundamentaRole of GeneralOrthonormaBasesn Systemidentification 26

x 10°° Variance of ARX estimate of G vs existing and extended Theory
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Figure7: ARX-typestructue with three noisemodelzeios not at the origin:comparisonof Monte—
Carlo estimateof samplevariability (solid line) with (dash-dotine) theappoximateexpression(64)
and(dashedine) the new approximation(79).

x10°° Variance of ARX estimate of G vs existing and extended Theory
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Figure8: ARX-typestructue with six noisemodelzensnot at theorigin.
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Also in accordancevith the previousanalysistheimproved approximatiorshavn in figures6—8
is obtainedby re-parameterisinghe model structureinto an equivalentorthonormalform which is
tractableto analysisusingthe new generalisedrourierandToeplitzresultsof [35] presentedh § 5.

It is, of course first necessaryo establisithe theoreticalgenesiof theinaccurag phenomenon
illustratedin figures6—8,andfor this purposet is necessaryo give a brief synopsisof the methods
usedin [22] to derive (64).

The conditionsassumedherewhich are salientto the modelstructurearethatit satisfywhatis
calleda ‘shift’ propertyformulatedasthe requirementhatwith I',,(¢) definedasin (18),ans x s
matrix of transferfunctionsZ (g, ™) existssuchthat

IT'(q,0") = [Tn(q) ® Is] Z(q,0") (66)

wherethe dimensions will be madeclearin a momentby exampleand® denoteghe Kronecler
tensorproductof matricesdefinedfor anm x n matrix A andan ¢ x p matrix B to provide the
nf X mp matrix A ® B as

a1B apB --- a1,B
A®B A 0/21B a22B a,gnB
amlB amQB .- amnB

In ary event,it is amguedin [22] thatassuminghaté? is suchthatG(q, 2) = G(q), H(q,0%) = H(q)
(thatis, it is assumedhatthetrue systemis in the modelset)thenwith the Toeplitzmatrix definition
(18),(20)extendedto block-Toeplitzmatricesvia

T,(F) 2 2

2 L M) @ P @) @ L] dw (67)

-7

to handles x s multi-variablespectraldensitiesF'(w), thenusingknown resultson the asymptotic
natureof block-Toeplitzmatrice§49, 14]

Py~ T, ([Z(ej“’,ﬁg)éc(w, 0m) Z* (e, 07)] ‘1) asn — oo (68)

sothatrecognisingmplicit Cesiro meansandemplogying classicalresultsfrom Fourier analysisvia
(14),it isaguedin [22] thatfor largen thefollowing approximationsirevalid (someakuseof notation
is madein theinterestof readability)

Ap(w)

n

= n_l[H'(ej“’,02)]*PnH'(ej“’,02)

Q

11 22(0) [P3() @ T T ([26(0)2¢(0,02) 25(@)] ™) [Palw) © 1) Z6(w) (69)

R |Ho(w)|Z5(w) [Zo(w)®¢(w, 03) 25 (w)] " Zo(w) (70)
= o’|H(e™, 00) @7 (w, 07).

wherein progressingo thelastline, invertibility of Z,(w) hasbeenassumed.

However, for the modelstructure(63), it is easilyshavn [22] thatwith the elementsn the vector
6™ groupedinto n blockseachof dimensions = 2 andeachof the form 62 = [ay, b]T, thenthe
correspondindZ(q, ™) of (66)is givenas

1 [ -G(q,0MH(q,0") —H?(g,0™)

e =pw | HGe 0
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Thereforewhenevaluatedatd? it is bettedabeledasZ, (w, n) sinceif all the&, arechoserawayfrom
theorigin thenvia the D, (¢) term,themagnitudeof thetransferfunctioncomponentsf Z (e, 67)
all dependon n. In this casethe Fourier corvergenceargumentallowing the progressiorfrom (69)
to (70) is problematicsincethe matrix valuedfunction [Z (w, n)®¢(w, 07%) Z%(w, n)] = whosen’th
orderFourierreconstructions implicit in (69), cannotbe guaranteetb corverge asn increasesince
the function possibly (dependingon how mary zerosof D, (¢) arenot at the origin) becomedess
smoothwith increasingn.

In the strict ARX caseoriginally analysedn [22] thereis (asillustratedin figure 6) no prob-
lem sincein this instancewith all the zerosat the origin, | D,,(e/*)| = |e/“")| = 1 sothatby the
assumptiorof thetrue systembeingin the modelclass thenthefunction Z, (w) @ (w, 07) Z5 (w) be-
ing implicitly Fourierreconstructedn (69) is invariantto increasingn, sothatindeedit is valid to
concludencreasingaccurag with increasing: andhencepassfrom (69)to (70).

Therefore|in orderto provide theimproved approximatiorshavn in figures6-8 for the caseof
mary zerosof D, (gq) notattheorigin, the challenges to mimic this invariantto n behaiour of the
underlyingFourierreconstructedunction.

Asin § 5thisis achievedby usingtheobsenrationthat,asymptoticallyin n, thefrequeng response
propertiesof estimatesreinvariantto (injective) changesn modelstructure,so thatinsteadof the
ARX-lik e structure(63) the equivalent,orthonormallyparameterisednodelstructure

n—1 -1
G(g,0") = Alq en [Z bk B (g [1 -3 akBk(Q)] (71)
’ k=0

(72)

H(q,0™) = (q D) [1 — Z axBr(q

is consideredyhetheror nottheactualimplementatioremplgys this or the morenaturalform (63).
The adwantageof the orthonormallyparameterisedorm (71),(72)is that with the generalised
definition(32) for ', (q), it satisfiesageneralisedhift property(againwith s = 2)

IT'(q,0") = [Cn(q) ® I5] Z(q,6")

wherenow )
—G(q,00)H(q,07) —H(q,07
Z(q,@?) _ [ (qI{(q) 0”()q ) E}q )

is (by theassumptiorof truesystenlying in themodelclass)ndependenof » for ary choiceof {¢}.

To make this morepreciseijt is necessaryo expand(31) to thedefinitionof ageneralisedblock-
Toeplitz matrix dependingon an s x s dimensionalpositive definite matrix valuedfunction F(w)
as

(73)

/ [h(w) ® I|F(w)[Th(w) @ I;] dw (74)

whereT',(¢q) is the generalisedorm (32). Also, userthe assumptiorthat (at leastasymptoticallyas
n — oo) thetrue systemis in themodelset[22], thene,(67) = e; sothatusing(65), (10), (11) and
Parseral’'s Theorem

Z(ed¥_ M\P n\ z*(ojw gn
Rn :Mn( (e 700) C(wﬁeo) (e 700)) ano_ZR

[H(e7, 67)]?
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andtherefore

7 Jjw LAY o™ Z* Jjw on
Pnzo_QRnlzo_QMn1< (6 ) o) C(w, o) (6 ) o))

|H (e7, 67)|?

However, by LemmaA.5 the sameequivalence(45) shavn in [35] to hold for generalisedoeplitz

matricescanalsobe shavn to hold for generalisedlock Toeplitz matrices. In particular usingthe

definition(74)

M—l (Z(ejwa Hg)q)C(wa HQ)Z*(ejwa 0?)
" [ H (e, 07)[*

) ~ My ([H(, 00)2[2(, 0)B (w0, 07) Z5(e5*, 0] )

(75)
asn — oo Whereherethedefinitionof the ~ equivalences extendedrom thatof (39), (40) to being
that(75)impliesthat

Tim Ky (w, 0)[T5 (@) ® LMo (F™) = My (F)][My (FY) = My (F)]"[Ca(w) ® I,] = 0

component-wisandfor all w € [—7, w|. Thereforeagainusingthereasoningn (41), thenfrom (14)
useof the orthonormakeparameterisatiodeameanghatinsteadof (69) the following expressioris
considered

. Ap(w) . 1 * *
Jim Ko(w,w) Jim WZO (w) M7 (w) ® L] X

My (|Ho(@)[? (76 ()P (w0, 02) Z2(@)] ") [Pa(w) @ 1] Zo(w) +
o([163, — 621”)
Ky(w,w)

Asymptoticin n analysisof this expressiorthenprovideswhatarethe lastmaintechnicalresultsof
thepaper

(76)

Theorem 7.1. With 5% calculatedvia (7) using the modelstructues (63), (71),(72) or any other
equivalentstructue with the samefixednoisemodelzeoes{¢; } all choserto lie within theunit disk
D, thenin thelimit asN — oo

G(e™, By) — G(e?,07) | o
VN ( H(ej“’,@\g) — H(elw om) > — N(0,An(w))

whee with K, (w,w) = K,(e¥, eI¥) givenby (28) and underthe assumptiorthat eventually for
large enoughn, thetrue systemis in themodelset,then

Lw)) — () [ By (W) Bue(w) ]1

lim
ol (w) o

n—oo Kp(w,w
Proof It hasalreadybeenestablishedh (13) thatwith the definitionof the compositeransfematrix
(12)
VN [H(ej“’, ) — T1(e, 5:})] D, N(0,Ap(w)) asN — oo
where (76) gives an asymptoticin n expressionfor A, (w)/K,(w,w). Becauseof the Kronecler

producttermsin (76), theresult(50) is not applicable However, LemmaA.3 shavs thatfor F'(w) an
arbitraryregularmulti-variablespectradensity(50) maybe extendedo

. 1 . s
nll)ngo m[r‘n(w) ® Is]Mn(F)[Fn(w) ® Is] - F( )
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component-wisén F(w) andwhere M,,(F) is definedby (67). Applying this resultto (76) with
F(w) = [Ho(w)|?[Zo(w)®¢ (w, 07) ZX(w)] ! thengives(sinceZ(e/«, 67) is invertible)

A
lim n(w)

Jim s | Ho(w) 2 Z2(w) [Zo (w) B¢ (w, 02) Z2(w)] ' Zo(w)

= 2 H(e, 020 (w, 7).
O

Corallary 7.1. Underthesameconditionsasthe previousTheoem,but with a strengthenedequire-
mentthat E {e} } < oo then

-1

. ) N o w(w)  Pue(w)
Jw n —
nhm lim Ro(w,w) )CCN{H(e ,HN)} ®,(w )[‘I)*( ) 2 (77)
Proof Follows from the previous Theorenusingthe methodsn Appendix9B of [20]. O

The essentiapoint of Theorem7.1 and Corollary 7.1 that discriminategshemfrom previous corre-
spondingresults[22] is that the asymptoticexpression(52) implicitly involves generalised~ourier
reconstructiorof a matrix valuedfunction | Ho(w)|?[Zo (w) @, (w, 87) Z2 (w)] ! whichis invariant to
n, regardlessof whetherfixed noisemodel zerosare chosenat the origin or not. In this case,and
unlike the analysisleadingto (71), it canbe expectedthat the approximatiorbetweerthe left hand
sideof (52) andits asymptoticvalueon theright handsideof (52) will monotonicallyimprove with
increasingn, againregardlesf thelocationof thefixednoisemodelzeros.

As a consequencef this the suggestiorof this paperis thatanimproved approximatiorfor the
variability of ARX-type modelstructureestimatess obtainedrom (52) by assuminghatfor finite N
andn corvergencehasapproximatelycorvergedin (52) sothat

o 1 By(w) Pue(w) 1712 .
Jw n ~ __ Jw
Cov {H(e aON)}NNCDU(w) |: (I)ue(w) 0,2 kZO|Bk(e )‘ . (78)
In particular if the datais collectedin openloop (®,.(w) = 0) then
1 ®,(w) =
jw gn ~ Y Jwy |2
Cor{G(e™ T} = 5" > 1B (79)
and
. Jjw gny|2 ™
CO\/{H(eJ“’ )} (e 9 [H(e™, 65)1 Z By (e72)|2 (80)
whichexplicitly shavs, viathe) 7 |Bk(e9“’)|2 K, (w,w) termhow thechoiceof fixedzeros{¢y }

in the noisemodelinfluenceghe sensﬂwty of thefinal transferfunction estimationto measurement
noise;again,seefigure4. Notethataspertheprevioussectiononfixeddenominatomodelstructures,
thesenew expressiongontainthe resultsfor equationerror structuregresentedn [22] asa special
caseof &, =0 sincetheIatterimplieszz;é |Br(e79)|? = n sothat(78) becomeg64).

To concludethis section, it is interestingto note two importantcaseswherefixed zero noise
modelsin ARX structuresareimplicitly involved, albeitvia alternatemotivations. Firstly, consider
the caseof emplgying a standardARX structuresave that, in the interestof concentratingttention
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on certainfrequeny regions[46], the commonpracticeof datapre-filteringis emplo/edin sucha
way that (denotingthefiltering actionby thetransferfunction F'(¢)) the ARX modelstructurebeing
emplo/edbecomes

A(q,0")F(q)ye = B(q,0")F(q)us + e

In this case,if thefilter F'(q) is all pole of theform F(q) = 1/D,(q) thenthis modelstructureis
clearlyidenticalto the modelstructure(63) with fixed-zeronoisemodelandfor which it wasshavn
in figures7—-8thatthe approximation(64) canbe quite poor if the numberof pre-filter polesis an
appreciableproportionof the modelorder The leadsto the conclusionthat wheneer all-pole pre-
filtersareusedwith ARX structuresthentheimprovedapproximation(78)is preferable.

Finally, in the interestsof numericalconditioningwhensamplingwell beyond the Nyquistrate,
theso-called § operatormodelstructures anoption[30, 7]. Suchstructureswhenin equatiorerror
form aspresentedh [30] appeaias

A(6,6™) _B(é,&”)
D,a(8) "'~ Dn(6)

Ut + et (81)

wherewith A equalto thesamplingperiodin secondsé is definedas

a1
"=7R
and
A(‘s) = a0+a15+a252+...+an_16n—1+6n,
B(Q) = b0+b1(5+b262+...+bn_16n—1
with

n

Do) = T[] (5 - &)

k=1

andnow the ¢, arechoserto all lie in the discD 2 {z € C : |z +1/A| < 1/A}. Asidefrom

numericalconsiderationsanotherdividend of usingthis modelstructureis thatsincethe § operator
is the Euler differencingapproximatiorto the differentiationoperatoy the ensuingestimatesanbe
interpretedas an approximationof the underlyingcontinuougtiime system. Again, this dependon

samplingwell beyondthe Nyquistrate[32].

In the g operatorcaseandin the absencef noisemodelknowledgeit is naturalto simply choose
D, (q) = ¢™. However, whenoperatingn aé operatoframework it is notnaturalto make thespecific
equvalentchoiceD,, = (6 + 1/A)™, sinceakey philosophyunderlyingthe useof § operatorss that
of morecloselyapproachingontinuougime intuition whereinthe precisevalueof A is incidental.
Other considerationshereforecomeinto play in the choiceof the zerosof D,,(§), for which [30]
providesa discussion.

In this setting attentionis therefordocusedon amodelstructurg81) whichis (modulonumerical
issues)equivalentto the shift operatormodel (63) with fixed noisemodelzerosnot at the origin, but
atthelocations¢, = A&, + 1. The mostaccuratequantificationof the variability of the ensuingsé
operatorbasedestimateswill thereforeby given by the new approximation(78). Theseé operator
inspiredasymptoticvariability issueswverefirst prescienceéh [10].



The FundamentaRole of GeneralOrthonormaBasedn Systemidentification 32

8 Conclusion

This paperhasprovided an expositionof the previously unsuspecteahtrinsic natureof orthonormal
basesn the studyof certainleast-squaresstimationproblems.In works [25, 22, 20] precedinghis
papey the baseshave beenpresenin the specialform correspondingo &, = 0 of B,,(e/¥) = e/«
sothatthey have beenhiddensincethen |B,(e/¥)|? = |e=9“"|? = 1. However, asshavn for the
first time herein a completelygeneraketting,they becomeapparenfor certainstructureswith fixed
poleor zerotermswhere| D, (e’*)|? # 1 andhencevhosechanginghaturewith respecto increasing
n cannotbe ignoredin agumentsthat areasymptoticin n. This paperhasshavn thatthe analytic
key to circumwenting this difficulty is to develop and apply resultsthat generalisecertain Fourier
convergenceandasymptoticToeplitz matrix propertiego the caseof anunderlyinggeneralrational
orthonormabasis of which the classicatrigonometrichasis{e=/“"} is aspecialcase.

As afinal comment,t is importantto acknavledgethat the orthonormabasisideasusedin this
paperhave a very long history The studyof the formulation(25) in mathematicaliteraturecanbe
tracedbackat leastasfaras[28, 42], andthe engineeringapplicationg25) seemto originatein [17],
althoughit clearthat Wienerwasawareof the engineeringelevanceof (25) somevhatearlier[19].
In morerecenttimes, the list of works emplg/ing specialisedLaguerre’ or ‘two-parameteKautz’
forms of (25) is immense,but a partial list for readersinterestedin further investigationsshould
include[29 4, 38, 36, 26,44, 45, 37, 15, 6, 36, 18]. However, a key featurediscriminatingthis work
from thatin the currentpapey is thatin pre-«isting work the orthonormalbasesvere exploredas
animplementationabption while here,they have beenemplo/ed purely asan analysistool, thatis
applicableo modelstructureghatarenot ab-initio formulatedin termsof them.

A Auxiliary Results

LemmaA.l. Let{r} bea stationarystohasticprocesswith associatecovariancefunctionR,, (7)
andspectal density®, (w) satisfying

O, (w)= Y Ry(r)e ", > IR(7)] < o0,

and suppose{w;} is a quasi-stationaryprocesswith associatedgspectal density®, (w). Thenwith
P = Ty (q)uy andly,(¢) definedby (32)

N-1N-1

lim 3 E{ewvn} E{vivm} = % /7r I(w)[*(w) By (w) P, (w) dw.

N
—oo N =0 % -

Proof Withoutlossof generalityassumes; = 0 for ¢ < 0 sothat

N—-1N-1

.1 T . 1 " T el
Jim <> 0> E{gkvn ) E{vm}t = lim o / _®u(w) E {wpr } ™ dw
1 - N— 1 N—-1
— Li — QI/ - T jwT .
N oo 27 /_7r (w)7:1_N (N P E {¢k¢k_7|}> e dw

~ 4

Ru(7)
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Thereforedefining

1 = 1" .
Ro(r) = Jim 5 S E{wl ) =50 [ @)@, @)e o

k=0

leadsto (the absolutevalueinequalitiesfollowing areto beinterpreteccomponent-wisé the matrix
quantitiesnvolved)

N-1N-1

% / i T(w)[* (W) @y (w) Py (w) dw — — Z > Ry )‘ =
-7 k 0 m=0

L N1 > .

— Ry(t) — Rn(7) | + Ry(r)| 7 dw

271'/ [(Tl N w " ﬂzZ:N w

N-1
< Y |Ry(n) = RN(IIR(7) + | Y Ry(r

T=1-N IT|=N

N-1

< (|§13§|Rw() RN(T)|> T:;N'R"(T)H(TSIEV |y (7 )T'XZ:NIRw

However, by the quasi-stationarityassumptioron {u;}, thenlimy_.o, Ry (7) = Ry (7) sofor suf-
ficiently large N thenmax, . n |Ry(7) — Rn(7)| canbe madearbitrarily small, so sincealso by
assumption . |R,(7)| < oo, thenthe first termin the abore overboundtendsto zero with in-
creasingN. For the secondterm, note that sinceby the assumptiorthat}”_|R,(7)| < oo, then
lim sup,_, ., |R,(7)| = 0 sothatfor large enoughN, thensup,, >y | R, (7)| canbe madearbitrar
ily small. As well, by the quasi-stationaritgssumptioron {u; }, whichimpliesthat}~>> __ Ry(7)
existscomponent-wisehenlim supy o, i, > | Ry(7)| = 0, which completesheproof. O

LemmaA.2. Supposehat {u;} and {e;} are both realisationsof zeo meanGaussiandistributed
stationarystodastic processeandthe orthonormalmodelstructue (27) is employed.Thenregard-
lessof whetherthe datais collectedin openor closedloop, and with no apptoximationcausedby
negglectingan undermodellingnducedterm,the matrix @,, definedn (11) obeys

Qn ~ Mp(®y(w)®c(w,07))

asn — oo whee the matrix formulation M, is definedn (31) and @, (w, 67) is the spectal density
of the predictionresiduals{c; (™)} definedn (6) andevaluatedat 6" = 67 definedn (31).

Proof From the definition (11) after usingthe stationarityassumptiorand the changeof variable
T = k + m andre-groupingerms

N—o00
T=—

N
Qn = lim 3 ( 'T‘)E{¢k¢k k(0™ en—r (O™}
N

= Y E{vwti ,en(6))ee-(00)},

T=—00
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wherethe propertiesof Cesaromeanshave beenusedin progressingo thelastline. Usingthe Gaus-
sianityassumptiorandthe formulafor fourth momentsof jointly Gaussiamandomvariableg43]

E {vn ren(00)en—r(05)} = E {Yntg -} E{en(00)en—r(00)}+E {¥nen—r (07)} E {vk_rex(67)}

whereuseis madeof thefactthatby thedefinitionof 87, E{¢,e(07)} = 0. Furthermore(suppress-
ing thedependencen §7 andwith §(-) denotingKronecler delta)

> E{wpi_ }E{erer—r} = D > E{twi_ }E{erer_e}(t - 1),
T=—00 £=—00 T=—00

= Z Z E{/(pkw]{_r}E{gkgk_e}%/ﬂ ejw(f—q-)dw,

l=—00 T=—00 -

1 T e’}
_ T —j jwe
B ﬂ -7 T_z_:oo - {,¢)k¢k_7—} o é_z_:oo - {Eksk_e} - dw,
1 g —_—
= 5 B Py (w)Pe (w) dw,
1 s
= 5 Lp(w)Th(w) Py (w) P (w) dw,
™ —T
= M,(®,9.).
Usinganidenticalline of agument
o'} 1 T . o0 i
> E{tuer}E{f cex} = 9 /_7r > E{guerrte T > E{] e} e dw,
T=—00 T=—00 l=—00
1 [ X o sl W
= %/ > E{tkerrte T > E{¢fer i}’ dw,
T r=—00 {=—00
1 s
= 5 - @wg(w)q)is(w) dw,
1 ™

= 5 L ()T (w) @2 (w) dw £ X,.
Now, in the caseof all thepoles{¢; } beingreal,thensinceBy,(e/*) = By (e=iv)

FZ(‘*")XHFR (w)
K, (w,w)

||¢U€||oo /'Tr
K K. (— _
- 27!'Kn(w,w) _7r| ”()"w)H n( w,)\)|d/\

However, in [35] it is shavn that expressionsf this form tendto zerowith increasingn provided
all the poles{¢} arechosernwithin the opendisc D. This sameresultcanalsobe shavn to hold
for the {{x} beingcomple, but at the expenseof considerablymoreinvolved arithmeticwhich is
not appropriateto documenthere. Therefore,since®@,, = M,(®,%.) + X,, andit hasjust been
establishedhat X,, ~ 0 asn — oo, then@,, ~ M, (®,®.) asn — oo. O

LemmaA.3. Let F(w) bea continuouss x s matrix valuedfunctiondefinedon [—=, 7]. Then

. 1 . s
nll)ngo m[r‘n(w) ® Is]Mn(F)[Fn(w) ® Is] - F( )
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component-wisi F'(w) andwhee M,,(F) is definedby (67) with I, (w) beingthegenealisedform
(32).

Proof Using the algebraicpropertiesof Kronecler tensorproduct[3] and the definition (67) of
M, (F)

L) @ LMPT@ e 1] = @ o] o [ T e Lrorw s 1a

[Cn(w) ® L],

= 217r :[FZ(w)®Is][Fn(A)F;(A)®F(A)][rn(w)®fs] dx,

_ % /7r D% (W) TV ® F(V) d.

Useof the result(50) on noting thatthe above expressionis a matrix madeup of termsof the form
I (w) My (Fpn ) Tn(w) wWith Fip (X)) beingthem, n'th scalarentryof F'(X) andwith A, (f) defined
by (31),(32)thencompleteghe proof. O

Lemma A.4. With thedefinitionof genealised Toeplitzmatrix beingexpandedo that of genealised
blodk-Toeplitzmatrix by (74), thenfor F, G any s x s comple matrix valuedfunctionswhich have
entrieswhich are Lipscitz continuousof ordere > 0

nh—>nc}o Kgl(waw)[F;(w)(g’Is][Mn(F)Mn(G)_Mn(FG)]*[Mn(F)Mn(G)_Mn(FG)][Fn(w)(g’IS] =0
(A.1)
component-wise

Proof Usingtheformulation(74)

[Mn(F)Mn(G)[Fn(w) ® IS]]’rs-I—k,t

ﬁ /_W /jr [rn(M)Kn(w,0)Kn(o,A) ® F(’\)G(U)]rs+k,t d\do

= % / s B, (N Ky (w, 0)Kn (0, \)[F(N)G(0)]kt dAdo

—T J =T

s—1 ,r p-
= 2 | [ BOVKaw. ) Ko NF OG0 dAdo
=0

s—1

= Z [Mn(Fk,Z)Mn(GE,t)Fn(w)]r .
=0

Also, by asimilaragument

s—1

[Mp(FG)[Tp(w) ® IS]]rs+k,t = Z [Mn(Fk,ZGﬂ,t)Fn(w)]T .
=0

ThereforedefiningA,, £ M,,(F)M,(G) — M, (FG) leadsto

([ (w) ® LJAL Ap[Tn(w) ® L], ;
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n—1s—1
Z Z [An[®n(w) ® IS]]rs+k,p [An[®n(w) ® Is]]m+k,t
r=0 k=0
n—1s—1s—1s-1

= D3 D (IMa(Fi ) Ma(Gep) — My(Fip, Gp)ITn(w)], X
r=0 k=0 £=0 v=0
([Mn(Fr,0) Mn(Ge) — Mn(Fr e, Got)|Tn(w)]

r

Now, whenp = t thenthe scalarresult(44) givesthat this expressiondivided by K, (w,w) tends
to zeroasn — oo. Whenp # t it is first necessaryo upperboundthe above expressionusingthe
Cauchy—Scherzinequalityas|T's ABT,|? < |T% AA*T,,||Tx B*BT,,| beforeagainusingthe scalar
result(44) to concludethatthis overbound,and hencethe expressionof interest,alsotendsto zero
whendividedby K, (w,w) asn — oo. O

LemmaA.5. With the property (A.1) being undestood as the definingfeatue of the relationship
M, (F) ~ M,(G) asn — oo for genealisedblodk-Toeplitzmatricesdefinedby (74), thenfor F(w)
anyLipsditz continuousmatrix valuedfunctionthatis invertible

MY F) ~ M,(F~') asn — oo.

n

Proof.
[ (@) ® L] [M, (F) — My (F~ )T [M, (F) = Mo (F)][Tn(w) @ I] =

[T (w) ® L] — My (F) M (F~" My ()M (F)I = My(F)My(F~)][Ca(w) ® 1]

However, by lemmaA.4 M, (F)M,(F ') ~ M,(I) = I asn — oo sothatuseof the Cauchy—
Schwarzinequalityandthe bound|| M, (F~1)|| < ||F~!|l« completeghe proof. O
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