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A direct proof is given that for optimal linear filtering in additive white noise, the causal
(filtering) minimum mean-square error (MMSE) is equal to the non-causal (smoothing) MMSE
averaged over the signal-to-noise ratio.

Introduction: The optimal linear, minimum mean-square error (MMSE) estimation of stationary, continuous-time signals from noise-corrupted observations is a classical signal processing problem, whose solution dates back to the work of Wiener in the 1940s [1]. As shown by
Wiener, a lower bound on the MMSE achievable by any realisable (namely, causal) linear filter is
obtained by considering the associated unrealisable (non-causal) filter, in which access to noisy
measurements at all times t satisfying −∞ < t < ∞ is assumed. It is then a very straight1
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forward matter to derive a closed-form expression for the resulting so-called smoothing MMSE,
denoted Ps , directly in terms of the spectral densities of the signal and additive noise; see, e.g.,
equation (6) for the case of white noise with power spectral density N0 .
For the corresponding causal linear filtering problem, obtaining closed-form expressions for
the filtering MMSE, denoted Pf , proves not to be so straightforward. For certain special classes
of problems, however, formulas are known which express the filtering MMSE directly in terms of
the signal and noise spectra, circumventing the need to explicitly calculate the impulse response
of the optimal filter by the Wiener-Hopf spectral factorization technique. The first result in this
area was established by Yovits and Jackson [2] for the case of a rational signal spectrum and
additive white measurement noise; see equation (5) and [3, pp. 498–501].
A natural problem arising at this point is the quantification of the comparative advantage
of (non-causal) smoothing over (causal) filtering in terms of mean-square estimation error reduction, and indeed problems of this kind have been of long-standing interest [4]. Van Trees
compared the behaviour of Ps and Pf in the case of message spectral densities being inverse Butterworth polynomials, or from a Gaussian family [3, pp. 501–505]. Subsequently, Anderson and
Chirarattananon derived a universal lower bound on the ratio Ps /Pf in [5]; see also [6].
In very recent work, Guo, Shamai and Verdú [7] established a striking fundamental connection between filtering and smoothing MMSEs. This result is shown to hold under quite general
conditions, and asserts that for least-squares filtering in additive white noise, the filtering MMSE
is equal to the smoothing MMSE averaged over the signal-to-noise ratio. The Guo-Shamai-Verdú
result has an appealing graphical interpretation as follows. In Figure 1 is shown the filtering and
smoothing MMSEs as a function of signal-to-noise ratio γ = 1/N0 , obtained from equations (5)
and (6), for a particular choice of message spectral density S(ω), the details of which will be
presented shortly. The Guo-Shamai-Verdú result states that, for any signal-to-noise ratio Γ ≥ 0,
the areas of the shaded and cross-hatched regions are equal or, equivalently, that
Z
1 Γ
Ps (γ) dγ.
Pf (Γ) =
Γ 0

(1)

As already noted, the Guo-Shamai-Verdú theorem is shown in [7] to hold under quite general
conditions, including even a large class of nonlinear filtering–smoothing problems. The proof
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of (1) in [7] is information-theoretic, making use of input–output mutual information between
continuous-time stochastic processes, an incremental Gaussian channel device introduced in [7],
and Duncan’s theorem [8].
In this Letter, a direct proof of (1) is given for the important special case of linear estimation
and additive white measurement noise, thereby establishing a relationship between the nowclassical expressions (5) and (6) by means of a non-information-theoretic proof.
Optimal linear filtering and smoothing: Let s(t) be a zero-mean, wide-sense stationary scalar
continuous-time random process defined on −∞ < t < ∞, with (two-sided) power spectral
R∞
density S(ω) = −∞ R(τ )e−jωτ dτ , where R(τ ) = E {s(t + τ )s(t)} is the signal covariance.

The power spectral density S(ω) is assumed Lebesgue integrable, but not necessarily rational.

Noisy measurements z(t) = s(t) + n(t) are available for −∞ < t < ∞, where the noise
process n(t) is zero-mean, wide-sense stationary, independent of s(t) and white, with covariance
E {n(t + τ )n(t)} = N0 δ (τ ) and power spectral density N0 . Without loss of generality, it is
assumed that the average power of the signal process E {s2 (t)} = R(0) = 1, and the resulting
signal-to-noise power ratio 1/N0 is denoted by γ.
In this Letter we consider the least-squares performance of the conditional mean filtered and
smoothed estimates, respectively defined as
ŝf (t) = E{s(t) | z(τ ), −∞ < τ ≤ t},

(2)

ŝs (t) = E{s(t) | z(τ ), −∞ < τ < ∞}.

(3)

The precise forms of the filter and smoother are not of immediate relevance in this Letter.
Rather, we are interested in the minimum mean-square errors, defined for the filter and smoother
respectively as:
Pf = E{(s(t) − ŝf (t))2 },

Ps = E{(s(t) − ŝs (t))2 }.

(4)

For the signal model above, closed-form expressions for Ps and Pf are well known; see [2, 9]
for filtering, and [1, p. 496] for smoothing:
1
Pf (γ) =
2πγ

Z

∞

log (1 + γS(ω)) dω,
−∞
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(5)

1
Ps (γ) =
2π

Z

∞
−∞

S(ω)
dω.
1 + γS(ω)

(6)

Connecting optimal linear filtering and smoothing: To prove (1) directly, we proceed as
follows:
1
Γ

Z

0

Γ

Z
Z ∞
1 Γ 1
S(ω)
dω dγ
Ps (γ)dγ =
Γ 0 2π −∞ 1 + γS(ω)
Z ∞Z Γ
1
S(ω)
dγ dω
=
2πΓ −∞ 0 1 + γS(ω)
Z ∞Z Γ 0
f (γ, ω)
1
dγ dω,
=
2πΓ −∞ 0 f (γ, ω)

(7)
(8)
(9)

where f (γ, ω) = 1 + γS(ω), and the indicated derivative in (9) is taken with respect to γ. By
evaluating the inner integral we have:
Z
Z ∞
1 Γ
1
Ps (γ)dγ =
[log (1 + γS(ω))]γ=Γ
γ=0 dω
Γ 0
2πΓ −∞
Z ∞
1
=
log (1 + ΓS(ω)) dω
2πΓ −∞
= Pf (Γ),

(10)
(11)
(12)

and the result is established.
Illustrative example: To illustrate equation (1), consider a class of message processes s(t)
whose average power E{s2 (t)} = 1, and whose spectral densities are inverse Butterworth polynomials of order 2n and break-point frequency k rad/s [3, p. 502]:
S(ω) =

2n sin (π/2n)
.
k 1 + (ω/k)2n

(13)

For n = 2 and k = 1, Figure 1 shows the filtering and smoothing MMSEs Pf (γ) and Ps (γ),
computed by numerical integration of equations (5) and (6), respectively. Also shown are regions
RΓ
whose areas are ΓPf (Γ) (shaded) and 0 Ps (γ)dγ (cross-hatched) for a particular choice of Γ;

by equation (1) these areas are equal for any Γ ≥ 0.

Smoothing MMSE from filtering MMSE: By application of Leibniz’ rule to equation (1), it
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readily follows that
Ps (γ) = γ

dPf (γ)
+ Pf (γ),
dγ

(14)

thereby enabling the calculation of the smoothing MMSE from knowledge of the filtering MMSE.
Since (14) holds for the class of nonlinear filtering–smoothing problems considered in [7], it may
find application in situations where performance assessment of a smoother is desirable prior to
obtaining the explicit form of the smoother. Continuing the previous example, Figure 1 shows the
smoothing MMSE Ps computed by (14), using numerical differentiation of the filtering MMSE
Pf from (5). Excellent agreement is obtained between Ps calculated in this way, and the evaluation of Ps found by numerical integration as per equation (6).
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Figure caption
Fig. 1

Filtering and smoothing MMSEs for 4-th order inverse Butterworth polynomial mes-

sage power spectral density, with break-point frequency 1 rad/s

————–

Pf using eqn. (5)

--------

Ps using eqn. (6)

◦

Ps using eqn. (14)
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Figure 1
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