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Abstract

Asymptotic high order variance expressions for identified
models have found widespread use in e.g. optimal experi-
ment design, analysis of model accuracy and control. The
expressions derived in the 1970’s and 1980’s by Berk, Ljung
and others are valid for a wide range of operating conditions
and models such as restricted complexity models identified
from open loop data as well as full order models identified
from closed loop data. Throughout the 1990’s much atten-
tion has been devoted to the issue of identification of models
based on closed loop data. In order to, at least asymptot-
ically in the model order, be able to analyze the quality
of such models a corresponding high order variance theory
for restricted complexity models identified from closed loop
data is necessary. This paper provides this for models with
a fixed noise model. A novel variance expression, valid for
Gaussian signals, is derived. Simulations show that this
expression is surprisingly accurate also for non-Gaussian
signals.

1 Introduction

A result that has found great utility in practical appli-
cations of least-squares system identification methods
is that the sensitivity to measurement noise of the ensu-
ing frequency response estimate G(e~) may be quan-
tified as [1] [2]

n ®,(w)
N ®u(w) M

where @, (w) and ®,(w) are the measurement noise and
input excitation spectral densities (respectively), NV is
the length of the available data record, and n is the
order of the model G(e*).

The expression (1) has been instrumental for under-
standing the design variables in system identification
(3], 4], [5] and for optimal experimental design [6],
[71, [8]. Extensions of the expression (1) which cover
other model structures have been derived. Analysis
for Laguerre basis functions is provided in [9]. Or-
thonormal bases where the poles are repeated cyclically
0-7803-4394-8/98 $10.00 © 1998 IEEE

Var{G(e/)} ~

is treated in [10]. Recently, fixed denominator model
structures and extensions of ARX structures with fixed
noise model zeros have been treated in [11].

One missing piece has been high order variance expres-
sions for biased models in closed loop. This means that
there is currently no high order variance expression for
methods that employ fized noise models such as out-
put error, finite impulse response, Laguerre, Kautz and
fixed denominator models. The contribution of this pa-
per is such a resulit.
2 Problem Formulation

The problem studied in this paper is one where N point
data records of an input sequence {u;} and output se-
quence {y:} of a linear time invariant system are avail-
able. It is assumed that this data is generated as follows

ye = G(q)us + H(q)e;

Here G(g) is an unknown transfer function describing,
in terms of the forward shift operator g, the system dy-
namics that are to be identified by means of the obser-
vations {u¢} and {y;}. The output measurements {y,}
are corrupted by a zero mean stationary noise sequence
vy = H(q)er where H(q) is stable and stably invertible
and monic transfer function and {e:} is a zero mean
white noise sequence with variance E{e?} = o2 < oo
and with E{|e;|*t?} < oo for some § > 0. The input
{u:} is assumed to be quasi-stationary in the sense used
by Ljung [7] so that it has an associated spectral density
®,(w) > 0 which is assumed to be Lipschitz continuous
of some order ¢ > 0. The spectral density of the noise
process {v;} is denoted as ®,(w) = o?|H(e™)|? and is
also assumed to be positive and Lipschitz continuous
of order € > 0.

The identification schemes considered here are ones in
which the prediction error framework (7, 12] is used.
This requires a model structure

¥t = G(q,0™)us + H(q,6")e, (2)

parameterised by a vector §* € R™ to be employed
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which is of the form

G, 0™) =3 ge(0™)q™*, H(g,6") =1+ hi(8™)q*.

k=1 k=1
This structure implies the following one step ahead pre-
dictor
5:(0™) = (1-H (g, 6")lys+H " (¢,6™)G(q,8™)ur (3)

and associated prediction error

e (6™) £y, — 52 (67) (4)

so that if the quadratic criterion
1 X

V, ny4 > 2 o

W) £ 5 3 el

is employed, then based on the N point data observa-
tion, a least squares estimate 6% of " may be found
as

0% £ argmin Vy (67). (5)
meR"

The theory pertaining to the properties of such a

method is very rich. Germane to this paper are the
properties that [7, 12]

“n a.S.
0% 2567 as N —» o0

where with E{-} denoting expectation over the under-
lying probability space that any random variables are
defined on

6" £ argmin hm E{VN~n(™)}. (6)
aﬂERn

As well (7, 12]

VN(@’,{,—O?)&N(O,P,;), as N = oo
where
P, 2 R7'Q.R;! (7)

and with the definition of the prediction error gradient

Pe(™) as

ny _ 48:(6™)
¢t(0 ) - d9"
then

d2Vn (6)
A . N
R, = 1\}‘3‘005{ ETTES

|
=07

n n T
and Qn 2 limy_yo, NE {MQ (20 }

= Jim ~ Z Sk {0002 0o (63)T e (02)ee(63) }

t—l =1

A key contribution of [1, 2] is to recognise that in appli-
cations, often the quantification of the parameter space

properties of 5}‘\, are of secondary importance to their
influence on the associated properties of G(e/“, %) and

H(edv, o %). For the purposes of analysing the latter, it
is expedient to define the composite transfer function

T(g,0™) £ [G(q,6™), H(g,6™)] (10)
and argue by Taylor expansion that

Oy (w) & (e, 8%) - T(e??,67)

d w pgn T an n an n
= [ g em]| @ )+ o1 - e21)

where here || - || denotes Euclidean norm so that with
the notation IT' (e, §7) £ dII(e/¥,6™)/d8"

VN Iy (W) 25 N (0, Ap(w)) (11)
where with -* denoting ‘conjugate transpose’
An(w) = [IU(e™, )] Pall'(e,67)  (12)

and this suggests the approximation

NE {I'IN(w)H (w)} An(w).

Unfortunately, the evaluation of A,(w) is always too
complicated to be useful. A key contribution of [1, 2]
is to observe that in contrast to the intractability of
Ay (w), the limit

. N .1 A
wlim SE{IN @R @)} = lim An) £ A@)
does have a simple and useful form; for example A(w) =
&, (w)/®,(w) for FIR model structures [2].

The suggestion of 1, 2] is to then assume that even
for finite N and n it can reasonably be expected that

n~!A,(w) has approximately converged to the simple
form A(w) so that

E {nN } ~ —A(w) (13)

is a good approximation. The validity of this strategy
is argued via numerical example in [1, 2], and indeed it
has won widespread acceptance as a tool for analysing
the performance of least squares estimation schemes;
see for example [13, 14, 15, 8].

3 Fixed Denominator Model Structures

In this contribution we shall use a common form of
fixed denominator model structures

n—1
G(q,6™) £ D;'(q) D_6pd*, H(g,0M) =1 (14)

with Dy, (q) (q &) for some user chosen poles
{&}eD £ {z e C : |z| < 1} where C denotes the
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field of complex numbers. For a more general type of
‘fixed denominator’ model structures see [11].

Specialised ‘orthonormal’ versions of this structure
have recently attracted significant research attention [9,
16] where it has been suggested that although the
choice & = 0 in (14) gives the common FIR structure,
it is intuitively more reasonable to choose the poles
{&} according to prior knowledge so as to be close to
the suspected true poles of G(g).

4 Quadratic Forms of Generalized Toeplitz
Matrices

This section provides some results on generalized
Toeplitz matrices which are useful when deriving
asymptotic variance expressions.

Let the set {Bi(¢q)} be a particular orthonormal ratio-
nal basis [17] defined by

\/1'-|5k12 (1—?,,:(1)
By ( 15

q- Ek 71—_1 q Em ( )
where the poles &, are restricted to lie strictly inside the
unit disc. For any continuous complex-valued function
f we define the generalized Toeplitz matrix M, (f) as

& / T(@)Th(w)f(w)dw  (16)
where
To(2) £ [Bo(2), Bi(2), -+, Bt ()T (17)

Define the ‘reproducing kernel’ K,(z,p) associated
with the space X, £ Span{By,B1,--,Bn_1} as

-1
Kn(za “) = ZBk(p’)Bk(z)s z,p€C. (18)
k=1

The following result is shown in in [18].

Theorem 4.1 Provided ¥ (1 —|£x|) = oo then for any
possibly complex valued but continuous f

1 flw) w=A,
Jn M = { 7823
(19)

Two n X n matrices A, and B, are asymptotically
equivalent, with notation

Ap ~ B, asn— oo, (20)
if for all w € [—m, 7
o TA@)An = BulAn = Bi]*Tn(w
n—00 Kp(w,w)

The utility of this idea is that if A, ~ B, as n — o0
then the asymptotic consideration of quadratic forms
of A, and B, in I',(w) are identical.

In [18] the following group structure of generalized
Toeplitz matrices is shown.

=0. (21)

Theorem 4.2 Let f and g be any (possibly complex
valued) functions that are invertible and Lipschitz con-
tinuous of some order € > 0, and if all the poles {&}
are chosen in some closed subset of the open unit disc
D, then

ML (f)Mn(g) ~
M) ~

M.(fg) asn— o0, (22)
n(1/f) asn - oco. (23)

5 Variance Error for Fixed Denominator
Model Structure

For fixed denominator structures (14), (12) reduces to

(W) Prl'p(w)

(24)
where P, is defined by (7). In order to obtain a useful
asymptotic expression for the right-hand side of (24),
the idea is to massage P, into a form such that Theo-
rem 4.1 can be used.

E{IG(e,07) - G(e™,60)} =T

The key observation is that the analysis of models of
the type (14) can be facilitated by a reparameterization
in terms of the basis functions (15)

n—1

G(g,6™) = > 07Bi(q), H(g,6")=1  (25)
k=0

Note that in the fixed denominator case the prediction
error gradient 1, is given by

wt(eg) = Fn(Q)D;I(q)ut = F"(Q)U;

where u, £ D;!(q)u;. Therefore, dy;/dé™ = 0 so that

from (8)
1 N
Rn= lim = E{(60)] (62)}.  (26)
t=1

Using (26) and Parseval’s Formula R,, is a generalised
Toeplitz matrix of the form

Rn = Mn(q)u)' (27)

For @), such a simple expression exists only asymptoti-
cally. The classical case when data are collected in open
loop or the noise spectrum can be modelled perfectly
has been thoroughly treated [1] (2, 9, 10] for various
types of model structures. The novelty in this contri-
bution is that we consider the case where data may be
collected in closed loop with a fized (possibly incorrect)
noise model. For Gaussian signals, Lemma A.1 gives
that

Qn ~ Mn(Pu(w)®e (v, 65)) (28)

regardless of how the data has been generated and if
the noise model is correct or not.
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Using (27)-(28) in (7), Theorem 4.2 gives that

)

Combining this with Theorem 4.1 gives the following
main result of this paper.

. (w,07)

B,() 29

Pn~Mn(

Theorem 5.1 Let both {u:} and {e:} be Gaussian dis-
tributed, zero mean stationary stochastic processes.

With 5% calculated via (5) using the model structures
(14), (25) or any other structure with the same fized
poles {&x} all chosen to lie within the open unit disk D
then with Kp(w,w) = Kp(e?”, ) given by (18) and
in the limit as N — oo

]—1/2 (

v |
2 N(0,Zn(w, )
where, provided all the poles {£x} are chosen in a

closed subset of D and ®,(w), ®,(w) are Lipschitz con-
tinuous of some order € > 0,

0
Kn(\ )

Kﬂ(w)w)
0

(Xdi@ﬁ
G(e?, 0%

) = G(e?*,67)
)—G(ejkaog)

2w 85
‘ By (w) -
B N Y
.00

Here ®.(w,07) is to be interpreted as the spectral den-
sity of the prediction error residual sequence {e,(6™)}
defined in (4) evaluated at ™ = 07, the latter being
defined in (6).

Corollary 5.1 Under the same conditions as the pre-
vious theorem, but with a strengthened requirement that
E{ef} < oo then

. . jw An jw gny(2
i, ooy UC(E %) = G, )}
Pe(w,03) _
T %u(w) (30)
Proof:  Follows using the methods in Appendix 9B
of [7]. n

By drawing on the precedent of {2, 1] the new asymp-
totic result (30) suggests the approximation

1 &, (w,0") 32 -
%0 ) §7 |Br(e??) 2.
EX) kzzol k(e”)|

Var {G(e,07)} ~ ~
(31)

Typically the limit
P (w) 2 lim &, (w,07)
n—r00

exists. The spectral density ®..(w) is the spec-
trum of the prediction error which is obtained when

limpy_ o0 E {’1%7 Zf;l(yt - G(q)ut)z} is minimized over

all causal stable transfer functions G(g). The model

)
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G (g) that gives the smallest criterion is called the limit
model. In the open loop case, the limit model equals
the true system, i.e. G(g) = G(g). This means that
®.+ (w) = ®y(w) and the classical result [1] (1) is re-
covered for FIR models since then |By(e?)| = 1. The
new result thus encompasses the existing theory.

6 Numerical Illustration

To illustrate the result (31), we will study the system

ye = G(qut+ H(q)e: (32)
q!

Gla) =09 Td = 08T =07 O

H(g) ! (34)

(1-0.9¢-1)(1+0.9¢71)(1 + 0.9¢-1)
The Bode diagrams of G and H are given in Figure 1.

The noise e is Gaussian with zero mean and variance
2
o° = 0.01.

System Ge"
RETes TiiatD

7o'

Figure 1: Bode plot of true system frequency function
G(e*”) and the noise model frequency function

H(e™).

The system (32)—(34) is controlled by the following pro-
portional controller

ug = K (re — yt) (35)

where the gain K = 0.03 and where the reference signal
74 is zero mean Gaussian white noise with unit variance.

This gives a closed loop system with two poles at 0.94

and one pole at 0.57. The response to a square wave
reference 7 is given in Figure 2.

Figure 2: Output response to a square wave reference.

The open loop system G(g) is identified using a finite
impulse response model

n
ve=9 Ok +ve = G(q,0)u +v:  (36)
k=1



Since no noise model is included and the data are col-
lected when the system is operating in closed loop, one
should expect a biased estimate of G(g) no matter how
large n is used. An approximation of the limit model
(imp 00 G(g,07)) is given in Figure 3. Comparing
with the true frequency response G(e®’) we also see
that there is a significant bias, both at low and at high
frequencies. The approximate limit model has been
obtained using identification with model order n = 90
and N = 50000.

Fran Troamney fanation
TIh temsiatney ]

Figure 3: Gaussian experimental conditions: Bode plot
of true system frequency function G(e*’) and
the limit model.

The variance

Var(G(e, 83)} = B |[G(e, 3%) - G(e™, )

]
(37
has been estimated using Monte Carlo simulations for
N = 1000. The limit 67 was taken as the mean of the
GA% for the different simulations. In Figure 4, the Monte
Carlo estimate (using 500 simulations) of the variance
(37) when the model order n = 80 is plotted together

with the standard variance expression (1) and the new
expression

n & (w,07)

Var{G(e’,0%)} ~ ¥ ouw)

(38)

Clearly, (38) reflects the true variance much better than

(1).

Sampie Var
Extonded Theory
EXiating Theory

E

1o Tor

Figure 4: Gaussian experimental conditions: Variance of
estimated frequency function for model order
n = 80.

To test the sensitivity of (38) to the underlying assump-
tions, a set-up with non-Gaussian signals was tested.
Instead of a white reference, a square wave with a pe-
riod time of 250 and unit amplitude was used. Further-
more, the noise was taken to be binary with variance
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0% = 0.01. For these experimental conditions, the limit
model® is given in Figure 5.

rue fraau
el

oy fuh:l(unJ

1o Sor To" o

Figure 5: Non-Gaussian experimental conditions: Bode
plot of true system frequency function G(e*)
and the limit model.

Then, by Monte Carlo simulations, the estimated vari-
ance of the estimated frequency function is given in
Figure 6 together with the theoretical high order vari-
ance expressions. Rather surprisingly, (38) is a good
measure of the variance in this non-Gaussian set-up
also.

[—

Sampie Var
Extended Theory
Existing Theory

o o 10%

Figure 6: Non-Gaussian experimental conditions: Vari-
ance of estimated frequency function for model
order n = 80.

7 Conclusions

In this contribution we have derived a novel high or-
der variance expression for the estimated frequency
function. The expression applies to models with fixed
noise model under the assumption of Gaussian signals.
Contrary to previously reported results, the expres-
sion holds regardless of whether the data is collected
in closed loop or open loop. The expression is iden-
tical to the existing variance expression save that the
noise spectrum is replaced by the spectrum of the pre-
diction errors corresponding to a model identified with
an infinite amount of data.

In simulations it has been shown that the novel variance
expression provides useful information about the model
variance also when the signals are non-Gaussian.

It is believed that this expression will be of impor-
tance when developing restricted complexity identifi-

!Notice that the limit model has changed compared to the
previous experimental conditions, see Figure 3. The reason is
that the limit model is the model which minimizes (5) over all
causal transfer functions and the criterion (5) depends obviously
on the experimental conditions such as the spectrum of the ref-
erence signal



cation methods for systems operating in closed loop.

A Auxiliary Results

Lemma A.1 Suppose that {u:} and {e:} are both realisa-
tions of zero mean Gaussian distributed stationary stochas-
tic processes and the orthonormal model structure (25) is
employed. Then regardless of whether the data is collected
in open or closed loop the matriz Q. defined in (9) obeys

Qn ~ M (D0 (w)®e(w,63))

as n — oo where the matriz formulation M, is defined in
(16) and ®.(w,03) is the spectral density of the prediction
residuals {€.(8™)} defined in (4) and evaluated at 8™ = 63
defined in (16).

Proof: From the definition (9) after using the stationarity
assumption and the change of variable 7 = k + m and re-
grouping terms

N

jm, > (1- &) e{mvtrenemrenr o},

N=oo
r=-—

Qn

i E{zpkzp{_,sk(e:)ek_r(oz‘)},

T=w00

where the properties of Cesaro means have been used in
progressing to the last line. Using the Gaussianity assump-
tion and the formula for fourth moments of jointly Gaussian
random variables [12]

E{ 0o  en(0D)eer(02)} = E {wnvl_, } E{e(00)er—r(63))

+E (Vi (00)} E {u_en(0D)}

where use is made of the fact that by the definition of 67,
E{Yrex(65)} = 0. Furthermore, using Parseval’s Theorem
(suppressing the dependence on 67)

i E{z/:kwkT_,}E{skek_,} = Mn(3.%.).

T==—00

Using an identical line of argument

% E{Yrer—r}E {11’:{_#?1:}

T==~00

1 xis
= ——f T (w)TT ()92, (w) dw £ Xn.
2n J_p

Now, in the case of all the poles {{;} being real, then since
Bi(e’*) = B (e~iv)

I (W) Xnln(w) ‘ <

|Buelle [T
Kn(w,w) | Kn{X, w)|| Kn(—w, A)| dA.

2n Kn(w,w) Jon

However, in [18] it is shown that expressions of this form
tend to zero with increasing n provided all the poles {£x}
are chosen within the open disc D. This same result can
also be shown to hold for the {£x} being complex, but at
the expense of considerably more involved arithmetic which
is not appropriate to document here. Therefore, since Qn, =
M, (®.9.)+ X, and it has just been established that X, ~
0 as n — oo, then Qn ~ M, (®,®.) as n — oo. n
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