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Abstract: Thispaperaccuratelyquantifiestheway in which noiseinducedestimationerrors
aredependentonmodelstructure,underlyingsystemfrequency response,measurementnoise
andinput excitation.This exposesseveralnew principles.In particular, it is shown herethat
whenemploying Output–Errormodel structuresin a prediction-errorframework, then the
ensuingestimatevariability in thefrequency domaindependson theunderlyingsystempole
positions.As well, it is alsoestablishedthatthevariability is affectedby thechoiceof model
structure,in thatit is twiceasmuchwhensystempolesareestimatedaswhenthey area-priori
known andfixed,even thoughthe modelorderis the samein bothcases.Theseresultsare
unexpectedaccordingto pre-existing theory.
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1. INTRODUCTION

Whenidentifyingasystemmodelonthebasisof observed
data, it is essentialto quantify the likely error in that
estimatedmodel.Typically, this consistsof two compo-
nents.Thefirst, aso-called“biaserror”, is theresultof the
modelstructurebeinglesscomplex thanthesystembeing
estimated.Thesecond,called“varianceerror”, is caused
by corruptionof theinput-outputdatameasurements.

Whenthe latter canbe modelledasan additive stochas-
tic process,and the underlyingsystemis linear, then it
is arguablethat the total error in any identified model
that passesa validation test is dominatedby variance
error(Ljung andGuo1997).

In this commoncase,thequantificationof estimationer-
ror thenbecomesa questionof assessingvarianceerror.
In relation to this, if the widely used prediction-error
methodwith a quadraticcriterion is employed, then a
seminalresult is that noise-inducederror, as measured
by the variability of the ensuingfrequency responsees-
timate

���	��

����������� , may be approximatedas (L.Ljung
1985,L.Ljung andZ.D.Yuan1985,Ljung 1999)

Var� ����� 

� � �� �� �������� �  !#" �%$ �'& (1)

Here �  and
!#"

are, respectively, the (white) measure-
mentnoiseand(possiblycoloured)input spectraldensi-
ties,and

�� �� is the predictionerror estimatebasedon
�(

Thiswork wassupportedby theAustralianResearchCouncilandthe
Centrefor IntegratedDynamicsandControl(CIDAC). It wascompleted
while the first authorwasvisiting the Departmentof Sensors,Signals
andSystems(AutomaticControl), The Royal Instituteof Technology,
Stockholm,Sweden,

observed datapointsof a vector
���*)*+ �

that parame-
terisesa modelstructure

����,-�
�.� � for which (essentially)�0/21'354 ���768�	9�: � where ; is the numberof denomina-
tor polynomialsto be estimatedin the model structure.
In what follows in this paper, the Output–Errorcaseof�2/=< 6>9 will beexclusively considered.

Apart from its simplicity, a key factor underlying the
importanceand popularity of the approximation(1) is
that, accordingto its derivation (L.Ljung 1985,L.Ljung
and Z.D.Yuan 1985, Ljung 1999), it appliesfor a very
wide classof so-called‘shift invariant’ modelstructures.
For example,all the well known FIR, ARX, ARMAX,
Output–ErrorandBox–Jenkinsstructuresareshift invari-
ant(L.Ljung 1985).As well, asshown in (Ljung 1999),it
alsoapplieswhennon-parametric(spectralbased)estima-
tion methods(Brillinger 1981,Ljung 1999)areemployed
provided that the � term in (1) is replacedby one de-
pendentonthenumberof datapoints(andthewindowing
function)used.

Therefore,theonly influencethatthechosenmodelstruc-
ture hason the right handside of (1) is in termsof its
order, andbecauseof this thebelief thatVar� ����� 

� ���� �� ���
is invariantto the particularchoiceof � ’ th ordermodel
structurehasbecomea fundamentaltenetof systemiden-
tification.

Furthermore,it isalsoheldasaxiomaticthatVar� ������

�?�������@���
doesnot dependon the underlying true frequency re-
sponse,again on accountof the right hand side of (1)
beingindependentof thatquantity;see,for example,the
work (ForsellandLjung1999,Geversetal. 2001,Forssell
andLjung 2000,Zhu1998).

In relationto theseconclusions,a seriesof recentcontri-
butions(Wahlberg 1991,Wahlberg 1994,P.M.J. Vanden



Hof et al. 1995,Ninnesset al. 1999b) hasestablisheda
varianceerror quantificationthat is an extensionof (1)
andwhich is applicableto certainmodelstructureswhich
have polesor zerosfixed accordingto prior knowledge.
For example,if anFIR structureis generalisedsothat its
fixed poles �BA�C ��D�DBD�� A�E@F � � arenot necessarilyall at the
origin, then(Wahlberg 1991,Wahlberg 1994,P.M.J. Van
denHof etal. 1995,Ninnessetal. 1999b) hasshown that
in theinterestsof maximallyaccurateapproximation,the
quantification(1) shouldbemodifiedto become

Var� ����� 

� � �� �� �����HG� �  ! " �%$ � E@F �IJ�K C GMLON A J N  N � 

� L A J N  & (2)

Note that (2) reverts to (1) for the FIR caseof A J /QP .
Furthermore,in (Ninnesset al. 1999b) it hasbeenshown
that for ARX model structureswith fixed noise model
zeros, again not necessarilyat points �BA�C ��DBD�D�� A�E@F � �
which are at the origin, then again the expression(2)
ratherthen(1) shouldbeusedin theinterestsof providing
themostaccurateapproximationof Var� ���	��

��� ����� ��� .
For boththesegeneralisedFIR andARX caseswhere(2)
is preferable,when actually computing

����� , the process
of incorporatingthefixedpolesor zerosmaybeachieved
by first pre-filtering the input datawith an all-pole filterR ��, � , andthenusinga conventionalFIR or ARX struc-
ture(Ninnesset al. 1999b).

The previous work (Wahlberg 1991, Wahlberg 1994,
P.M.J. Van den Hof et al. 1995, Ninnesset al. 1999b)
has thereforeillustrated that the effect of pre-filtering
on Var� ������

���������S��� cannotbeaccommodatedby simply
makingthe substitutions

! "UTV N R N  ! " , �  TV N R N  �  .
Insteadthefilter pole locations �WA J � mustbedirectly ac-
countedfor via (2).Thisestablishesthatthequantification
of Var� ������

������������� cannotbeexpressedin amannerthat
is invariantto thenature(roughlyspeaking,smoothness)
of theinput andnoisespectraldensities.

Thecontribution of this paperis to extendthis resultand
in fact establisha more fundamentalprinciple. Namely,
despitewidely heldbelief,Var� ����� 

� ���� �� ��� is not invari-
ant to either the model structure,or the underlyingtrue
frequency response.

Thesenew ideasare establishedby examining the esti-
mation of Output–Errormodel structuresin which case
when �WA�C �BD�D�D�� A � F � � aretheestimatedpolesof

����,-� ����� � ,
thenthe main resultof this paperis to establishthat the
expression

Var� ����� 

� ���� �� ����� 9� �  !#" �%$ � E@F �IJ�K C GMLXN A J N  N � 

� L A J N  (3)

is a significantly more accuratequantificationthan the
widely heldone(1).

As an exampleof the consequencesof this expression,
comparing (3) with (2) indicates that the variability
Var� ������

�?� ��.�� ��� associatedwith estimatingamodelwith
fixed known poles �BA C ��DBD�D�� A E@F � � , andhenceonly esti-
matinga numerator, is only onehalf thevariability asso-
ciatedwith a modelwherethepolesareestimated.Since,
roughly speaking,twice as much information is being
estimated,this resultmakesintuitivesense.However, it is

completelyatoddswith pre-existingthoughtderivedfrom
(1) which(sincethenumberof denominatorspolynomials; / G in bothcases)wouldindicatethatVar� ������

�?�����������
is invariantto whetherpolesareestimatedor not!

2. PROBLEM FORMULATION

The problem setting consideredhere is one in which
a model structure is used to describethe relationship
betweenan observed input datarecord �BY[Z � andoutput
datarecord �W\>Z � as\>Z / ���	,-�
� � � Y]Z_^ � Z & (4)

Here � � Z � is a zero-meanwhite noisesequencethat sat-
isfies E � �  Z � /`�  � E � N � Z N acbed �*fhg for some ikj P
and

����,-�
�.� � is atransferfunction,rationalin theforward
shift operator

,
, andparameterisedby a vector

�.�l)m+n�
.

In this case,the relationship(4) is commonlyknown as
an ‘Output–Error’ modelstructure,andthe mean-square
optimal one-stepaheadpredictor �\ Z �%��� � basedon this
modelstructureis (Ljung 1999)�\ Z �%� � � / ���	,-�
� � � Y Z
with associatedpredictionerroro Z ��� � �qp \>Z L �\>Z �%� � � / \>Z L ����,-�
� � � Y[Z & (5)

Usingthis,aquadraticestimationcriterionmaybedefined
as r � �%� � � / G9 � �I Z K � o  Z ��� � �
and then usedto constructthe predictionerror estimate����� of

�.�
as �� �� p=s>tcu 4v35wxcy{z�|qy r � �%� � � & (6)

As hasbeenestablishedin (Ljung 1999),undercertain
mild assumptionson thenatureof the input �WY Z � (which
will be discussedin detail later), the estimate

��.�� con-
vergeswith increasing

�
accordingto} 354��~�� �� �� / � �� p=s>tcu 4v35wxcy{z�|qy } 3�4�M~�� E � r � �%� � ��� (7)

with probability one. As well, it also holds that as
�

increases,theestimate
����� convergesin law to aNormally

distributedrandomvariablewith meanvalue
� �� according

to (L.Ljung and P.E.Caines1979, Caines1988, Ljung
1999)� � ���� �� L � �� ���L V�� � P ��� �8� � as

� V g & (8)

The <S��< ‘covariancematrix’
� � in (8) is definedin terms

of two othermatrices� � and � � as� � p � F �� � � � F �� (9)



which themselvesarespecifiedas� � p } 354��~�� G� �I Z K ��� E ����Z ��� �� � �#�Z ��� �� �B� L
E � o Z �%� �� �M� 1 �?Z �%�.� �1 � � � ����� (10)

and� � p } 3�4�M~�� �IZ � � K � E �.��Z ��� �� � �#�� ��� �� � o Z �%� �� � o � ��� �� �B� & (11)

The quantity � Z ����� � in the precedingexpressionsis the
predictionerrorgradientgivenby�?Z �%� � ��p�1 �\ Z �%�.� �1 � � / 1 ����,-�
�.� �1 � � Y[Z & (12)

While an asymptoticdistributional result like (8) is very
satisfying theoretically, for practical applicationsit is
ratherlessappealing,mainly due to the (just presented)
intricatedefinitionof

� � via � � � � � and � Z ����� � .
In responseto this, the seminal work (Hannan and
Nicholls 1977, L.Ljung 1985, L.Ljung and Z.D.Yuan
1985, Ljung 1999) has proposeda solution by investi-
gating how (8) manifestsitself in the variability of the
frequency response

���	� 

� ���� �� � ; theresultbeingapproxi-
mationssuchas(1).

The pathtowardsachieving this involvesnoting that ac-
cordingto a first orderTaylor expansion,therelationship
betweenfrequency domainandparameterspaceestima-
tion errorsis givenas���	� 

� � �� �� � L ����� 

� �
� �� � / � 1 ����,-����� �1 � � ¡¡¡¡ xcy K x y¢ � � ��£�� �� L � �� � ^¥¤ ��¦B�� �� L � �� ¦ � & (13)

Therefore,a consequenceof (8) is thatas
� V g� � § ���	� 

� � �� �� � L ����� 

� �
� �� �£¨ �L V�� � P �c© � �ª$ ��� (14)

where © � �ª$ �qp � 1 ������

�?�
��� �1 � � ¡¡¡¡ x y K x y¢ � � � � �� 1 ����� F 

�?�
�.� �1 � � ¡¡¡¡ x y K x y¢ � & (15)

Themaincontributionof thispaperis to rigorouslyestab-
lish that this quantity

© � �%$ � may be accuratelyapprox-
imated(or in somecasesexactly quantified)by the sim-
ple expression(3), andfurthermorethat the pre-existing
quantification(1) canbeunreliable.

3. MAIN RESULT

It is also important to emphasisethat a crucial aspect
of this paperis the recognitionof the needto carefully

considerthe relationshipbetweenthe modelorder � for
which a varianceerrorquantificationis requiredandany
underlying ‘true’ systemorder. Indeed,given the usual
complexity of real-world dynamics,any assumptionthe
existenceof a truemodelordercouldbequiteinappropri-
ate.

In relation to this issue, the work here takes the per-
spective that, while on the one handit is reasonableto
assumethatundermodelling-inducederrordecreaseswith
increasingmodelorder � , it is alsoreasonableto assume
that the modelorderof interesthasnot surpassedan un-
derlying true order, andhencedoesnot imply pole-zero
cancellationsin the(asymptoticin

�
) estimatedsystem.

This last premiseis consideredto be a realistic way of
avoiding thesuppositionof a truemodelorder, while still
consideringthatsomesortof modelvalidationprocedure,
that checksfor the appropriatenessof an Output–Error
structure(eg. in termsof residualwhiteness),andat the
very leastchecksfor pole-zerocancellation,is partof an
overallestimationanderror-quantificationprocess.

With thesepreliminarycommentsin mind, the following
TheoremandCorollaryprovide formal statementsof the
maintechnicalresultsof this paper.

Theorem3.1. Supposethat
��.�� is calculatedvia (6) using

the Output-Errormodel structure(4) so that �«/¬< 6>9
andthat the resultantasymptoticin

�
estimate

����­]�
� �� �
definedvia (7) haspoles �BA�C ��D�DBD�� A�E@F � � all lying in a
closedsubsetof theopenunit disk ® . Thenwith¯ E �ª$ ��p E@F �IJ�K C GMLON A J N  N � 

� L A J N  (16)

andin thelimit as
� V g� �h° ¯ F ��±  E �ª$ � PP ¯ F ��±  E �	² �]³ ° ���	� 

� ���� �� � L ����� 

� �
� �� ����	� 
c´ ���� �� � L ����� 
c´ �
� �� � ³�L Vµ� � P ��¶ E �%$·�c² �
�

whereprovided

(1) �BY[Z � is quasi-stationarywith
!#" �%$ � ) Lip

�	¸ � for
somȩ j P ;

(2)
����­]�
�.�� � containsno pole-zerocancellationfor any
modelorder �2/X< 6�9 ;

(3) Certainboundsquantifyinghow much � o Z �%���� ��� dif-
fers from white noise are satisfied(Ninnessand
Hjalmarsson2001a),

thenfor
$*¹/ ²} 354E ~�� ¶ E �ª$·��² � / 9 �  v° ! F �" �ª$ � PP ! F �" �	² � ³�& (17)

Proof: See(NinnessandHjalmarsson2001a).

Theimplicationof this resultis thatsinceit assertsthat} 3�4E � �M~��
� �¯ E �%$ � § ��� �� �� � L ����� �� �º¨�» � � P � 9 �  !#" �%$ � �

thenonecouldexpectthattheequalityshouldnearlyhold
for finite � and

�
sothat



����� 

� � �� �� � L ����� 

� �
� �� �q» � � P � 9 �  � ¯ � �ª$ �!#" �%$ � �
and

E ¼ N ���	� 

� ���� �� � L ����� 

� �
� �� � N  -½ �9� �  !#" �ª$ � E@F �IJ�K C GMLON A J N  N � 

� L A J N  & (18)

aregoodapproximations.

However, in many applications,it may be very unap-
pealingthat quantificationslike (18) dependon asymp-
totic in modelorder � arguments.In responseto this, it
is in fact possibleto provide expressionsthat are valid
for arbitrarily small � , but (in general)at the expense
of more restrictive assumptions;see also(Ninnessand
Hjalmarsson2001b).

Corollary 3.1. Under the conditions imposedin Theo-
rem3.1,togetherwith furtherassumptionsthat

(1)
!#" �%$ � /¿¾ a constant;

(2) � o Z �%���� ��� is azeromeani.i.d. processof variance�  
then} 3�4�M~�� � E ¼ N ����� 

� ���� �� � L ���	� 

� ��� �� � N  '½ / 9 �  ¾ ¯ E �%$ � &
Proof: See(NinnessandHjalmarsson2001a).

Thatis, in thecaseof white inputexcitation
! " /*¾ , then

theaccuracy of thequantification

E ¼ N ����� 

� � �� �� � L ����� 

� �
� �� � N  ½ � 9 �  � ¾ ¯ E �ª$ �/ 9 �  � ¾ E@F �IJ�K C GMLON A J N  N � 

� L A J N  
dependsonly on the amount

�
of data. It is therefore

applicable for arbitrarily low model order, as will be
illustratedin thefollowing simulationsection.

4. SIMULATION EXAMPLE

Thesestudies are organisedaccording to the type of
systemsimulated,the colouring of the input spectrum
and the amount

�
of observed data. In particular, the

following systemsareconsidered.

System1:Low-Order ����, � / P7& G��, L P7& À � �
System2:Mid-Order����, � / P8& P�Á ��, L P8& Â � ��, L P7& À ��	, L P8& À�À � ��, L P8&ÄÃ � �	, L P8& Á � �
System3:Low-Order Resonant����, � / P8& P�Å>Æ 9>, ^ P8& P�Å.Å�P��, L P8& À.Ç � 
�È ±��  � ��, L P7& À{Ç � F 
�È ±��  � �

Sys
Input Spectrum

Coloured WhiteÉXÊÌËBÍ�Í>Í>Í ÉkÊÏÎ>Í>Í ÉXÊÐËWÍ>Í>Í>Í ÉXÊÏÎÑÍ>Í
1 Fig 1(a) Fig 1(b) Fig 2(a) Fig 2(b)
2 Fig 3(a) Fig 3(b) Fig 4(a) Fig 4(b)
3 Fig 5(a) Fig 5(b) Fig 6(a) Fig 6(b)
4 Fig 7(a) Fig 7(b) Fig 8(a) Fig 8(b)

Table1. Organisationof SimulationExamples

System4:Mid-Order Resonant����, � / P8& G�G ÃÑÁ ��, ^ Â8& P{Ã 9�9 � ��, ^ P7& Â.Á{Ã 9 � �	, ^ P8& P�À>Æ{Â ��	, L P8&ÄÃ>Ç �ÑÒ 
�È ±cÓ � ��, L P8& À.Ç �ÑÒ 
�È ±��  � &
For eachof thesesystems,two casesof inputspectrumare
examined! " �ª$ � / GG & 9 Ç LÕÔ�Ö.× $ and

! " �ª$ � / G
and for eachof thesespectra,both long (

� / G P � P�P.P )
andshort(

� / 9 P�P ) datalengthsareemployed.

For all these situations,white Gaussianmeasurement
noiseof variance�  /ØP8& P�P�P G is added,andanOutput–
Errormodelof orderequalto thetruesystemis fittedover
10000differentinputandmeasurementnoiserealisations.
This allows the computationof the true estimatevari-
ability via sampleaverageover theseMonte–Carlosim-
ulations,which is thencomparedto the new expression
(3) aswell asthe pre-existing one(1) in figures1–8and
accordingto theorganisationgivenin table1.

In eachof thesefigures,(theestimateof) thetruevariabil-
ity is shown asa solid line, the new varianceexpression
(3) of this paperis shown asa dashedline, andthe pre-
existing approximation(1) is illustrated via a dash-dot
line. Theexaminationof all theseexamplesrevealssome
importantpoints.

Firstly, thenew approximation(3) is clearlyquiterobust.
It provides an informative quantificationacrossthe full
rangeof scenarios,even for the caseof very low model
order �2/ G andvery low datalength

� / 9 P�P asshown
in figure1(b).

Secondly, asshown in the casesof white input, the new
approximation(3) is essentiallyexact in thesecasesre-
gardlessof modelorder, save for smallerrorsat very low
data lengths.This, of course,is consistentwith Corol-
lary 3.1.

Thirdly, as illustrated in the caseof resonantsystems,
even when the true variability has a quite complicated
nature,the new approximation(3) is able to provide an
informative,andin mostcasesaccuratequantification.

Finally, assuggestedby examinationof thedash-dotline
representing(1) in eachof figures1–8, that pre-existing
andwidely usedquantificationcanbe unreliable,which
leadsto thesuggestionof this paperthat in fact it should
bereplacedby (3).
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Fig. 2. System1, very low-order. True variability is solid

line, new quantification(3) is the dashedline, and
theexistingquantification(1) is thedash-dotline.
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Fig. 3. System2, mid-order. True variability is solid line,

new quantification(3) is the dashedline, and the
existingquantification(1) is thedash-dotline.
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Fig. 4. System2, mid-order. True variability is solid line,
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Fig. 5. System3, low-order resonant.True variability is
solid line, new quantification(3) is the dashedline,
and the existing quantification(1) is the dash-dot
line.
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Fig. 6. System3, low-order resonant.True variability is
solid line, new quantification(3) is the dashedline,
and the existing quantification(1) is the dash-dot
line.
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Fig. 7. System4, mid-order resonant.True variability is
solid line, new quantification(3) is the dashedline,
and the existing quantification(1) is the dash-dot
line.
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(b) Mid-Order Resonant,
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Fig. 8. System4, mid-order resonant.True variability is
solid line, new quantification(3) is the dashedline,
and the existing quantification(1) is the dash-dot
line.

5. CONCLUSIONS

This paper is closely related to one by the sameau-
thors (Ninnesset al. 1999a) wherethe sameestimation
problemwasconsideredandthe dependenceof variance
erroron systempoleswasestablished.

The key advancementmadehereis to establishthe new
factor of

9
in the variancequantification(3). Thereare

two mainreasonsfor thesignificanceof thisdevelopment.
First, it resolvestheparadoxinherentin previousvariance
quantificationswhich predictedno benefit in knowing
systempolesratherthanhaving to estimatethem.

Second,the method used to establishthe factor of
9
,

which is developedin detailin (NinnessandHjalmarsson
2001a), invents new techniquesfor handling quadratic
forms in inversesof Toeplitz matricesvia propertiesof
reproducingkernels.Of itself, this is importantsinceit
allowsfor variancequantificationsthatarenotasymptotic
in the modelorder; seeCorollary 3.1 and (Ninnessand
Hjalmarsson2001b).

Finally, this paperalso presentsmore extendedsimula-
tion resultsfurthervalidatingtheneed(previously raised

in (Ninnessetal. 1999a)) for incorporatingknowledgeof
estimatedsystempolesin varianceerrorquantifications.
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