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Abstract: This paperaccuratelyquantifiesthe way in which noiseinducedestimationerrors
aredependenbnmodelstructureunderlyingsystenfrequeng responsemeasurementoise
andinput excitation. This exposesseveralnew principles.In particular it is shovn herethat
when emplgying Output—Errormodel structuresin a prediction-errorframenork, thenthe
ensuingestimatevariability in the frequengy domaindepend®n the underlyingsystempole
positions.As well, it is alsoestablishedhatthe variability is affectedby the choiceof model
structurejn thatit is twice asmuchwhensystenpolesareestimatedaswhenthey area-priori
known andfixed, eventhoughthe modelorderis the samein both casesTheseresultsare

unexpectedaccordingto pre-eisting theory
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1. INTRODUCTION

Whenidentifyingasystemmodelonthebasisof obsened
data, it is essentialto quantify the likely error in that
estimatedmodel. Typically, this consistsof two compo-
nents.Thefirst, aso-called'biaserror”, is theresultof the
modelstructurebeinglesscomplex thanthe systembeing
estimatedThe secondcalled“varianceerror”, is caused
by corruptionof theinput-outputdatameasurements.

Whenthe latter can be modelledas an additive stochas-
tic processand the underlying systemis linear, thenit

is arguablethat the total error in ary identified model
that passesa validation test is dominatedby variance
error(Ljung andGuo1997).

In this commoncase the quantificationof estimationer-
ror thenbecomesa questionof assessingarianceerror.
In relation to this, if the widely used prediction-error
methodwith a quadraticcriterion is employed, then a
seminalresultis that noise-inducederror, as measured
by the variabiIiAty of the ensuingfrequeny responsees-
timate G(e?*, 6% ), may be approximatedas (L.Ljung
1985,L.Ljung andZ.D.Yuan1985,Ljung 1999)

m 0'2

PR 1)

Var{G(e/,0%)} ~ o)

Here o2 and &, are, respectiely, the (white) measure-
mentnoiseand (possibly coloured)input spectraldensi-

ties,and 317{, is the predictionerror estimatebasedon N
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obsened datapoints of a vectord™ € R" thatparame-
terisesa modelstructureG(g, 8™) for which (essentially)
m = dim §"/(2?) whered is the numberof denomina-
tor polynomialsto be estimatedin the model structure.
In what follows in this paper the Output—Errorcaseof
m = n/2 will beexclusively considered.

Apart from its simplicity, a key factor underlying the
importanceand popularity of the approximation(1) is
that, accordingto its derivation (L.Ljung 1985, L.Ljung
and Z.D.Yuan 1985, Ljung 1999), it appliesfor a very
wide classof so-called'shift invariant’ modelstructures.
For example,all the well known FIR, ARX, ARMAX,
Output—ErrorandBox—Jenkinsstructuresareshift invari-
ant(L.Ljung 1985).As well, asshavn in (Ljung 1999),it
alsoapplieswhennon-parametri¢spectrabasedestima-
tion methodgBrillinger 1981,Ljung 1999)areemployed
provided that the m termin (1) is replacedby one de-
pendenbnthe numberof datapoints(andthewindowing
function)used.

Thereforetheonly influencethatthechosermodelstruc-
ture hason the right handside of (1) is in termsof its

order, andbecausef thisthebeliefthatvar{ G(e?*, 8% )}
is invariantto the particularchoiceof m/’th order model
structurehasbecomea fundamentatenetof systemiden-
tification.

Furthermoreit is alsoheldasaxiomaticthatVar{ G (e’“, %)}
doesnot dependon the underlying true frequeny re-
sponse,again on accountof the right hand side of (1)
beingindependenbf that quantity; see for example,the
work (ForsellandLjung 1999,Geversetal. 2001,Forssell
andLjung 2000,Zhu 1998).

In relationto theseconclusionsa seriesof recentcontri-
butions(Wahlbeg 1991,Wahlbeg 1994,PM.J. Vanden



Hof et al. 1995, Ninnesset al. 199%) hasestablishech
varianceerror quantificationthat is an extensionof (1)
andwhichis applicableto certainmodelstructuresvhich
have polesor zerosfixed accordingto prior knowledge.
For example,if anFIR structureis generalisedothatits
fixed poles{&, - - -,&m—1} arenot necessarihall at the
origin, then(Wahlbeg 1991, Wahlbeg 1994,PM.J. Van
denHof etal. 1995,Ninnessetal. 199%) hasshavn that
in the interestsof maximally accurateapproximationthe
guantification(1) shouldbe modifiedto become

N 1 o2 ™= g2
Var{G(e’”,0%)} ~ N@Z( ) Z BE l&gL'z 2

Note that (2) revertsto (1) for the FIR caseof & = 0.
Furthermorejn (Ninnessetal. 199%) it hasbeenshavn
that for ARX model structureswith fixed noise model
zeros, again not necessarilyat points {&,---,&mn—1}
which are at the origin, then again the expression(2)
ratherthen(1) shouldbeusedin theinterestsf providing

themostaccurateapproximatiorof Var{G (e’ 5}{,)}.

For boththesegeneralised IR andARX Acaseswhere(Z)
is preferable when actually computing6%, the process
of incorporatingthe fixed polesor zerosmay be achiered
by first pre-filtering the input datawith an all-pole filter
F(q), andthenusinga corventionalFIR or ARX struc-
ture(Ninnessetal. 199%).

The previous work (Wahlbeg 1991, Wahlbeg 1994,
PM.J. Van den Hof et al. 1995, Ninnesset al. 199%)
has thereforeillustrated that the effect of pre-filtering
onVar{G(e’*,0%)} cannotbeaccommodatety simply
making the substitutionsd,, — |F|?*®,, 0® — |F|*c>.
Insteadthefilter pole locations{¢. } mustbedirectly ac-
countedor via (2). Thisestablishethatthequantification
of Var{G(e’*,6%,)} cannotbeexpressedn amannerthat
is invariantto the nature(roughly speakingsmoothness)
of theinputandnoisespectradensities.

The contribution of this paperis to extendthis resultand
in fact establisha more fundamentabprinciple. Namely
despitewidely heldbelief, Var{ G(e?*, 5}2,)} is notinvari-
antto eitherthe model structure,or the underlyingtrue
frequeng response.

Thesenew ideasare establishedy examining the esti-
mation of Output—Errormodel structuresin which case
when{&, - - - ,&,—1} aretheestimategolesof G(g, %),

thenthe main resultof this paperis to establishthat the
expression

m—1
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Var{G(el,8%)} ~

is a significantly more accuratequantificationthan the
widely heldone(1).

As an example of the consequencesf this expression,
comparing (3) with (2) indicates that the variability
Var{G (e’ ,0%)} associatewvith estimatingamodelwith
fixed known poles{&, - - -, &m—1}, andhenceonly esti-
matinga numeratoyis only onehalf the variability asso-
ciatedwith amodelwherethe polesareestimatedSince,
roughly speaking,twice as much information is being
estimatedthis resultmalesintuitive senseHowever, it is

completelyatoddswith pre-&istingthoughtderivedfrom
(1) which (sincethenumberof denominatorpolynomials
d = 1in bothcasesyvouldindicatethatVar{G(e?*, 6% )}
is invariantto whethemolesareestimatedr not!

2. PROBLEM FORMULATION

The problem setting consideredhere is one in which
a model structureis usedto describethe relationship
betweenan obsened input datarecord{u;} andoutput
datarecord{y; } as

v = G(q,0")us + eq. (4)

Here {e;} is a zero-mearwhite noisesequencehat sat-
isfiesE{e?} = o2, E{|es|*T¢} < oo for somee > 0
andG(q,0™) is atransferfunction,rationalin theforward
shift operatorg, andparameterisetly avector™ € R".

In this case the relationship(4) is commonlyknown as
an ‘Output—Error’ model structure andthe mean-square
optimal one-stepaheadpredictor y;(6™) basedon this
modelstructureis (Ljung 1999)

y(0") = G(q,0™)uy

with associateghredictionerror

ee(6") 2 ye — 5 (0") =yt — G(q,0")ug.  (5)

Usingthis,aquadraticeestimatiorcriterionmaybedefined
as

1 N
__Nz e2(6m)

andthenusedto constructthe predictionerror estimate
0%, of ™ as

g% 2 argmin Vi (67). (6)
omcR"

As hasbeenestablishedn (Ljung 1999), undercertain
mild assumption®n the natureof theinput {«;} (which
will be discussedn detail later), the estimatedy, con-
vergeswith increasingV accordingto

lim 6% = 6" £ argmin hm E{V~(@™)} (7)
N—oo gncRn N—

with probability one. As well, it also holds that as N
increasestheestimatedy, corvergesin law to aNormally
distributedrandonvariablewith mearvalue§? according
to (L.Ljung and PE.Caines1979, Caines1988, Ljung
1999)

VN@Y - 67) 2 N(0,P,),  asN — oo. (8)
Then xn ‘covariancematrix’ P, in (8) is definedin terms
of two othermatricesR,, and@,, as

P, £ R;'Q.R;! )



whichthemselesarespecifiedas
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and

N
Qu2 Jim > E{wi(62)f (62)eu(6)en(62)} - (1)

t,0=1

The quantity¢;(6™) in the precedingexpressionds the
predictionerrorgradientgivenby

» dG(67) _ dG(g,0m)

V") = —ggn = —agn

(12)

While an asymptoticdistributional resultlike (8) is very
satisfying theoretically for practical applicationsit is
ratherlessappealingmainly dueto the (just presented)
intricatedefinitionof P, via Q.,, R,, andy,(6™).

In responseto this, the seminal work (Hannan and
Nicholls 1977, L.Ljung 1985, L.Ljung and Z.D.Yuan
1985, Ljung 1999) has proposeda solution by investi-
gating how (8) manifestsitself in the variability of the
frequeng responsé&s (e/«, 8% ); theresultbeingapproxi-
mationssuchas(1).

The pathtowardsachieving this involvesnoting that ac-
cordingto afirst orderTaylor expansiontherelationship
betweenfrequeny domainand parametespaceestima-
tion errorsis givenas

T
G, %) - G, om) = | 2480 x
dé gm—gn
@5 — 6m) + o(||6% — 67]]). (13)

Thereforea consequencef (8) is thatasN — oo

considerthe relationshipbetweenthe modelorderm for
which a varianceerror quantificationis requiredandary
underlying ‘true’ systemorder Indeed,given the usual
compleity of real-world dynamics,ary assumptiorthe
existenceof atruemodelordercouldbequiteinappropri-
ate.

In relation to this issue,the work here takes the per
spectve that, while on the one handit is reasonabldo
assumehatundermodelling-inducedrrordecreasewith
increasingnodelorderm, it is alsoreasonabléo assume
thatthe modelorderof interesthasnot surpasse@dn un-
derlying true order and hencedoesnot imply pole-zero
cancellationsn the (asymptotidn ) estimatedsystem.

This last premiseis consideredo be a realistic way of
avoiding the suppositiorof atrue modelorder, while still
consideringhatsomesortof modelvalidationprocedure,
that checksfor the appropriatenessf an Output—Error
structure(eg. in termsof residualwhiteness)andat the
very leastchecksfor pole-zerocancellationjs partof an
overall estimationanderrorquantificationprocess.

With thesepreliminarycommentsn mind, the following
TheoremandCorollary provide formal statement®f the
maintechnicalresultsof this paper

Theoem3.1. Suppos&hat@}(, is calculatedvia (6) using
the Output-Errormodel structure(4) sothatm = n/2
andthatthe resultantasymptoticin N estimateG(z, 67)
definedvia (7) haspoles{&y,---,&m—1} all lying in a
closedsubsebf the openunit disk D. Thenwith

m—1

_ 2
Kn) 2 % ae)
k=0

andin thelimit asN — oo

K-'2w) 0 G(e¥,0%) — G(e7*,07)
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whereprovided

VN [G(ej”;g’znv) - G(ej“’ﬁ?)] 25 N (0, An(w))(14) (1) {uy) is quasi-stationaryvith &, (w) € Lip(a) for
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Themaincontribution of this paperis to rigorouslyestab-
lish that this quantity A,,(w) may be accuratelyapprox-
imated(or in somecasesxactly quantified)by the sim-

ple expression(3), and furthermorethat the pre-eisting

guantification(1) canbeunreliable.

3. MAIN RESULT

It is alsoimportantto emphasisethat a crucial aspect
of this paperis the recognitionof the needto carefully

somea > 0;

(2) G(z,67) containsno pole-zerocancellatiorfor ary
modelorderm = n/2;

(3) Certainboundsguantifyinghow much{e,(6%)} dif-
fers from white noise are satisfied (Ninnessand
Hjalmarssor2001a),

thenfor w # A

3, w) O
0 <1>—1(>\)]'(17)

u

lim %,,(w,\) = 202 {

m—0o0

Proof: See(NinnessandHjalmarssor2001a). ]

Theimplicationof this resultis thatsinceit assertg¢hat

. VN
lim

m,N—oo K, (LU)

[G(@}@) - G(eg)] ~N (0, ;UL(Z)))

thenonecouldexpectthattheequalityshouldnearlyhold
for finite m and N sothat



and

(18)

aregoodapproximations.

However, in mary applications,it may be very unap-
pealingthat quantificationdike (18) dependon asymp-
totic in modelorderm argumentsin responseo this, it

is in fact possibleto provide expressionghat are valid

for arbitrarily small m, but (in general)at the expense
of more restrictve assumptionssee also(Ninnessand
Hjalmarssor2001b).

Corollary 3.1. Under the conditionsimposedin Theo-
rem3.1,togethemwith furtherassumptionshat

(1) ®,(w) = k aconstant;
(2) {e:(67)} is azeromeani.i.d. procesof variances?

then
; 202
Jjw gn Jw gny2 | _ 2F
lim NE{|G(e,8) - G(e,0)*} = T Kn(w).
Proof: See(NinnessandHjalmarssor2001a). ]

Thatis, in the caseof white inputexcitation®,, = k, then
theaccuray of the quantification
202

E{IG(e",8%) - G(e, o)} ~ T

Km(w)

2277’L1
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dependsonly on the amountN of data.lt is therefore
applicable for arbitrarily low model order, as will be
illustratedin thefollowing simulationsection.

4. SIMULATION EXAMPLE

These studies are organisedaccordingto the type of
systemsimulated,the colouring of the input spectrum
and the amount N of obsened data.In particular the
following systemsareconsidered.
System1:Low-Order
0.1
Ga) = ——Fav
(@) (g—10.9)

System2:Mid-Order

0.06(¢ — 0.8)(g — 0.9)
(g—0.99)(¢g — 0.7)(g — 0.6)’
System3:Low-Order Resonant

Glg) = 0.0342¢ + 0.0330
V= (4= 0.95ei7/12)(q — 0.95e—i/12)’

G(q) =

Input Spectrum
Sys Coloured White
N =10000 [ N=200 || N =10000 [ N = 200
1 Fig 1(a) Fig 1(b) Fig 2(a) Fig 2(b)
2 Fig 3(a) Fig 3(b) Fig 4(a) Fig 4(b)
3 Fig 5(a) Fig 5(b) Fig 6(a) Fig 6(b)
4 Fig 7(a) Fig 7(b) Fig 8(a) Fig 8(b)

Tablel. Organisationof SimulationExamples

System4:Mid-Order Resonant

0.1176(q + 8.0722)(¢ + 0.8672)(¢ + 0.0948)

Glq) = . .
@ (q — 0.75e2im/3)(q — 0.95¢%i7/12)

For eachof thesesystemstwo case®f inputspectrunmare
examined
1

[ = — and
u(w) 1.25 — cosw

P, (w) =1
andfor eachof thesespectrabothlong (N = 10,000)
andshort(N = 200) datalengthsareemployed.

For all thesesituations, white Gaussianmeasurement
noiseof variances? = 0.0001 is added andan Output—
Error modelof orderequalto thetruesystemis fitted over
10000differentinputandmeasurememoiserealisations.
This allows the computationof the true estimatevari-
ability via sampleaverageover theseMonte—Carlosim-
ulations,which is then comparedo the new expression
(3) aswell asthe pre-&isting one (1) in figures1-8and
accordingto theorganisatiorgivenin table1.

In eachof thesefigures,(the estimateof) thetruevariabil-

ity is shavn asa solid line, the new varianceexpression
(3) of this paperis shavn asa dashedine, andthe pre-

existing approximation(1) is illustrated via a dash-dot
line. The examinationof all theseexamplesrevealssome
importantpoints.

Firstly, the new approximation(3) is clearly quite robust.
It provides an informative quantificationacrossthe full
rangeof scenarioseven for the caseof very low model
orderm = 1 andverylow datalength N = 200 asshavn
in figure1(b).

Secondlyasshowvn in the casesof white input, the new
approximation(3) is essentiallyexactin thesecasesre-
gardlesof modelorder, save for smallerrorsat very low
datalengths.This, of course,is consistentwith Corol-
lary 3.1.

Thirdly, as illustratedin the caseof resonantsystems,
even when the true variability hasa quite complicated
nature,the new approximation(3) is ableto provide an
informative,andin mostcasesaccuratequantification.

Finally, assuggestedby examinationof the dash-dotine
representingl) in eachof figures1-8, that pre-existing
andwidely usedquantificationcan be unreliable,which
leadsto the suggestiorof this paperthatin factit should
bereplacedy (3).
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Fig. 4. Systen®, mid-order True variability is solid line,

new quantification (3) is the dashedline, and the
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(@) Mid-Order Resonant, (b) Mid-Order Resonant,
Coloured®,,, N = 10,000 Coloured®,,, N = 200

Fig. 7. System4, mid-order resonant.True variability is
solid line, new quantification(3) is the dashedine,
and the existing quantification (1) is the dash-dot
line.

Freq

(& Mid-Order Resonant, (b) Mid-Order Resonant,
White ®,,, N = 10,000 White ®,,, N = 200

Fig. 8. System4, mid-order resonant.True variability is
solid line, new quantification(3) is the dashedine,
and the existing quantification (1) is the dash-dot
line.

5. CONCLUSIONS

This paperis closely relatedto one by the sameau-
thors (Ninnesset al. 199%) wherethe sameestimation
problemwas consideredandthe dependencef variance
erroron systempoleswasestablished.

The key advancemenmmadehereis to establishthe new

factorof 2 in the variancequantification(3). Thereare
two mainreasongor thesignificanceof thisdevelopment.
First, it resolhestheparadoxnherentin previousvariance
guantificationswhich predictedno benefitin knowing

systempolesratherthanhaving to estimatethem.

Second,the method usedto establishthe factor of 2,

whichis developedin detailin (NinnessandHjalmarsson
2001a), inventsnew techniquesfor handling quadratic
forms in inversesof Toeplitz matricesvia propertiesof

reproducingkernels.Of itself, this is importantsinceit

allows for variancequantificationghatarenot asymptotic
in the modelorder; seeCorollary 3.1 and (Ninnessand
Hjalmarssor2001b).

Finally, this paperalso presentamore extendedsimula-
tion resultsfurther validatingthe need(previously raised

in (Ninnessetal. 1999)) for incorporatingknowledgeof
estimatedsystempolesin varianceerrorquantifications.
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