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HåkanHjalmarsson
�

Abstract

Thispaperestablishesamethodfor quantifyingvarianceerrorin caseswheretheinputspectral
densityhasa rationalfactorisation.Comparedto previouswork which hasinvolvedasymptotic-
in-model-ordertechniquesandyieldedexpressionswhich areonly approximatefor finite orders,
the quantificationsprovidedhereareexact for finite modelorder, althoughthey still only apply
asymptoticallyin the observed datalength. The key principle employed hereis the useof a
reproducingkernelin orderto characterisethemodelclass,andthis impliesa certaingeometric-
typeapproachto theproblem.
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1 Introduction

Therehasbeenmuchwork over thelastseveralyearsdirectedat quantifyingthenoiseinducederror
(varianceerror) in frequency responseestimates[7, 6, 11, 14, 15, 10]. In thesecontributions,in the
interestsof tractableanalysis,acommonthemehasbeento considerthelimiting valueof thevariance
errorasthemodelordergrows, andthenassumethat this samevaluecanbeapproximatelyusedfor
finite modelorder.

This approachleavesopenthe questionof the accuracy of the ensuingapproximatequantifica-
tion, andindeedrecentworks [11, 14, 15, 10] have specificallyaddressedthe issueby usingcertain
orthonormalbasistechniquesdesignedto maximisethefinite modelorderaccuracy.

The paperheretakesa differentapproach,andshows how in somecircumstancesit is possible
to quantify the varianceerror in a mannerthat is exact even for finite model order, althoughit is
still asymptoticin the datalength. The key techniqueusedto achieve this is a geometricone, in
which recognitionof certainsubspaceinvariants(reproducingkernels)providesameansfor theexact
quantification.

The importanceof this issueof non-asymptoticin modelordervariancequantificationhasbeen
recognisedby otherauthors[17], who have employedananalysistechniquethat is quitedifferentto
thatof thiswork. Thepenultimatesectionof thispaperprofilestheresultsof thisapproachversusthe
onetakenhere.�
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2 Problem Setting

Thefirst estimationproblemto beconsideredhereis onein which observed input-outputdata �����
	 ,��� � 	 is generatedaccordingto ���
���������������������
Here ��� � 	 is a zero-meanwhite noisesequencethatsatisfiesE ������ 	��! "� . As well, �#���$� is assumed
to bean % ’ th orderrationaltransferfunctionwith polesat ��&�')(+*+*+*,(�&+-/."01	 , and �����
	 is taken to bea
secondorderstationaryprocesswith associatedspectraldensity2�354768�:9;�<35= .

For thepurposesof estimatingthedynamics�#���$� , it is supposedthatthefollowing parameterised
modelstructureis used���
�������/(?>@���A��������( �#���@(?>/�B�DC ."0 ���$� -/."0EF G ' > F �

F ( C����$�H� -/."0IF G ' ���KJL& F �M� (1)

Here,thefixedpoles ��& ' (+*+*+*�(�&+N ."0 	 aremeantto bechosenvia a-priori knowledge[14, 15, 4, 11],
andthespecialcaseof & F �D2 renders(1) asthecommonFIR modelstructure.

With this in mind, anestimateO>QP of >SRUT >Q'Q(+*+*+*,(?>�-V."0
WYX basedon Z observationsof �����[	 and���A�
	 maybefoundvia a “leastsquares”approach:O>)PD�D\)]?^B_�`bac d Pe��>/�M( d Pf��>@�g� hZ PE � G 0 �����"Ji�#���@(?>/���A��� � � (2)

Furthermore,since������� is assumedto be % ’ th order, thenthereexistsa trueparametervector >)j such
that �#���@(?>Qj��B���#���$� andhencewithk � �DlK������� � ( lK���$�HRDC ."0 �����mT � -/."0 (+*+*+*,(?�@( h W X (3)

it is clearthattheexpressionO>)PnJo>)jp� q hZ PE � G 0sr � r X �
t ."0 hZ PE � G 0
r �u�+� (4)

is aquantificationof theparameterspaceestimationerror. Furthermore,sincetheestimatedfrequency
response�#�v�Mw�xs(yO>QPz� dependslinearlyon theparameterestimateO>)P accordingto���v� w?x (yO>QPz�H�DC ."0 �v� w?x �[l X �v� w�x �
O>QP
thenthefrequency responseestimationerrormaybequantifiedfrom (4) as���v� w?x ( O>QPz�{Ji�#�v� w�x �g�DC ."0 �v� w�x �[l X �v� w�x � q hZ PE � G 0sr � r X � t ."0 hZ PE � G 0
r �u����� (5)

Of course,this expression(5) dependson the exact noiserealisation ���+�
	 which cannotbe known,
so in orderto quantify the estimationerror �#�v� w?x (MO>QPK�7J5�#�v� w�x � it is usualto considerits average

over theensembleof possiblenoiserealisations.Thatis, considerationis givento Var |}�#�v� w?x (yO>)P~�,� ,

whichby (5) andassumingopen-loopdatacollection,maybecomputedas

Var |}�#�v� w�x (yO>)P~�,�S�  "�Z * h� C��v� w�x � � � *,lg�/�v� w�x �[� ."0P lK�v� w?x �M( ��PDR hZ PE � G 0
r � r X � (6)
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where * � representstheoperationof ‘conjugatetranspose’.
Now, while (6) gives an exact quantificationof the noiseinducedestimationerror, it doesnot

exposevery muchabouthow experimentdesignchoices(or otherfactors)might affect it. In consid-
erationof this, the approachpioneeredin workssuchas[16, 3, 7] is to noticethataccordingto the
assumptionsmadeon theinput��R ��`�_P;�f� � P �5� -�� 4<6� C � ��� R h�)�����. � lK�v� wM� �[lH�@�v� wM� � 4<6������� C��v� wy� � � �p� �"� (7)

Here, the notation � - ��4 6 � is chosento denotea Toeplitz matrix, of size %n��% , that is completely
characterisedby the spectraldensityfunction 476 . In fact, a well known featureof suchmatricesis
thatfor large % , then � ."0- � 476� C � � ��� ��- � � C � �476 �
wheretheapproximationsignmeansthattheHilbert–Schmidtmatrixnorm[1] betweenthetwo quan-
tities canbemadearbitrarily small for arbitrarily largemodelroder % [2]. In this case,for thesame

large % it is inviting to approximateVar | �#�v� w�x (MO> P � � from (6) as

Var |��#�v� w�x (MO>QPK�,� �  "�Z * h� C��v� w?x � � � *,l � �v� w?x �u��-�� � C � �476 � lK�v� w?x �M� (8)

Finally, notethath% lg�@�v� w�x �u��-�� � C � �4 6 � lK�v� w?x �g� h� % � � �. � � lg�@�v� w�x �[lK�v� wM� � � �
� C��v� wM� � � �4 6 ����� � ��� P�."0E� G 0�.�P � h J �  
�Z �¢¡ � � w?x �

(9)
wherethe � ¡ � 	 aretheFourierco-efficientsof

� C � �,£ 476 :
¡ � R h�)� � �. �

� C��v� wM� � � �4 6 ����� � . wM� � � �"� (10)

SincetheFourier seriesin (9) canbe expectedto converge to the function
� C � ��£ 4<6 determiningits

co-efficientsvia (10), it is arguablevia (8), (9) thatfor largemodelorder %
Var |��#�v� w?x (MO>)Pz�,� �  "�1%Z * h� C��v� w�x � � � * � C��v� w�x � � �476A�:9;� � %Z  "�476A�:9;� � (11)

In contrastto (6), thisapproximateexpression(11)veryclearlyexposesthekey factorsthatcontribute
to thenoiseinducedestimationerror. As such,its usehasbecomea fundamentalpartof thescience
of SystemIdentification[5] sinceit wasfirst presentedfor theFIR case( ��& F 	S�¤2 ) in [7] andthen
extendedto muchmoregeneralmodelstructuresin [6, 11, 14, 15].

However, asarguedin [10, 8, 9], this reliancecanbe misplaced.For example,the ‘Achillee’s
Heel’ of (11) is thatit clearlydependsonthemodelorder % beinglargein orderfor theapproximating
stepsto beaccurate.In recognitionof this, thework [10] hassuggestedthata quantificationthatcan
bemorereliablefor low modelorder % is

Var | �#�v� w�x (yO> P � � � hZ *  �4768�:9;� * -/."0EF G ' h J � &
F � �� � w?x JL& F � � (12)
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Notethataspointedout in [10, 17], thegreatertheproportionof thepoles ��& F 	 locatedat theorigin,
theclosertheapproximation(12) is to theseminalone(11), andwhenall thepolesareat theorigin,
then(11) becomesa specialcaseof (12). Nevertheless,theapproximation(12) still dependson high
modelorder % in orderto obtainhigh accuracy.

In recognitionof thislastpoint,thepurposeof thispaperis toderiveanexpressionfor ��`b_�P7�¥� Var |����v� w?x (MO>QPK�,�
thatis exact for finite modelorder % .

3 Mathematical Background

Thekey tool usedin thispaperis whatmightbecalledageometricone,andit dependson theideaof
a ‘ReproducingKernel’. To explain this,notethatany frequency responseof interestcanbeassumed
to lie in a certainHilbert Space¦ � , whereany geometricideassuchasorthogonalityareobtained
from theinnerproductbetweentwo functions §�(
¨�©ª¦ � which is definedas« §�(
¨­¬�®#R h�)� � �. � §g����� ¨������­¯B����� � � (13)

with ¯B����� beingsomepositive definite‘weighting’ function.
Now, supposethat § is anelementof an % -dimensionalsubspace°#- definedby certainorthonor-

malbasiselements±s'Q(+*+*+*,(M±
-V."0 as§²©S°#-#R Span�Q±s')(+*+*+*,(M±
-/."0+	B�
Thenit is a consequenceof theRieszRepresentationTheorem[12, 13] that for any fixed 9 , a further
element³´-����µ(�9;�<©S°#- existssuchthat§g�:9;�g� « §g�����M(?³�-"���"(�9;��¬�® ¶"§�©ª°#-A� (14)

This reproducingkernelwill be vital to theargumentsof this paper, so it is importantto presentits
fundamentalfeatures. Firstly it is ‘Hermitian Symmetric’ in that, sincefor any fixed � the kernel³�-}�:9p(M���p©S°#- , then(integrationin theinnerproductis with respectto thecommonvariable)³�-}�:9p(M���H� « ³�-"�� }(M���M(?³ N �� }(�9;��¬�®�� « ³�-"�� }(�9;�M(?³�-µ�� }(M����¬�®#� ³�-����µ(�9;�1�
Thisthenimpliesthat ³´-}�:9p(M��� is theuniqueelementin °#- thathastheproperty(14),sinceif another
function ¦#-��:9p(? 
� alsosatisfied(14), thenit wouldhold that¦�-��:9p(M���H� ¦#-��:9p(M���B� « ¦�-��� }(M���M(?³�-µ�� }(�9;��¬�®´� « ³�-}�� }(�9;�M(?¦#-}�� }(M����¬�®´�D³�-}���"(�9;�M�
Finally, althoughthereproducingkernelis unique,theremay (of course)bemany differentwaysof
expressingit. Oneobviousoneusestheorthonormalbasis�Q± F 	 for ° - to expressthequantityas³´-����µ(�9;�H� -/."0EF G ' ± F ����� ± F �:9;�m� (15)

This formulationcanbeverifiedby notingthatif °#-�·ª§ª��¸ � ¡ � ± � for someconstants¡ � , then¹ -/."0E� G ' ¡ � ± � �����M( -/."0EF G ' ± F ����� ± F �:9;�+º ® � -/."0E� G ' ¡ � -/."0EF G ' ± F �:9;� « ± � �����M(M± F ������¬�®#� -V."0E� G ' ¡ � ± � �:9;�H��§g�:9;�M�
(16)
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4 Main Result

With thesepreliminaryideasin mind, thenasjust arguedvia (6) and(8)�b`�_P;�¥� Z Var |"�#�v� w?x (yO>)P~�,���  �� C��v� w?x � � � *,l � �v� w?x �u� ."0- � 476� C � ��� lK�v� w?x �M� (17)

Thechallengethenis to quantifythisquadraticform in anexactmanner, asopposedto thepreviously
profiledapproximationschemesbasedonasymptoticanalysis.Thisambitionmaybeachievedby the
following Theorem,which is themainresultof thepaper.

Theorem 4.1. Supposethat 476A�:9;� hasa finite dimensionalrational spectral factorisation476A�:9;�B�¼» �,½ �v� w�x � ½ �v� w?x �1( ½ ��¾@�HRD¿ ."0I� G ' � ¾fJLÀ �¾eJoÁµ� � �
Then h� C��v� w�x � � � l � �v� w?x �u� ."0- � 4 6� C � � � lz�v� w�x �g� h» � -/."0EF G ' � ± F �v� w�x � � � (18)

where �Q± F ��¾/�y	 is such that � ½ ��¾/��±s'V��¾/�M(+*+*+*�( ½ ��¾/��±
-V."0)��¾/�y	 is anorthonormalsetof functionssatis-
fying°#-#R Span� ½ ��¾@��±
'/��¾/�M(+*+*+*�( ½ ��¾/��±
-V."0���¾/�y	¥� SpanÂ ½ ��¾/� ¾ -V."0C���¾/� (+*+*+*,( ½ ��¾/� ¾C���¾/� ( ½ ��¾/� hC���¾/��Ã �

(19)

Proof. Notethatasasimpleconsequenceof thedefinition(7)h�)�¢�Ä�. � ½ �v� w�x �C��v� w?x � lH�- �v� w�x �u� ."0- � 4 6� C � ��� l;-��v� wM� �
» � ½ �v� wM� � ½ �v� wM� �C��v� wM� � C��v� wy� � lH�- �v� wM� � � ��� ½ �v� w�x �C��v� w?x � lH�- �v� w�x �M�
Therefore,thereproducingkernel ³�-}���"(�9;� for thespace°#- definedin (19) is givenby thefollowing
quadraticform: ³�-����µ(�9;�B�D» � ½ �v� wM� � ½ �v� w�x �C��v� wM� � C��v� w?x � l � �v� w?x �u� ."0- � 476� C � � � lz�v� wy� �M� (20)

However, asestablishedin (16), if � ½ ��¾/��±s'V��¾@�M(+*+*+*�( ½ ��¾@��±µ-/."0Q��¾/�y	 is an orthonormalbasisfor °#-
then ³ - ���"(�9;�B� -V."0EF G ' ½ �v� wM� ��± F �v� wM� � ½ �v� w�x ��± F �v� w?x �H� ½ �v� wM� � ½ �v� w?x � -/."0EF G ' ± F �v� wM� � ± F �v� w?x �M� (21)

Equating(21)with (20)when ���D9 thengives(18).

On accountof (17), this resultimmediatelygivesthefollowing exact(in % ) formulationfor variance
error ��`�_P7�¥� ZÅ* Var | �#�v� w�x (yO> P � � �  �» � -V."0EF G ' � ± F �v� w?x � � � (22)
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which impliesthefollowing errorquantification,which is notasymptoticin modelorder % :

Var |}�#�v� w?x (yO>)P~�,� � hZ *  "�» � -/."0EF G ' � ± F �v� w�x � � � � (23)

Of course,for thistoproduceanexplicit quantificationit isnecessarytocomputethebasis� ½ ��¾/��± F ��¾/�y	
for thespace°#- definedin (19). Thefollowing exampleswill demonstratehow thismaybeachieved
analytically.

5 First Order Example

In orderto illustratetheprecedingideas,considerthesimplestandlowestorderexamplepossiblein
which theobserveddatais obtainedfrom thefirst ordersystem���s� � h JL&�'�zJo&�' � �A���n�+�
wherethespectralfactor ½ ��¾/� of 4<6 is of theform½ ��¾/�g� ¾¥JLÀ¾eJ�Á �
Thenanelementarycalculationshows thatÆÆÆÆ ½ ��¾/� h��¾eJL&�'�� ÆÆÆÆ � � � h �nÁµ&�'��m� h �ÄÀ
���{J � À;�vÁS��&�',�� h JoÁ � �m� h J�Á
&�'+�m� h J � &�' � � �
andhencetheunit normversion ½ ��¾/��±s'V��¾@� of ½ ��¾/�m��¾�JL&�'�� ."0 is½ ��¾/��±s'V��¾/�B�ÈÇ � h J�Á
�,�m� h J�Áµ&�',�� h ��Áµ& ' �m� h ��À � �ÉJ � À;�vÁª�Ä& ' �,Ê ½ ��¾/� h��¾�JL& ' � �
Therefore,accordingto (22)��`b_P7�¥� Var�Q���v� w?x (yO> -P �y	K�  �» � * � h J�Á � �m� h J � &�' � � �m� h J�Á
&�',�� h ��Áµ&�',�m� h ��À � �ÉJ � À;�vÁª�Ä&�'+� * h� � w?x JL&�' � � � (24)

For the caseof ÁË�U2­�ÍÌ , ÀÎ�U2 , &�'ª�U2­�ÍÏ , »5� h ,  � � h ��J�Ð the resultsof usingthe ensuing
quantification

Var�Q���v� w?x ( O> -P �y	 �  "�Z²» � * � h J�Ás�,�m� h J � &�' � �,�m� h JiÁµ&�'��� h ��Áµ&�',�m� h ��À � �{J � À;�vÁª�Ä&�'+� * h� � w?x JL&�' � � � (25)

areshown in figure1. Notethattheexpression(25) is (essentially)exact,whichprovidesoneexample
validatingthe claim of this paperthat it is possibleto derive accuratevarianceerror quantifications
thatapplyfor arbitrarylow modelorder.

Here,andin what follows, the true variability Var�Q�#�v� w?x (MO> -P �y	 is estimatedvia the sampleav-
erageover 10000differentrealisationsof input andmeasurementnoise,andis illustratedasa solid
line. Theexactquantification,suchasgivenby (25) is shown asa dashedline, andthewell known
approximation(11) is shown asadash-dotline.
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Figure 1: Variability of Fixed DenominatorEstimate- First Order Example. True variability vs.
theoretically derivedapproximations.Solid line is Monte–Carloestimateof true variability, dashed
line is quantification(25),dash-dotline is asymptotic-basedapproximation(11).

6 Second Order Example

Supposewe increasethemodelcomplexity in thepreviousexampleto thatof�#���$�H� � h JL& ' �m� h J²& 0 ����KJL&�'��m����JL&)0M� �
In orderto computethe asymptoticvarianceassociatedwith this modelstructure,it is necessaryto
computetheorthonormalbasis� ½ ±
')( ½ ±g0+	 thatspansthesamespaceas � ½ ��¾/�m��¾<JÑ&�'�� ."0 ( ½ ��¾/�m��¾<J& 0 � ."0 	 .

In fact, this is quite difficult, primarily becauseof the restrictionthat all elementsin this space
have thesamezeroesas ½ ��¾@� . Neverthelessit canbeachievedvia thewell known Gramm–Schmidt
procedure.Specifically, we have alreadyestablishedthat½ ��¾/��±s'V��¾/�H� Ç � h J�Ás�,�m� h J�Á
& ' �� h ��Á
&�'��m� h ��À � �gJ � À;�vÁS��&�',� Ê ½ ��¾/� h��¾�J²&�',�
is of unit norm,andhencea basiselement§g��¾/� that is orthonormalto ½ ��¾/��±s'V��¾/� andalsosuchthat
Span� ½ ��¾/��± ' (y§s	z� Span� ½ ��¾/�m��¾eJo& ' � ."0 ( ½ ��¾fJL& 0 � ."0 	 is givenby§g��¾/�g� ½ ��¾/� h��¾�J²&)01� JDÒ ½ ��¾/� h��¾eJo&)0y� ( ½ ± '�Ó ½ ��¾@��± ' ��¾@�M�
While this looksinnocentenough,it evaluatesto§g��¾/�g� ��¾¥JLÀ{�m�ÕÔ�¾���ÖQ���¾fJL&�'��m��¾fJo&)0y�m��¾�JoÁ{�
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where ÔSR×J � � &�' � �pJ h �m�:À�JiÁÉ�m�vÁ
ÀØJ h �TY� h ��Á
& ' �m� h ��À � �ÉJ � À;�vÁª��& ' �uW��vÁµ& 0 J h � JL&�'Q(Ö�R h � � � &�' � �pJ h �m�:ÀØJ�Á{�m�vÁµÀ²J h ��&)0TY� h �nÁµ&�'��m� h �ÄÀ � �{J � À;�vÁS��&�',�uW��vÁ
&)0BJ h � (26)

andhence, Ù § Ù � � �:&�'<JLÀÉ�m�:&�'1Ô´��Ö)�m� h JLÀ
&�'+�m�ÕÔ´��Ö,&�',��:&�'pJo&)0y�m�:&�'pJiÁÉ�m� h JL& �' �m� h J²&�'m&)0M�m� h J�Á
&�',� ��:& 0 JLÀÉ�m�:& 0 Ô´��Ö)�m� h JLÀ
& 0 �m�ÕÔ´��Ö,& 0 ��:&)0BJo&�'+�m�:&)0BJiÁÉ�m� h JL& �0 �m� h J²&�'m&)0M�m� h J�Á
&)01� ��vÁØJLÀÉ�m�vÁµÔ���Ö)�m� h JoÀsÁÉ�m�ÕÔÑ��ÖQÁ{��vÁØJL&�'��m�vÁ²JL&)0M�m� h Jo&�'mÁ{�m� h Jo&)0?Á{�m� h JiÁ � � �
This is surprisinglycomplicated!Furthermore,it only appliesfor thecasewhenall of &�'�(�&)0 and Á are
realvaluedanddistinct.Nevertheless,with thedefinitions³ ' R � h JiÁ � �m� h JiÁµ&�',�m� h J � &�' � � �� h ��Á
&�',�m� h ��À � �gJ � À;�vÁª��&�'�� ( ³ 0 R hÙ § Ù � (27)

it permitsthecomputationin thissituationfor thesecondordercaseof

Var�Q�#�v� w?x ( O> -P �y	 �  �ZØ» � *gÇ ³Ñ'� � w�x JL&�' � � � ³S0 � Ô"�yw?x���Ö � �� � w?x JL&�' � � � � w?x JL&)0 � � Ê (28)

Theperformanceof thisquantificationis shown in figure2, andagainit is seento beessentiallyexact.

7 Comparison with Other Approaches

Therecentpaper[17] hasalsotackledthis problemof providing varianceerrorquantificationthat is
exact for finite modelorder. In thatwork, a completelydifferentanalysisapproachis taken. Further-
more,somespecificassumptionsaremadetherethataredifferentto thoseof this paper. Specifically,
in [17] it is requiredthat

1. Thespectralfactor ½ ��¾@� is strictly all-pole(ie. ������	 is astrictly auto-regressive timeseries);

2. Themodelorderchosenmustbegreaterthanor equalto theorder % of theunderlyingdynamics
plus theorder Ú of thespectralfactor ½ ��¾/� ;

3. In themodelstructure(1), all fixedpoles& F for %o35Û�Ü�%Ñ��Ú aresetto zero.

With theseconditionsin mind, thequantificationproposedin [17] is��`�_P7�¥� Z Var |}�#�v� w?x (yO>)P~�,���  "�476A�:9;� q -/."0EF G ' h J � & F � �� � w?x JL& F � � � ¿ ."0EF G ' h J � Á F � �� � w�x J�Á F � � t � (29)
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Figure2: Variability of Fixed DenominatorEstimate:True variability vs. theoretically derivedap-
proximations. Solid line is Monte–Carloestimateof true variability, dashedline is approximation
(28),dash-dotline is asymptotic-basedapproximation(11)

Clearly, it is importantto reconcilethis expressionwith thatderivedhere.For this purpose,consider
thefirst orderexampleof Ý 5 in whichcase,since½ ��¾@� is alsofirst orderin thatexample,to satisfythe
above requirementsof [17] asecondordermodelof theform�����/(?>@�H� >�'B��>$0?������KJL&�'��
needsto be employed. In this case,substituting&)0��Þ2 , À×�Þ2 into the analysisof Ý 6 leadsto a
quantificationof

Var |��#�v� w�x ( O>)PK�,� �  "�Z²» � * ³´'B��³S0 � Ô}� w�x JiÖ � �� � w�x JL&�' � � (30)

with ÔÉ(yÖ�(?³ ' and ³ 0 given by (6), (27). On the otherhand,accordingto (29), the analysisof [17]
givesaquantificationof:

Var |}���v� w?x (yO>QPz�,� �  "�Z²» � * � h J � &�' � �,� � � w?x J�Á � �B�¼� h J � Á � �,� � � w?x JL&�' � �� � w�x JL& ' � � (31)

The performanceof both thesequantificationsfor the caseof &�'²�Þ2­�ÍÏ@(yÁß�à2­�ÍÌ is shown in fig-
ure3. Clearly, thequantification(30)seemsto beexact,while theremustbesomesortof errorin the
quantification(31),sinceit is very differentto thetruevariability.

8 Conclusions

Thegoodnewspresentedhereis thatin casesof rationalinputspectraldensity, it is possibleto obtain
variancequantificationsthat apply for arbitrarily low model order. The bad news is that the ana-
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Figure3: Variability of FixedDenominatorEstimate- SecondOrder Case. True variability vs.theo-
retically derivedapproximations.Solid line is Monte–Carloestimateof true variability, dashedline
is approximation(30),dash-dotline is Xie–Ljungquantification(31)

lytical manipulationsrequiredto computethenecessaryorthonormalbasisleadto very complicated
expressions;this happensbecausesomezeroesaswell asall thepolesareconstrainedin therequired
orthonormalspanningelements.This impliesthatsomesortof numericalproceduremayneedto be
developedto computethesequantities.

This work is relatedto work by otherauthors,but thereareimportantdifferences.In particular,
theresultsherearederivedvia new reproducingkerneltechniquesthatavoid theneedfor thedetailed
residue-basedcomputationsemployedin [17]. Thisapproachallowsfor theinclusionof moregeneral
classesof inputspectraandalsoavoidstherequirementof modelorderbeinglargerthantheunderly-
ing truedynamics.However, becauseof thisgeneralitythequantificationsherearemorecomplicated
thanthoseof [17].
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