ExactQuantificationof VariancekError

BrettNinness HakanHjalmarsso

Abstract

Thispaperestablisheamethodfor quantifyingvarianceerrorin casesvheretheinputspectral
densityhasarationalfactorisation.Comparedo previouswork which hasinvolved asymptotic-
in-model-ordettechniquesandyieldedexpressionsvhich are only approximateor finite orders,
the quantificationgrovided hereare exactfor finite modelorder, althoughthey still only apply
asymptoticallyin the obsenred datalength. The key principle employed hereis the useof a
reproducingkernelin orderto characteris¢he modelclass,andthis impliesa certaingeometric-
typeapproacho the problem.
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1 Introduction

Therehasbeenmuchwork over the last several yearsdirectedat quantifyingthe noiseinducederror
(varianceerror) in frequeng responsesstimateg?, 6, 11, 14, 15, 10]. In thesecontritutions,in the
interestof tractableanalysisacommonthemehasbeento considetthelimiting valueof thevariance
errorasthe modelordergrows, andthenassumehatthis samevalue canbe approximatelyusedfor
finite modelorder

This approacheaves openthe questionof the accurag of the ensuingapproximateguantifica-
tion, andindeedrecentworks[11, 14, 15, 10] have specificallyaddressethe issueby usingcertain
orthonormabasistechniqueslesignedo maximisethefinite modelorderaccurag.

The paperheretakes a differentapproachand shavs how in somecircumstance# is possible
to quantify the varianceerror in a mannerthat is exact even for finite model order althoughit is
still asymptoticin the datalength. The key techniqueusedto achieve this is a geometricone, in
which recognitionof certainsubspacénvariants(reproducingernels)providesa meandor the exact
quantification.

The importanceof this issueof non-asymptotién modelordervariancequantificationhasbeen
recognisedy otherauthorg17], who have employed ananalysistechniquethatis quite differentto
thatof thiswork. The penultimatesectionof this paperprofilestheresultsof this approachversusthe
onetakenhere.

*Thiswork wassupportedy the AustralianResearclCouncil. This authoris with the Departmenbf Electrical& Com-
puterEngineeringUniversity of Newcastle Australiaandcanbe contactecht emailbr et t @e. newcast | e. edu. au
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tThis authoris with the Departmenbf SensorsSignalsand SystemgAutomaticControl), The Royal Instituteof Tech-
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2 Problem Setting

Thefirst estimationproblemto be considerechereis onein which obsered input-outputdata{y, },
{u} is generatedccordingio
yr = G(q)ut + ey

Here{e;} is a zero-mearwhite noisesequencehatsatisfiesE{e?} = o2. Aswell, G(q) is assumed
to be ann’th orderrationaltransferfunctionwith polesat {&, - - - ,&,—1}, and{u;} is takento bea
secondrderstationaryproceswith associatedpectraddensity) < @, (w) < co.

For the purpose®f estimatinghedynamicsG(q), it is supposedhatthefollowing parameterised
modelstructureis used

n—1 n—1
ye=G(g, 0w +e,  G(g,0)=A"(9)> 0d’,  Alg) = [[(a— &) 1)
k=0 k=0
Here,the fixed poles{&y, - - - ,&m—1} aremeantto be choservia a-priori knowledge[14, 15, 4, 11],

andthe specialcaseof ¢, = 0 renderg1) asthecommonFIR modelstructure.
With this in mind, an estimatedy of § £ [0o,---,0, 1] basedon N obserationsof {y;} and
{u;} maybefoundvia a“leastsquares’approach:

Oy = argminVw(0),  Vw(0) = 5 > (v = Gla,0)ur)”. @

FurthermoresinceG(q) is assumedo ben’th order thenthereexistsatrue parametewvectord, such
thatG(q,0,) = G(q) andhencewith

¢t = A(Q)Ut, A(q) £ A_l(q) [qn—l’ 4, 1]T (3)

it is clearthatthe expression

R LN -1 | N
On — 0o = (N > ¢t¢tT> N > e 4)
t=1 t=1

is aquantlflcatlorof theparametespaceestimatiorerror Furthermoreslncetheestlmatedrequeng
responseés (e’*, ()N) depend:tlnearlyontheparameteesﬂmate‘)N accordingto

G(e,0y) = A~1(™)AT (e7) by

thenthefrequeng responsestimatiorerrormaybe quantifiedfrom (4) as

N
G(ejw’é\N) _ G(ejw) — A l(e]w AT e]w ( Z¢t¢t > %Z@tet' (5)
t=1

Of course this expression(5) dependsn the exact noiserealisation{e; } which cannotbe known,
soin orderto quantify the estimationerror G (e*, HN) G(e/¥) it is usualto considerits average

overtheensemblef possiblenoiserealisationsThatis, considerations givento Var{G(ej‘*’, §N) } ,
which by (5) andassumingpen-loopdatacollection,maybe computedas
o? 1

L . _ A1
Var{c(eaw,oN)} =N AR A () Ry'A(™), Ry £+ tz_;m? (6)
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where-* representshe operationof ‘conjugatetranspose’.

Now, while (6) gives an exact quantificationof the noiseinducedestimationerror, it doesnot
exposevery muchabouthow experimentdesignchoices(or otherfactors)might affectit. In consid-
erationof this, the approactpioneeredn works suchas[16, 3, 7] is to noticethataccordingto the
assumptionsnadeon theinput

T _ Py N a2 LT i akrin Pu(A)
R2 lim Ry =T, (|A|2> - /_WA(e N ) A )

Here, the notationT,,(®,,) is chosento denotea Toeplitz matrix, of sizen x n, thatis completely
characterisedtby the spectraldensityfunction ®,,. In fact, a well known featureof suchmatricesis

thatfor largen, then
! ®u =T, &
"o\4P "\ 2y

wheretheapproximatiorsignmeanghattheHilbert—Schmidimatrix norm[1] betweerthetwo quan-
tities canbe madearbitrarily smallfor arbitrarily large modelrodern [2]. In this case for the same

largen it is inviting to approximate/ar{G(ej“, é\N)} from (6) as

PN o? 1 . |A|? :
Jw N AF(eIw = JwY .
Var{G(e ,oN)} ¥ T M )Tn(%)A(e ) 8)
Finally, notethat
Lysigiong (JAPY gy — 1 [AEN? o _ X (oY,
Z A (eI Tn Aled¥)y = — A* Jw JA (2 d)\ = o Tij
wa@r, (5E) 8w = o [ e e e (1)
(9)
wherethe {c,} aretheFourierco-eficientsof |A|?/®,,:
m JAY[2 )
e 2 i M eI M A, (10)

2w J o Du(N)

Sincethe Fourier seriesin (9) canbe expectedto converge to the function |4]?/®,, determiningits
co-eficientsvia (10), it is arguablevia (8), (9) thatfor large modelordern

0277,_ 1 . |A(e?)|? n o?
N JA)2 @y(w) N Py(w)

var{G(e#*,y) } ~ (11)
In contrasto (6), this approximatexpressiorn(11) very clearlyexposeghekey factorsthatcontritute
to the noiseinducedestimationerror As such,its usehasbecomea fundamentapartof the science
of Systemldentification[5] sinceit wasfirst presentedor the FIR case({¢,} = 0) in [7] andthen
extendedto muchmoregeneraimodelstructuresn [6, 11, 14, 15].

However, asaguedin [10, 8, 9], this reliancecanbe misplaced. For example,the ‘Achillee’s
Heel of (11)is thatit clearlydepend®nthemodelordern beinglargein orderfor theapproximating
stepsto be accurateln recognitionof this, thework [10] hassuggestedhata quantificationthatcan
bemorereliablefor low modelordern is

Var{G(ej“’,é\N)} Z |1 — 16/ (12)

u e]w £k|
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Notethataspointedoutin [10, 17], thegreaterthe proportionof the poles{¢, } locatedat the origin,
the closerthe approximation(12) is to the seminalone(11), andwhenall the polesareat the origin,
then(11) becomes specialcaseof (12). Neverthelessthe approximation(12) still dependn high
modelordern in orderto obtainhigh accurag.
In recognitionof thislastpoint,thepurposeof this paperis to derive anexpressiorfor limy Var{G(ej‘“, §N) }
thatis exactfor finite modelordern.

3 Mathematical Background

Thekey tool usedin this paperis whatmight be calleda geometricone,andit depend®n theideaof
a‘ReproducingKernel’. To explain this, notethatarny frequeng responsef interestcanbe assumed
to lie in a certainHilbert SpaceH,, whereary geometricideassuchas orthogonalityare obtained
from theinner productbetweertwo functionsf, g € Hy whichis definedas

(Fad 2 5 [ SO () O (13

with x(A) beingsomepositive definite‘weighting’ function.
Now, supposéhat f is anelemenbf ann-dimensionakubspaceX,, definedby certainorthonor
mal basiselementsp, - - -, ¢,—1 8S

f €X £ Span{(PO,"' a‘pn—l}-

Thenit is a consequencef the RieszRepresentatiofheorem[1213] thatfor ary fixedw, a further
elementK, (A, w) € X, existssuchthat

This reproducingkernelwill be vital to the agumentsof this paper soit is importantto presenits
fundamentafeatures. Firstly it is ‘Hermitian Symmetric’in that, sincefor ary fixed A the kernel
K,(w,\) € X, then(integrationin theinner productis with respecto thecommonvariable)

Ky (w,A) = (Kn(0,A), K (0, ) = (Kn(o,w), Kn(0,A)y = Kn(A,w).

Thisthenimpliesthat K, (w, A) is theuniqueelemenin X, thathastheproperty(14),sinceif another
function H,, (w, o) alsosatisfied(14), thenit would hold that

Hy(w,\) = Hy(w, A) = (Hy(o,A), Kn(o,w))y = (Kn(o,w), Hy(o,N))y = Kn(A, w).

Finally, althoughthe reproducingkernelis unique,theremay (of course)be mary differentwaysof
expressingt. Oneolviousoneusesthe orthonormabasis{ ;. } for X, to expressthe quantityas

n—1
Ko\ w) =) or(V)eor(w). (15)
k=0

This formulationcanbe verifiedby notingthatif X, > f = " _ ¢, for someconstants:, then

n—1 n—1

<icﬂo¢<», T mxm(w)> = e 3 k@) (e (), ey = 3 erior (@) = ().
k=0 7=0

7=0 I 7=0 k=0
(16)
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4 Main Result

With thesepreliminaryideasin mind, thenasjust arguedvia (6) and(8)

2
: jo gyl = T px(iwyp-t (D jw
th NVar{G(e ,ON)} VCOE A ()T, <|A|2> A(e??). (17)

Thechallengahenis to quantifythis quadratidorm in anexactmannerasopposedo the previously
profiledapproximatiorscheme$asedn asymptoticanalysis.This ambitionmaybeachiezed by the
following Theoremwhich is the mainresultof the paper

Theorem 4.1. Suppos¢hat @, (w) hasa finite dimensionatational spectal factorisation

b = e TE, w2 ] (28).

=0 Z — O
Then
A nen (2) ) = LT e 8)
[A(e7)P? mo\JAP o i
whee {¢k(z)} issud that {T(2)po(2), -+, ¥(z)p,_1(2)} is anorthonormalsetof functionssatis-
fying

N

n—1 z
Xy = Span{¥(2)po(2), -+, ¥(2)pn-1(2)} = Span{‘;[!(z)A ""\I’(Z)A(z) ’ ‘Ij(z)A(lz) }

Proof. Notethatasa simpleconsequencef the definition(7)

LT 0(e) o oyt [ Pu S L T(ENT () Ty,
o _W A(ejw)An(eJ )Tnl (W) An(e]A)HQWAn ep‘)d/\: m/\n(ey ).

Thereforethereproducindgernel K, (A, w) for thespaceX,, definedin (19)is givenby thefollowing
quadratidform:

JA jw . .
Ko, w) = 12 DU ooy ( ‘1)“2> Ae). 20)
A(ei) A(eiv) Al
However, asestablishedn (16), if {¥(2)¢o(2),- -, ¥(2)pn—1(2)} is anorthonormalbasisfor X,
then
n—1 ) e ) n—1 o
Kn(Aw) =Y U(e)prp(e) T () pg(e7) = ()T () Y (™) pr(e).  (21)
k=0 k=0
Equating(21) with (20) when\ = w thengives(18). O

On accountof (17), this resultimmediatelygivesthe following exact(in n) formulationfor variance

error
9 n—1

lim N - Var{G(ej“ﬁN)} = % > ler(e™)P? (22)
k=0

N—oo



ExactQuantificationof VarianceError 6

whichimpliesthefollowing errorquantificationwhichis notasymptotidn modelordern:
R 1 0_2 n—1 o
Jw ~ _ . Jw
Var{G(e ,eN)} N k§o:|(pk(e 2. (23)

Of coursefor thisto produceanexplicit quantificatiorit is necessaryo computethebasis{ ¥ (z) k. (z) }
for thespaceX,, definedin (19). Thefollowing exampleswill demonstratéow this maybeachieed
analytically

5 First Order Example

In orderto illustratethe precedingdeas,considerthe simplestandlowestorderexamplepossiblein
whichthe obsereddatais obtainedfrom thefirst ordersystem

Yt = (;:gg)uﬁ-et

wherethe spectrafactor¥(z) of ®,, is of theform

Thenanelementarycalculationshavs that

1P 1+ &)1+ 8% —28(c+ &)
(z — &) (1—a?)(1 - ao)(1 —|&l[?)

andhencethe unit normversion¥ (z)pg(z) of ¥(2)(z — &) *is

(1 _a2)(1 _a£0) \I/(Z) 1
(1 + ao)(1 +B?) —2B8(a + &) (z — &)

sz)

¥eenla) = |
Therefore accordingo (22)

w % o?  (1-a?)(1— &} — a) 1
lim Vaf{G(e’?,0%)} = — - - . 24
Nl—I)noo { (e ’ N)} K2 (1 4 afo)(l +182) _ 2;6(05 +£O) |e]w _ £0|2 ( )
For thecaseof o = 0.5, 8 = 0, & = 0.9, k = 1, 02 = le — 4 theresultsof usingthe ensuing
quantification

w . 0 (=) (1 =& = o) 1
Var{G(e’”, 0)} = s - (1+ afo)(1+82) —2B(a+ &) |6 — &2

areshavnin figurel. Notethattheexpression(25) is (essentiallyexact,which providesoneexample
validatingthe claim of this paperthatit is possibleto derive accuratevarianceerror quantifications
thatapplyfor arbitrarylow modelorder

Here,andin whatfollows, the true variability Var{ G (e’*, 9\7;,)} is estimatedvia the sampleav-
erageover 10000differentrealisationsof input and measurementoise,andis illustratedasa solid
line. The exactquantification,suchasgivenby (25) is shavn asa dashedine, andthe well knowvn
approximation11)is shavn asadash-dotine.

(25)
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Estimate variability vs exact quantification and asymptotic approximation
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Figure 1: Variability of Fixed DenominatorEstimate- First Order Example True variability vs.
theoeetically derivedapproximations. Solid line is Monte—Carloestimateof true variability, dashed
line is quantification(25), dash-dotine is asymptotic-basedpproximation(11).

6 Second Order Example

Supposeave increasgéhe modelcompleity in the previous exampleto thatof

C(1=&)(1-&)
G@”‘@—&mq—&r

In orderto computethe asymptoticvarianceassociatedvith this modelstructure,it is necessaryo
computetheorthonormabasis{ ¥y, Ty, } thatspanghesamespaceas{¥(z)(z — &) !, ¥U(z)(z —

&)~}

In fact, this is quite difficult, primarily becauseof the restrictionthatall elementsn this space
have the samezeroesas ¥ (z). Neverthelesst canbe achiesed via the well known Gramm-Schmidt
procedure Specifically we have alreadyestablishedhat

_ (1-o?)(1 - a&) ] 1
YE)eolz) = [(1 Fat)(1+ /) - 26+ V-8
is of unit norm,andhencea basiselementf(z) thatis orthonormato ¥ (z)pq(z) andalsosuchthat
Spar{(¥(2)po, f} = Spar{ ¥ (2)(z — &), ¥ (= — &1)~'} is givenby
1 1
10 = ¥ e~ (MO gy B0 ) Ml
While thislooksinnocentenoughijt evaluateso
(z—B)(vz +9)
(z=&)(z = &1)(z —a)

flz) =
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where
ya_ (Io]* = 1)(8 — a)(aB — 1) ¢
[(1+ ko) (1 + %) — 2B(a + &o)] (s — 1)~
2 (I* = 1)(8 = a)(aB — 1)&4
= T ado) (14 52) — 280 + &)](adr — 1) (20)
andhence,
||f||2 (50 _IB)(§O’Y+6)(1 _1850)(’7+6£0) +
(b0 — &) (€0 — @) (1 = &5)(1 — &or) (1 — aky)
(&1 — B)(&y +6) (A — B&1) (v + 661) N

(&1 — &) (61— a)(1 =€) (1 — &obr) (1 — aby)
(@ = B)(ay +6)(1 = Ba)(y + da)
(o —&o)(a—£&1)(1 —&a)(1 - &1a)(1 — a?)’

Thisis surprisinglycomplicated!Furthermoreit only appliesfor thecasewhenall of &, £; anda are
realvaluedanddistinct. Neverthelesswith the definitions

1-a?)(1 - a)(1 - [éo|?) 1
Ky 2 ( , K1 & 27
" At at)(1+ ) —2Ba+&) P @D
it permitsthe computatiorin this situationfor the secondordercaseof
PN 02 KO K1|’)’6jw+(5|2
V NS - — _ _ 2
R N A e Pt )

Theperformancef this quantificationis shavn in figure2, andagainit is seerto beessentiallyexact.

7 Comparison with Other Approaches

Therecentpaper[17] hasalsotackledthis problemof providing varianceerror quantificationthatis
exactfor finite modelorder In thatwork, a completelydifferentanalysisapproachs taken. Further
more,somespecificassumptionsremadetherethataredifferentto thoseof this paper Specifically
in [17] it is requiredthat

1. Thespectrafactor¥(z) is strictly all-pole (ie. {u; } is a strictly auto-rgressie time series);

2. Themodelorderchosermustbegreateithanor equalto theordern of theunderlyingdynamics
plustheorderv of the spectrafactor¥ (z);

3. In themodelstructure(1), all fixed polesé, for n < k < n + v aresetto zero.

With theseconditionsin mind, the quantificationproposedn [17] is

v—1

N—oo N B, (w) |edw — &2 ledw —agl? |
k=0 k=0
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Estimate variability vs exact quantification and asymptotic approximation
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Figure 2: Variability of Fixed DenominatorEstimate: True variability vs.theoetically derivedap-
proximations. Solid line is Monte—Carloestimateof true variability, dashedline is approximation
(28), dash-dotine is asymptotic-basedppoximation(11)

Clearly, it is importantto reconcilethis expressionwith thatderived here. For this purpose consider
thefirst orderexampleof §5 in which casesince¥(z) is alsofirst orderin thatexample to satisfythe
above requirement®f [17] asecondrdermodelof theform

_ 0o + b1q
q(q — &o)

needsto be emplgyed. In this case,substitutingé; = 0, 8 = 0 into the analysisof §6 leadsto a
quantificationof

G(q,9)

L~ 2 jw _ £12
Var{G(eJ“’,HN)}»v Lo K0+K1|76 (5‘ (30)

TNe? e — &P
with v, §, Ky and K; given by (6), (27). On the otherhand,accordingto (29), the analysisof [17]
givesaquantificationof:

o (1-|&P)e? —af + (1 — o)™ — &
Ni? 7= &P
The performanceof both thesequantificationgfor the caseof £, = 0.9, = 0.5 is shavn in fig-

ure 3. Clearly thequantification(30) seemgo be exact,while theremustbe somesortof errorin the
quantification(31), sinceit is very differentto thetrue variability.

Var{G(ejw,ﬁN)} ~ (31)

8 Conclusions

Thegoodnews presentedhereis thatin casesf rationalinput spectraldensity it is possibleto obtain
variancequantificationsthat apply for arbitrarily low modelorder The bad news is that the ana-
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Estimate variability vs exact quantification and asymptotic approximation
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Figure3: Variability of Fixed DenominatorEstimate- SecondOrder Case True variability vs.theo-
retically derivedapproximations.Solidline is Monte—Carloestimateof true variability, dashedine
is appoximation(30), dash-dotine is Xie—Ljungquantification(31)

lytical manipulationgequiredto computethe necessaryprthonormalbasisleadto very complicated
expressionsthis happendecausasomezeroesaswell asall the polesareconstrainedn therequired
orthonormalspanningelements.This impliesthatsomesort of numericalproceduremay needto be
developedto computethesequantities.

This work is relatedto work by otherauthors but thereareimportantdifferences.In particular
theresultsherearederivedvia new reproducingerneltechniqueshatavoid the needfor thedetailed
residue-basedomputationemployedin [17]. Thisapproactallows for theinclusionof moregeneral
classe®f input spectraandalsoavoidstherequiremendbf modelorderbeinglargerthantheunderly-
ing truedynamics.However, becaus®f this generalitythe quantificationserearemorecomplicated
thanthoseof [17].
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