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Abstract

This paperexplorestheuseof the Expectation-Maximisatio(EM) algorithmasanalternatve
to themoreusualgradientsearchmethodgor the computatiorof Maximum-Likelihoodestimates
of lineardynamicsystemsThis new approachis shavn to afford severaladvantagesparticularly
wheremultivariablesystemsare concernedsinceno a-priori parameterisationf the systemis
required.

Technical Report EE200101, Department of Electrical and Computer Engineering,
University of Newcastle, AUSTRALIA

1 Intr oduction

Considerthe problemof observingmultivariableinput-outputdatafrom a dynamicsystem,andon
the basisof this seekingo estimatea modelrelatingthesesignals.In particular supposehataninput
signalu; € R™ is relatedto anoutputsignaly; € RP accordingo

yr = G(q)uy + e 1)

whereG(q) is ap x m matrix of scalartransferfunctions,ande; € R? is azeromeani.i.d. vector
processwith varianceE{ese! } = R.

The estimationof the dynamicsG(g) on the basisof N point (noise corrupted)datarecords
{u1,--- ,un}, {1, -+ ,yn} maythenbeachieved in avariety of ways[9, 15]. In particular while
mary non-parametriapproacheareavailable,alargeclassof availableestimatiortechniquegmploy
the use of a model structure,and indeedthis sort of descriptionis whatis commonlyrequiredin
automaticcontrolapplications.

In relationto thisneedfor aparameterisethodelstructurethemultivariablenatureof theproblem
suggests state-spacdescriptionof thefollowing form [9, 10]

Tir1 = Azy+ Bug + wy, 2)
yr = Cxp+ Dug + ey 3)
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In this case estimationof G(q) = C(qI — A)~'B + D becomesnissueof estimating4, B, C and
D. In (2), z; € R" is thesystemstate,and{w, } is azeromeani.i.d. vectorprocessindependenotf
e; andwith varianceE{w;w} } = Q. Clearly equivalencebetweerthecombination(2), (3) and(1) is
achievedfor @ = 0, butit will beusefulin whatfollows for ) > 0 to be consideredtthe beginning
of theestimationprocessn orderto indicateinitial uncertaintyin the quantitiesA, B, C andD.

Of particularrelevanceto this estimationproblemis the newly developedclassof State-Space
Subspacédentificationmethods[17 16, 7, 18] which provide A, B, C, D estimatesn closedform,
via simply numericalproceduresandin a mannerthatdoesnot requireary prior parameterisatioof
the A, B, C, D matrices.

Thisis in contrastto Maximum-Likelihood methodswhich, althoughenjoying a rich theoretical
basisandunderstandingg, 5, 8], andin particularbeingstatisticallyefficient, alsorequireaniterative
approacho solve anoptimisationproblem(whichis possiblynon-cowex) overthelikelihoodsurface.

To date theattractionof statisticalefficiengy, combinedwith theorysupportinghesimplecompu-
tationof confidenceegionsfor theensuingestimateshaspreseredinteresin Maximum-Likelihood-
type estimateqeg. prediction-errorestimateq9, 10Q]), with iteratve searchfor the estimatebeinga
gradientbasedmethodsuchasa Gauss—Ne&ton type method[9, 10]. Unfortunately computingthe
necessargradientrequiresheimpositionof a parameterisatioon (2), (3).

The contritution of this paperis to examinehow the ExpectationMaximisation(EM) algorithm
maybeused(in placeof agradientbasednethod)for the computatiorof MaximumLik elihoodbased
estimatesandin suchaway thatall the adwantagesnjoyed by subspaceype methodssuchaslack
of parameterisatiorgndnumericalsimplicity, arepresered.

Although not widely emplgyedin the control-theoryliterature,the EM algorithmenjoys a high
profile in otherfields (signal processingfor example)asan iteratve methodfor finding Maximum
Likelihood estimates. The key ideais that the concaity of the logarithmfunctionis exploited to
guarantea sequencef increasinglyaccurateestimatesvithout ary needfor calculationof gradients
(or Hessiansasarenormallyrequiredby a Gauss-Neiton (or Newton) searchstratayy.

2 Maximum Lik elihood Estimation

In orderto establishsomenotationand historical perspectie, we begin be providing a précis of
the Maximum-Likelihood approachandits propertieswhen appliedto the estimationproblemjust
outlined.

Firstly, for the employment this method, it is necessaryfor the probability density functions
pe(+), pw () for therandomvariablee; andw, to be specified andthenbasedon this the joint proba-
bility

p(yla"' s YN | A’BaCaD)

is calculatecandknown asa ‘lik elihoodfunction’.

Typically, this is formulatedslightly differently by parameterisingd, B, C and D in a specific
fashion(usuallyvia somecanonicalform) with all the variablesinvolved beingcollectedin a vector
0. Themaximumlikelihoodestimatg MLE) 6y of 8 is thendefinedas

é\N = arg;IlaX p(yla"' 'y YN | 0) (4)

This methodof estimationenjoys awide acceptancandpopularity in large partdueto thefollowing
well-knowvn anddesirablepropertiesof the schemewhich have beenestablishedn a rangeof works,
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suchas[b, 8, 1, 1, 9] (for simplicity, in whatfollows, it hasbeenassumedhata true parametevector
0, thatcanexactly describehetrue datageneratiorsystem(1) existsin themodelset(2), (3)).

Underappropriataegularity conditionson (1) (2) and(3):
Strong Consistency

On 2% 6, = arg;nax}\}i_r}nooE{p(yl, ,yn | O)}.
Asymptotic Normality

N PN
VNP2 (Oy — 0,) 2> N(0,I),  asN — oo

where
1 d2
N-Py, = — E {1 0)} =1
N d0deT oo, { ng(yla yYN | )} N>
andZy is the FisherInformationMatrix associateavith p(y1,--- ,yn | ) andevaluatedatd = 6.

Asymptotic efficiency

Theabove formulationfor Py, dueto its indicatedrelationto the Fischerinformationmatrix Z, allows
the MLE to asymptoticallyachiere the CraneérRaolower bound

Cov{fn} > Ty'

andhenceit is asymptoticallyefficient.

Balancingtheseattractve featureghatrecommend Maximum-Likelihoodapproachthereis the
significantdisadantagethat the equation(4) definingthe Maximum-Likelihood estimatefy is, in
general,a non-conex optimisationproblem. As a result, calculationof 65 requiressomesort of
numericalsearchiechnique.

Sincep(y1,. .. ,yn | 0) istypically smoothary gradient-basesdearchechniquesuchasSteepest-
Descentor Newton iteration may be employed for this purpose,and indeedthis is the usual ap-
proach[9, 10Q].

However, this stratgy, by way of requiringa gradient(with respecto a parameterisatiofl), in
factforcesthe useof a parameterisationf the state-spacenodelstructure(2), (3).

In the single-input,single-outputcase,this hasnot proven to be a major difficulty [9, 10], but
thisis in contrastto the multi-variable casewherethe problemsof finding a parametrisatiorandits
numericalconditioningarewell known [2, 12, 13)].

For example, it is clearly desirablethat the parameterisatiomappingé — (A, B,C, D) be
onto (surjective), and henceallow the descriptionof all possibleinput-outputresponsesnodelled
by (2), (3). In theinterestsof parameterdentifiability, it is thenimportantthatthe mappingalsobe
1-to-1 (bijective) sothatthe estimatedy is uniquelydefined. However, if bothinput andoutputdi-
mensioraregreateithanone,thenobtainingsuchabijective parameterisatiors impossiblg2, 11,4].
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Theseparameterisation-bagaifficulties, combinedwith Subspace-bases/stemidentification
methods[1716, 7, 18] notrequiringa parametrisatiorf the modelstructure(2), (3), areoneof the
key featuredeadingto therecentintensenterestin them.However, thepricepaidhereis thatit is not
yet clearwhat costfunctionis beingoptimisedby subspacdéasedestimates As aresult,thetheory
supportingsuchapproachess still developing.

Thecontritution of thispaperis to shav how thetheoreticahdvantage®f aMaximum-Likelihood
approachmaybe combinedwith theparameterisatiofreeadvantage®f a subspace-basedethodby
employing the so-calledExpectationMaximisation(EM) algorithm.

3 The EM Algorithm for Lik elihood Maximisation

As alreadymentionedhis methodarosein the mathematicastatisticscommunity[3] but hasfound
wide engineeringapplicationin areassuchassignalprocessingndpatternrecognition.

Thekey featureof thetechniqueis the exploitation of the concaity of thelog function (together
with thefactthattheareaundera p.d.f. is one)soasto guarantedterationsof non-decreasintkeli-
hoodwhilst avoiding the needto calculatederivativesof thelikelihood.

In whatfollows, acompleteset(say{yi, ... ,yn}) will beabbreiatedto anuppercaséetter(say
Y’) andconditionaldependencen é will benotedby subscriptingfor examplep(yi,... ,yn | 6) =
po(Y).

Now, anessentiafeatureof the EM algorithmis the postulateof anunobsered ‘completedata
set’ Z that containswhatis actuallyobsered Y, plus otherobserations X which one might wish
wereavailable,but in factarenot. Thatis,

Z =(Y,X)

sothatby Bayesrule

Therefore
p(Z)
Y) = — -
PY) =Lz TY)
whichimpliesthat

logpg(Y') = logpg(Z) — logpe(Z | Y).

As a consequencdyy taking expectationswith respecto probabilitiesdefinedby a guessat the pa-
rameter®)’, andconditionalon the obsereddataY = Yy leadsto

L(0) £logpy(Yn) = Eg {logpe(Y)|Y =Yy}
Eg {logpe(Z) | Y = Yn} —Eg {logpy(Z | Y) | Y =Yn}
Q8,0") -V (6,0). ®)
with the obvious definitionsfor Q(6,6") andV (6, ¢').

The key point now is thatsinceV (6,0') < V(#',6') with equalityif andonly if 8 = 6’ (this
follows by the concaity of thelogarithmandthefactthatthe areaunderpy is onefor ary ), thena

stratgy of finding @ suchthatQ(4,6") > Q(¢',6') ensureghat L(#) > L(¢'). This leadsto the EM
algorithm:

(1>l



1. E Step
CalculateQ (6, 6,,).

2. M Step
Maximise:

é\n—l—l = algmax Q(8, é\n)'

As an alternatve perspectie on the EM algorithm, notethatit is possibleto think of X asthe
“incomplete”dataathand,andY = (X, Z) asthe“complete”dataset,thatif available,would malke
the expectationproblemeasier Sincethe completedatais not available, the bestL, approximant,
formedby taking conditionalexpectationwith respecto thebestguessaté = ¢, is usedinstead:

log Py(Y) = Eg{log Pp(Y)|X = Xn} = Q(6,0").

This leadsto a procedureof maximising@ (6, 5n) to get§n+1 which leadsto new conditionalexpec-
tationandsoon. Of coursethereis only ary sensen this schemef maximising

Q(6,8') = Eg {log Py(Y)|X = X}

is easietthanmaximisingL(0) directly.

4 Application of the EM Algorithm for State-SpaceEstimation

For the purposeof applyingthe EM algorithmto the problemof estimatingA, B, C, D, Q andR in
(2) and(3), the mostobvious choicefor theincompletedataset X is onein whichiit is takenasthe
unobseredstatesequencéz, ... ,zx} (hencetheuseof thesymbol X). Thatis,

Z 2 (XN, Yn).
Attentionis thenfocussedn the calculationof
Q(0,0') = Ey {logpe(Xn,Yn) | Y =Yn}.

Now by repeatedpplicationof Bayes'Rule

Po(Yts- - YN Ti—1,--- 2N | 0) = Po(Yts--- ,UN | T—1,--. ,ZN)P(Tt—1,--- ,TN)
N N
= po(zi—1) [ [ polwr | ze1) [ polun | zx)-
k=t k=t

Usingthis andthe modelstructure(2), (3) (andexcluding termsthat do not dependon quantitiesto
beestimated),

—2log py(Yiv, Xn) =log |Po| + (w1 —p) Py (w1 — p) + Nlog|Q| + Nlog |R| +
N

Z(-’Ek — Azj_1 — Bup_1)" Q' (z, — Azp—1 — Bug—_1) +
k=t

N

> (W — Cax — Dug)" R~ (yy, — Cwg — Duy)

k=t



wherewe have assumedhitial distribution onz;_; of
Tt—1 ~ N(,u, Po).
In this casethe definition (5) of Q(6, ') leadsto,

—2Q(0,0') = log|Py|+ Nlog|Q|+ Nlog|R|+
Tr{Py " Eg{(we1 — u) (w1 — )" | Yn}}+

N
ZTI’ {QflEgl{(.’Ijk — Aa;k_l — Buk_l)(xk - A.’Bk,1 — Buk,l)T | YN}} +
k=t
N
> Tr{R™Eg{(yx — Cax — Duy)(yx — Cxy — Duy)™ | Yn}}.
k=t
(6)
Now introducethe notation
B 2 En{a | i), a2 ], )
N N N
AR uBo{zl | Yn}, Q2 i, T2 Ep{ma; | Ya}, 8)
k=t k=t k=t
N N N
LN Eg{mzf | Yv}, TR Epfzpzi | Yo}, T2 Ep{aizi | Yul)
k=t k=t k=t
)
Then(6) maybe morecompactlyexpresseds
—2Q(0,6') = log|Py|+ Nlog|Q|+ Nlog|R| +
Tr{Fp;! [(@—1n — 1) @y — w'+ PR} +
Tr{Q™" [® - V[4,B]" - [A,B]Y" +[A, BIT[4, B]"|} +
Tr{R™'[Q - A[C,D|" - [C,D]A” +[C, D)I[C, D"} (10)

Thereforesince
® — U[A, BT — [A,B)¥T + [A,BIT[A,B]Y = ([A,B] - 9" YI'([4,B] - oI HT +
® — or-tegT

thenthe secondasttermin (10) in combinationwith the N log |Q| termis clearly minimisedby the
choices
[A,B]=0T"' and Q=N -0or v (12)
Thelatterequatiorfor ) follows by applicationof LemmaA.1 andthe chainrule to compute
d

ENlog Q|+ Tr{Q ™' (® — T ')} = NQ™' — Q7%(® — oT 17



whichis clearly zerofor the choiceof () in (11). Notethatby constructionthis formulation(11) for
Q is positve semi-definitesinceit is a Schurcomplemenbf

iEf)'{[ o ] [ 2 #hy ]} > 0.

In asimilar fashion thelasttermin (10) in combinationwith the N log | R| termis minimisedby the
choices

[C,D]=A®'! and R=N }(Q—AIDAT). (12)

Finally, via the sameargumentsthetermsinvolving P, imply the following choicesfor the maximi-
sationof Q(6|6'):

"= Eg/ {iljt,l | YN}, P() = Egl{{L’t,l{B’{_l | YN}

5 Calculation of Kalman—SmoothedQuantities
Clearly to implementthis algorithm,it is necessaryo beableto computethe quantities
ZI;\t|N = E{.’L‘t | YN}, E {.’L‘t.’Eg—' | YN}, E {mtxgll | YN}

In the caseconsideredn this paperwherethe distributionson therandomcomponentsg,; andw; are
Gaussianthenthe KalmanSmootherecursionsnay be usedfor this purpose.Specifically with the
furtherdefinition

Pys = E{(Zys — 20) @45 — m)"|Vs}

thenit is first necessaryo runthe measuremerdandtime updateKalmanFilter recursiong6]

Py1 = AP ;1 A" +Q (13)
~1

K; = Py 1C" (CPy 1O +R) (14)

Pt|t = Pt|t—1 - KtCPt|t—1
-1

= Pyy1 - Pt|t—ICT (CPt|t—1CT +R) CPy;4 (15)

Ty—1 = AZy_qp—1 + Bup (16)

Ty, = Ty + Ky (ye — Duy — CZyy_q) (17)

which areinitialised at

Ti—1)t—1 = My Pt—1|t—1 = R.

Oncethesecomputationsare made,thenthe so-calledRauch—Ting—Striebe[6] reversetime recur
sionsare performedto calculatethe smoothedestimatesvhich are expectationsconditionalon the
wholedatesetYy:

Tyn = Ty + 5 [§t+1|1v — Buy — A§t|t:| (18)
Py = Py + 8¢ [Py — Pyl ST, (19)
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where
A T p—1
Sy = Pt‘tA Pt+1|t'

Theselatterrecursiongareinitialised with theterminalvaluesf:N‘N and Py y of the ‘forward—pass’
KalmanFilter recursionsAll thesecalculationgrovide sufiicient materialfor thecomputation

E {{Et.’L‘z—' | YN} = Pt|N + ?E\t|N-7B\z|—'N-
However, the quantityE{z;z! | | Yn'} is alsorequired andfor this purposedefinethe quantity
Mt\s =E {(iﬂs - $t)(§t—1\s - ﬂl%—l)T|Ys} -
In this casewith theinitialisation
Myy—1=I - KnC)APy_y N1 (20)
thenthefollowing reversetime recursion
My, 1 = PyuSE 1 + Si(My .y, — APy,)S) 4 (21)
may be usedto permitthe computation

E{mual || Yn} = Myn + 55\t|N5tT—1|N-

6 Estimation Algorithm

Thepreviousdevelopmentsnaynow besummarisedh thefollowing estimatioralgorithmdefinition.

1. Initialise estimatesat 0, = [A, B, C, D, @, R]. For example,a subspace-basegstimationmethod
couldbeemplo/ed.

2. Run Kalman-Filter recursions (13)-(17) followed by the Kalman Smoother recur
sions(18),(19),(20) (21) in orderto computethe quantitiesdefinedin (7), (8) (9).

3. MaximiseQ(#, 6,) over 6 via the choices(11) and(12) in orderto provide animproved estimate
Or+1-

4. Repeauntil corvergence.

At therisk of over-emphasisthe key point of the above algorithmfor finding Maximum-Likelihood
estimatess that,in contrasto the morecommongradientbasedapproachno parameterisatioof the
state-spacenodelstructure(2), (3) is required.

Notice too, that from a computationalpoint of view, the abore algorithmis comparableto a
gradientbasedapproachin that the Recursie Kalman Smoothingoperationstake the placeof the
recursve filtering operationsiecessaryor gradientcomputation.

Finally, ontheissueof judging conzemgence andhenceterminatingthe above iterative searchan
immediatelyobvious strat@y is to monitor the likelihood function p(y1, - - - , yn|6x), andwhenits
rateof increasalropsbelow athresholdconvergencecanbedeclaredThisis the methodusedin the
simulationexamplesof thefollowing section.



7 Simulation Examples

This sectionprovides two brief simulation examplesin order to illustrate the utility of the EM-
algorithmapproacto Maximum-—Likelihoodestimationproposedn this paper
In bothcasestheobsereddatais generateédccordingo (1) with (a samplingperiodof 1 second
usedin thefollowing zero-ordethold computation)
1 1
(s+1)(s+0.1) (s+2)(s+0.5)

Glq = ZOH
1 1
(s+0.7)(s+0.3) (s+0.8)(s+0.4)
0.0355g + 0.02465 0.2364q + 0.1038

(g —0.3679)(q — 0.9084) (g — 0.1353)(¢q — 0.6065)

0.07601¢ + 0.05447 0.1087¢ + 0.07286
(g — 0.4966)(g — 0.7408) (g — 0.4493)(g — 0.6703)

andu; is ani.i.d. zeromeanandunit varianceGaussiarprocesswhile e; is alsoi.i.d. zeromeanand
Gaussianbut hasvarianceE{e?} = o2 = 0.01.

For this scenario,N = 200 datasampleswere collectedand Maximum-—Likelihood estimates
werecomputedvia the EM-algorithmdescribedn this paperandinitialisedwith the startingestimate

0.1 0.1
(g—0.5)2 (¢—0.7)?

G(q) =
0.1 0.1

(g —0.6)2 (q—0.4)2

Theresultsof this estimationexperimentareshavn in figure 1. Ontheleft, therelationshipbetween
initial and EM-derived ML estimateds shavn togetherwith the true response.On the right, the
evolution of thelog mean-squareost

1 & 2
N Z (yt - Cﬁfﬂtfl)
t=1

is shavn asthe EM-algorithmiterationprogressesClearly thealgorithmcornvergesto estimateslose
to thetrue system.

In relationto this simulation, the previous sectionhasraisedthe possibility of initialising the
EM iterationswith a subspace-basedethod,and the resultsof this stratgy for the experimental
conditiongustoutlinedareshavnin figure2. There Oversche@ndDeMoor's N4SIDvariant[17, 16]
of the generalclassof subspace-basatethodsis usedto provide the initial estimateshavn asthe
dash-dotine. The EM-algorithmof this paperis thenusedto refinethis to be closerto the Maximum-
Likelihood estimate with concomitantcostfunction evolution shavn in the right handdiagramof
figure 2 andfinal estimateshavn asthe dashedine on theleft in 2, together(again)with the true
systemshovn asasolidline.

Clearly the final estimateis significantlyimproved from theinitial subspace-basezhe,andthe
key pointis thatthisis achievedin avery simplemanneiby theparameterisatioffeemethodproposed
here,while it would be very difficult to implementusinga morestandardyradientbasednethodthat
imposeda parameterisation.
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Figure 1: Resultswhenusingthe EM-algorithm methodfor computingMaximume-Lilelihood esti-
mates.Theleft handfigure showsdnitial estimategvia Nyquistplots)asdash-doline, true systemsas
solidlines,and EM-derivedML estimatesasdashedines. Theright handfigure showsthe evolution
of themeanssquae costasthe EM-algorithmis iterated.

8 Conclusions

The contrikution of this paperwasto suggest novel, EM-algorithmbasedapproachto Maximum
Likelihoodestimationof dynamicsystems.The key featuresecommendinghe approacharethatit
avoids the needfor a particularparameterisationf a state-spacenodelstructure andit is simpleto
implement.

Although this methodis novel in the contet considerechere,the EM-algorithmitself is quite
old, beingvery well known in (for example)the speech-recognitiooommunityasthe Baum-Vlch
methodfor HiddenMarkov Model estimation[14].

This paperrepresent®nly a very preliminary study of this whole topic, andthereis muchmore
thatneeddo be studiedin termsof (again,only for example)corvergenceanalysisandextensionto
moresophisticatednodelstructures

A TechnicalLemmata

LemmaA.l. Supposé, N € R™*™ and M isinvertible Then

d _ =T d -1 __ -2 d _ T
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Figure 2: Resultswhenusingthe EM-algorithm methodfor computingMaximum-Lilelihood esti-
mates.Theleft handfigure showsdnitial estimategvia Nyquistplots)asdash-doline, true systemsas
solidlines,and EM-derivedML estimatesasdashedines. Theright handfigure showsthe evolution
of themeanssquae costasthe EM-algorithmis iterated.
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