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Abstract

Thispaperexplorestheuseof theExpectation-Maximisation(EM) algorithmasanalternative
to themoreusualgradientsearchmethodsfor thecomputationof Maximum-Likelihoodestimates
of lineardynamicsystems.Thisnew approachis shown to afford severaladvantages,particularly
wheremultivariablesystemsareconcerned,sinceno a-priori parameterisationof the systemis
required.
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1 Intr oduction

Considerthe problemof observingmultivariableinput-outputdatafrom a dynamicsystem,andon
thebasisof thisseekingto estimateamodelrelatingthesesignals.In particular, supposethataninput
signal �������
	 is relatedto anoutputsignal �������� accordingto� ����������� � ������� (1)

where ������� is a  "!$# matrix of scalartransferfunctions,and � �%�&� � is a zeromeani.i.d. vector
processwith varianceE ' � � ��(�) �+* .

The estimationof the dynamics ������� on the basisof , point (noisecorrupted)datarecords'-�/.-0�1�1�1�02�43 ) , '-�5.-0�1�1�1/02�63 ) maythenbeachieved in a varietyof ways[9, 15]. In particular, while
many non-parametricapproachesareavailable,alargeclassof availableestimationtechniquesemploy
the useof a model structure,and indeedthis sort of descriptionis what is commonlyrequiredin
automaticcontrolapplications.

In relationto thisneedfor aparameterisedmodelstructure,themultivariablenatureof theproblem
suggestsastate-spacedescriptionof thefollowing form [9, 10]7 �98�. � : 7 � �<; ��� �&= �20 (2)� �>� ? 7 ���&@ � �������2A (3)B
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In this case,estimationof �������D�E?
���GF�HI:%�KJ . ;L�&@ becomesanissueof estimating: 0 ; 0 ? and@ . In (2), 7 �M�N�
O is thesystemstate,and ' = � ) is a zeromeani.i.d. vectorprocess,independentof� � andwith varianceE ' = � =P(� ) ��Q . Clearly, equivalencebetweenthecombination(2), (3) and(1) is
achievedfor QR�TS , but it will beusefulin whatfollows for QVUWS to beconsideredat thebeginning
of theestimationprocessin orderto indicateinitial uncertaintyin thequantities: 0 ; 0 ? and @ .

Of particularrelevanceto this estimationproblemis the newly developedclassof State-Space
SubspaceIdentificationmethods[17, 16, 7, 18] which provide : 0 ; 0 ? 0 @ estimatesin closedform,
via simplynumericalprocedures,andin a mannerthatdoesnot requireany prior parameterisationof
the : 0 ; 0 ? 0 @ matrices.

This is in contrastto Maximum-Likelihoodmethodswhich, althoughenjoying a rich theoretical
basisandunderstanding[9, 5, 8], andin particularbeingstatisticallyefficient,alsorequireaniterative
approachto solveanoptimisationproblem(whichis possiblynon-convex) overthelikelihoodsurface.

To date,theattractionof statisticalefficiency, combinedwith theorysupportingthesimplecompu-
tationof confidenceregionsfor theensuingestimates,haspreservedinterestin Maximum-Likelihood-
type estimates(eg. prediction-errorestimates[9, 10]), with iterative searchfor the estimatebeinga
gradientbasedmethodsuchasa Gauss–Newton typemethod[9, 10]. Unfortunately, computingthe
necessarygradientrequirestheimpositionof aparameterisationon (2), (3).

Thecontribution of this paperis to examinehow theExpectationMaximisation(EM) algorithm
maybeused(in placeof agradientbasedmethod)for thecomputationof MaximumLikelihoodbased
estimates,andin sucha way thatall theadvantagesenjoyedby subspacetypemethods,suchaslack
of parameterisation,andnumericalsimplicity, arepreserved.

Although not widely employed in the control-theoryliterature,the EM algorithmenjoys a high
profile in otherfields (signalprocessing,for example)asan iterative methodfor finding Maximum
Likelihood estimates.The key idea is that the concavity of the logarithmfunction is exploited to
guaranteeasequenceof increasinglyaccurateestimateswithout any needfor calculationof gradients
(or Hessians)asarenormallyrequiredby aGauss-Newton (or Newton)searchstrategy.

2 Maximum Lik elihood Estimation

In order to establishsomenotationand historical perspective, we begin be providing a précis of
the Maximum–Likelihoodapproachandits propertieswhenappliedto the estimationproblemjust
outlined.

Firstly, for the employment this method,it is necessaryfor the probability density functions YX � 1 � 0� �Z � 1 � for therandomvariable � � and = � to bespecified,andthenbasedon this thejoint proba-
bility  � � . 0 A�A�A 02� 3R[G: 0 ; 0 ? 0 @\�
is calculatedandknown asa ‘lik elihoodfunction’.

Typically, this is formulatedslightly differently by parameterising: , ; , ? and @ in a specific
fashion(usuallyvia somecanonicalform) with all thevariablesinvolved beingcollectedin a vector]
. Themaximumlikelihoodestimate(MLE) ^] 3 of

]
is thendefinedas^] 3`_+acbedgf
aGhi  � �5.j0 A�A�A 02�63 [ ] �kA (4)

Thismethodof estimationenjoys awideacceptanceandpopularity, in largepartdueto thefollowing
well-known anddesirablepropertiesof theschemewhich have beenestablishedin a rangeof works,
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suchas[5, 8, 1, 1, 9] (for simplicity, in whatfollows, it hasbeenassumedthata trueparametervector]cl
thatcanexactlydescribethetruedatagenerationsystem(1) existsin themodelset(2), (3)).

Underappropriateregularity conditionson (1) (2) and(3):

Strong Consistency ^] 3nm-o p2oH�q ] l � acbedgfraGhi sut f3Dvxw E 'e � � . 0 A�A�A 02� 3E[ ] � ) A
Asymptotic Normality y ,{z J}|~3 � ^] 3 H ]cl ���HYqn����S 0 F�� 0 as , q��
where ,�1�z J .3 ��H ���� ] � ] ( ���� ie��i�� E ' s�� d� � �5.j0 A�A�A 02�63 [ ] � ) �<� 3%0
and��3 is theFisherInformationMatrix associatedwith  � � . 0�1�1�1�02� 3E[ ] � andevaluatedat

] � ] l .
Asymptotic efficiency

Theabove formulationfor z�3 , dueto its indicatedrelationto theFischerInformationmatrix � 3 , allows
theMLE to asymptoticallyachieve theCraḿer-Raolowerbound

Cov '�^] 3 )�� � J .3
andhenceit is asymptoticallyefficient.

Balancingtheseattractive featuresthatrecommendaMaximum-Likelihoodapproach,thereis the
significantdisadvantagethat the equation(4) definingthe Maximum–Likelihoodestimatê

] 3 is, in
general,a non-convex optimisationproblem. As a result, calculationof ^] 3 requiressomesort of
numericalsearchtechnique.

Since � �5.-0 A�A�A 02�63 [ ] � is typicallysmooth,any gradient-basedsearchtechniquesuchasSteepest-
Descentor Newton iteration may be employed for this purpose,and indeedthis is the usualap-
proach[9, 10].

However, this strategy, by way of requiringa gradient(with respectto a parameterisation
]
), in

fact forcestheuseof aparameterisationof thestate-spacemodelstructure(2), (3).
In the single-input,single-outputcase,this hasnot proven to be a major difficulty [9, 10], but

this is in contrastto themulti-variablecasewheretheproblemsof finding a parametrisationandits
numericalconditioningarewell known [2, 12, 13].

For example, it is clearly desirablethat the parameterisationmapping
] q ��: 0 ; 0 ? 0 @�� be

onto (surjective), and henceallow the descriptionof all possibleinput-outputresponsesmodelled
by (2), (3). In the interestsof parameteridentifiability, it is thenimportantthat themappingalsobe
1-to-1 (bijective) so that theestimatê

] 3 is uniquelydefined.However, if both input andoutputdi-
mensionaregreaterthanone,thenobtainingsuchabijectiveparameterisationis impossible[2, 11,4].
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Theseparameterisation-based difficulties, combinedwith Subspace-basedsystemidentification
methods[17, 16, 7, 18] not requiringa parametrisationof themodelstructure(2), (3), areoneof the
key featuresleadingto therecentintenseinterestin them.However, thepricepaidhereis thatit is not
yet clearwhatcostfunction is beingoptimisedby subspacebasedestimates.As a result,the theory
supportingsuchapproachesis still developing.

Thecontributionof thispaperis toshow how thetheoreticaladvantagesof aMaximum-Likelihood
approachmaybecombinedwith theparameterisationfreeadvantagesof asubspace-basedmethodby
employing theso-calledExpectationMaximisation(EM) algorithm.

3 The EM Algorithm for Lik elihoodMaximisation

As alreadymentionedthis methodarosein themathematicalstatisticscommunity[3] but hasfound
wideengineeringapplicationin areassuchassignalprocessingandpatternrecognition.

Thekey featureof thetechniqueis theexploitationof theconcavity of the su� d function(together
with thefact thattheareaundera p.d.f. is one)soasto guaranteeiterationsof non-decreasinglikeli-
hoodwhilst avoiding theneedto calculatederivativesof thelikelihood.

In whatfollows,acompleteset(say '-�5.j0 A�A�A 02�63 ) ) will beabbreviatedto anuppercaseletter(say�
) andconditionaldependenceon

]
will benotedby subscripting;for example, � �5.�0 A�A�A 02�63 [ ] �� i � � � .

Now, anessentialfeatureof theEM algorithmis thepostulateof anunobserved ‘completedata
set’ � that containswhat is actuallyobserved

�
, plus otherobservations � which onemight wish

wereavailable,but in factarenot. Thatis, � ��� � 02� �
sothatby Bayesrule z � � [ � ��� z � �}0 � �z � � � � z � � �z � � � A
Therefore  � � ���  � � � � � [ � �
which impliesthat su� d/ i � � �� s�� d/ i � � ��H su� d/ i � � [ � �kA
As a consequence,by takingexpectationswith respectto probabilitiesdefinedby a guessat thepa-
rameters

]��
, andconditionalon theobserveddata

� � � 3 leadsto� � ] � _ su� d/ i � � 3 � � E i�¡ ' s�� d� i � � �}[ � � � 3 )� E i�¡ ' s�� d� i � � �¢[ � � � 3 ) H E i�¡ ' s�� d/ i � � [ � �}[ � � � 3 )_ Q
� ] 0 ] � ��H¤£¥� ] 0 ] � �kA (5)

with theobviousdefinitionsfor Qr� ] 0 ]�� � and £¥� ] 0 ]�� � .
The key point now is that since £
� ] 0 ] � ��¦§£¨� ] � 0 ] � � with equality if andonly if

] � ] �
(this

follows by theconcavity of thelogarithmandthefact that theareaunder i is onefor any
]
), thena

strategy of finding
]

suchthat Q
� ] 0 ] � � � Q
� ] � 0 ] � � ensuresthat
� � ] � � � � ] � � . This leadsto theEM

algorithm:
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1. E Step

CalculateQ
� ] 0K^] O �kA
2. M Step

Maximise: ^] O 8�. � arg fraGhi Q
� ] 0K^] O �kA
As an alternative perspective on the EM algorithm,notethat it is possibleto think of � asthe

“incomplete”dataat hand,and
� �©� �$0k� � asthe“complete”dataset,that if available,would make

the expectationproblemeasier. Sincethe completedatais not available, the best
� � approximant,

formedby takingconditionalexpectationwith respectto thebestguessat
] � ] � , is usedinstead:s�� dgz i � � �ª E i ¡ ' s�� dDz i � � ��[ � � �
3 ) ��Qr� ] 0 ] � �kA

This leadsto a procedureof maximising Qr� ] 0 ^] O � to get ^] O 8�. which leadsto new conditionalexpec-
tationandsoon. Of course,thereis only any sensein this schemeif maximisingQ
� ] 0 ] � ��� E i�¡ ' su� dgz i � � ��[ � � �
3 )
is easierthanmaximising

� � ] � directly.

4 Application of the EM Algorithm for State-SpaceEstimation

For thepurposeof applyingtheEM algorithmto theproblemof estimating: , ; , ? , @ , Q and * in
(2) and(3), themostobviouschoicefor the incompletedataset � is onein which it is takenasthe
unobservedstatesequence' 7 .-0 A�A�A 0 7 3 ) (hencetheuseof thesymbol � ). Thatis,�`_ � �
3x0 � 3 �kA
Attentionis thenfocussedon thecalculationofQr� ] 0 ] � ��� E i�¡ ' s�� d/ i � �
3«0 � 3 �¢[ � � � 3 ) A
Now by repeatedapplicationof Bayes’Rule i � ����0 A�A�A 02�63%0 7 � J .-0 A�A�A 0 7 3 [ ] ���  i � ����0 A�A�A 02�63 [ 7 � J .-0 A�A�A 0 7 3 �  i � 7 � J .-0 A�A�A 0 7 3 ��  i � 7 � J . � 3¬ � �  i � 7  [ 7  J . � 3¬ � �  i � �  [ 7  �kA
Using this andthemodelstructure(2), (3) (andexcluding termsthatdo not dependon quantitiesto
beestimated),HP® su� d/ i � � 3%02�
3 ��� s�� d [ z�¯ [°� � 7 � J . HN±�� ( z J .¯ � 7 � J . HN±��/� , s�� d [²Q¥[-� , s�� d [ *
[-�3³  � � � 7  HI: 7  J . HI; �  J . � ( Q J . � 7  HI: 7  J . HI; �  J . ���3³  � � � �  H¤? 7  HI@ �  � ( * J . � �  H¤? 7  HN@ �  �
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wherewe have assumedinitial distribution on 7 � J . of7 � J .D´ ���µ± 0ez�¯ �kA
In this case,thedefinition(5) of Q
� ] 0 ]�� � leadsto,HP®�Qr� ] 0 ] � �¶� s�� d [ z�¯ [-� , s�� d [²Q
[�� , su� d [ *
[��

Tr ·¸z J .¯ E i�¡ ' � 7 � J .gHN±��j� 7 � J .¹HI±�� ( [ � 3 )�º �3³  � � Tr · Q J . E i�¡ ' � 7  HI: 7  J . HI; �  J . �j� 7  HI: 7  J . H"; �  J . � ( [ � 3 )�º �3³  � � Tr · * J . E i�¡ ' � �  H¤? 7  HN@ �  �j� �  H¤? 7  HI@ �  � ( [ � 3 ) º A
(6)

Now introducethenotation ^7 G» 3 _ E i�¡ ' 7  [ � 3 ) 0 ¼-��_>½ 7 ��Y�x¾ 0 (7)

¿ _ 3³  � � �  E i�¡ '�¼ ( [ � 3 ) 0 ÀÁ_ 3³  � � �  � ( 0 Â�_ 3³  � � E i�¡ ' 7  7 (  [ � 3 ) 0 (8)

Ã _ 3³  � � E i�¡ '�¼  ¼ ( [ � 3 ) 0 Ä�_ 3³  � � E i�¡ ' 7  ¼ ( J . [ � 3 ) 0 Å{_ 3³  � � E i�¡ '�¼  J . ¼ ( J . [ � 3 ) A
(9)

Then(6) maybemorecompactlyexpressedasHP®�Q
� ] 0 ] � ��� s�� d [ z ¯¸[�� , s�� d [²Q
[�� , s�� d [ *
[��
Tr ·�z J .¯ Æ � ^ 7 � J . » 3 HN±��j� ^7 � J . » 3 HN±�� ( � z�¯jÇ º �
Tr · Q J . Æ Ã H ÄrÈ : 0 ;�É ( H È : 0 ;�É Ä ( � È : 0 ;�É ÅgÈ : 0 ;«É ( Ç º �
Tr · * J . Æ À H ¿ È ? 0 @rÉ ( H È ? 0 @
É ¿ ( � È ? 0 @rÉ ÂÊÈ ? 0 @
É ( Ç º (10)

Therefore,sinceÃ H ÄrÈ : 0 ;�É ( H È : 0 ;�É Ä ( � È : 0 ;�É ÅgÈ : 0 ;«É ( � � È : 0 ;�É�H ÄËÅ J . � Å � È : 0 ;�É4H Ä%Å J . � ( �Ã H ÄËÅ J . Ä (
thenthesecondlast termin (10) in combinationwith the , s�� d [²Q¥[ termis clearlyminimisedby the
choices È : 0 ;�É�� ÄËÅ J . and QR� , J . � Ã H ÄËÅ J . Ä ( �kA (11)

Thelatterequationfor Q follows by applicationof LemmaA.1 andthechainrule to compute�� Q , s�� d [²Q
[-� Tr ' Q J . � Ã H ÄËÅ J . Ä ( � ) � , Q J . H<Q J � � Ã H Ä%Å J . Ä ( �
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which is clearlyzerofor thechoiceof Q in (11). Notethatby construction,this formulation(11) forQ is positive semi-definitesinceit is aSchurcomplementof3³  � � E i�¡ÍÌ ½ ¼ ¼  J . ¾ Æ ¼ ( ¼ ( J . Ç6Î � S5A
In a similar fashion,thelast termin (10) in combinationwith the , s�� d [ *
[ termis minimisedby the
choices È ? 0 @rÉ�� ¿ Ã J . and *L� , J . � À H ¿ Â J . ¿ ( �kA (12)

Finally, via thesamearguments,thetermsinvolving z�¯ imply thefollowing choicesfor themaximi-
sationof Qr� ] [ ]�� � : ±$� E i�¡ ' 7 � J .Ï[ � 3 ) 0 z ¯P� E i�¡ ' 7 � J . 7 ( � J . [ � 3 ) A
5 Calculation of Kalman–SmoothedQuantities

Clearly, to implementthisalgorithm,it is necessaryto beableto computethequantities^7 � » 3 � E ' 7 � [ � 3 ) 0 E · 7 � 7 ( � [ � 3 º 0 E · 7 � 7 ( � J . [ � 3 º
In thecaseconsideredin this paperwherethedistributionson therandomcomponents� � and = � are
Gaussian,thentheKalmanSmootherrecursionsmaybeusedfor this purpose.Specifically, with the
furtherdefinition z � » p � E · � ^ 7 � » p H 7 � �j� ^7 � » p H 7 � � ( [ � p º
thenit is first necessaryto run themeasurementandtimeupdateKalmanFilter recursions[6]z � » � J . � : z � J . » � J . : ( �ÁQ (13)Ð � � z � » � J . ? ($Ñ ? z � » � J . ? ( �&*xÒ J . (14)z � » � � z � » � J . H Ð � ? z � » � J .� z � » � J . H z � » � J . ? (�Ñ ? z � » � J . ? ( �&* Ò J . ? z � » � J . (15)^7 � » � J . � : ^7 � J . » � J . �&; ��� J . (16)^7 � » � � ^ 7 � » � J . � Ð � Ñ ��� HI@ ��� H¤? ^7 � » � J . Ò (17)

whichareinitialisedat ^7 � J . » � J . �`± 0 z � J . » � J . � z�¯ A
Oncethesecomputationsaremade,thentheso-calledRauch–Tung–Striebel[6] reversetime recur-
sionsareperformedto calculatethe smoothedestimateswhich areexpectationsconditionalon the
wholedateset

� 3 : ^7 � » 3 � ^ 7 � » � �ÁÓ � Æ ^7 �98�. » 3 HI; ��� HI: ^7 � » � Ç (18)z � » 3 � z � » � ��Ó � Æ z �98�. » 3 H z �98�. » � Ç Ó (� 0 (19)
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where Ó �/_Tz � » � : ( z J .�98�. » � A
Theselatterrecursionsareinitialisedwith theterminalvalueŝ7 3 » 3 and z 3 » 3 of the‘forward–pass’
KalmanFilter recursions.All thesecalculationsprovide sufficient materialfor thecomputation

E · 7 � 7 ( � [ � 3 º � z � » 3 � ^7 � » 3 ^7 ( � » 3 A
However, thequantityE ' 7 � 7 ( � J . [ � 3 ) is alsorequired,andfor thispurposedefinethequantityÔ � » p � E · � ^ 7 � » p H 7 � �j� ^7 � J . » p H 7 � J . � ( [ � p º A
In this case,with theinitialisationÔ 3 » 3 J . ����F�H Ð 3 ?«�Õ: z 3 J . » 3 J . (20)

thenthefollowing reversetime recursionÔ � » � J . � z � » � Ó (� J . �ÁÓ � � Ô �98�. » � HI: z � » � �2Ó (� J . (21)

maybeusedto permitthecomputation

E · 7 � 7 ( � J . [ � 3 º � Ô � » 3 � ^7 � » 3 ^7 ( � J . » 3 A
6 Estimation Algorithm

Thepreviousdevelopmentsmaynow besummarisedin thefollowing estimationalgorithmdefinition.

1. Initialiseestimatesat
]  � È : 0 ; 0 ? 0 @ 0 Q 0 *ÏÉ . For example,a subspace-basedestimationmethod

couldbeemployed.

2. Run Kalman-Filter recursions (13)-(17) followed by the Kalman Smoother recur-
sions(18), (19), (20) (21) in orderto computethequantitiesdefinedin (7), (8) (9).

3. Maximise Qr� ] 0 ]  � over
]

via thechoices(11) and(12) in orderto provide an improvedestimate]  8�. .
4. Repeatuntil convergence.

At therisk of over-emphasis,thekey point of theabove algorithmfor finding Maximum-Likelihood
estimatesis that,in contrastto themorecommongradientbasedapproach,noparameterisationof the
state-spacemodelstructure(2), (3) is required.

Notice too, that from a computationalpoint of view, the above algorithm is comparableto a
gradientbasedapproachin that the Recursive KalmanSmoothingoperationstake the placeof the
recursive filtering operationsnecessaryfor gradientcomputation.

Finally, on theissueof judgingconvergence,andhenceterminatingtheabove iterative search,an
immediatelyobvious strategy is to monitor the likelihood function  � �5.�0�1�1�1�02�63 [ ]  � , andwhenits
rateof increasedropsbelow a threshold,convergencecanbedeclared.This is themethodusedin the
simulationexamplesof thefollowing section.
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7 Simulation Examples

This sectionprovides two brief simulation examplesin order to illustrate the utility of the EM-
algorithmapproachto Maximum–Likelihoodestimationproposedin thispaper.

In bothcases,theobserveddatais generatedaccordingto (1) with (asamplingperiodof 1 second
usedin thefollowing zero-order-hold computation)

������� � Ö�×�Ø ÙÚÚÚÛ ÚÚÚÜ
ÝÞÞÞß à�âáD� à �j�âá}�&S5A à � à�âáM��®��j�âá}�&S5Aäã��à�âáD�&S5Aæå��j�âá}�&S5Aäç�� à�âáM�&S5Aäè��j�âá¢�<S5A²é¸�

êìëëëí
î ÚÚÚïÚÚÚð� ÝÞÞÞß S5AñS�ç�ã�ãc�Ë�&S5AñS�®Gé6ò�ã���ËHIS5Aäç�ò�åcó��j����HIS5AäócS�èGé¸� S5Aä®�ç�òGé��ô�&S5A à S�ç�è���%HIS5A à ç�ã�ç��j����HIS5AäòcS�ò�ã��S5AñS6åcòcS à �Ï�&S5AñS�ãGé�é¸å���ËHIS5A²é6ó�ò�ò��j����HIS5Aæå�é�S�è�� S5A à S�è�åG�ô��S5AñS6åc®�è�ò���%HIS5A²é�é6ó�ç��j����HIS5Aäò�åGS�ç��

êìëëëí
and �Y� is ani.i.d. zeromeanandunit varianceGaussianprocesswhile � � is alsoi.i.d. zeromeanand
Gaussian,but hasvarianceE ' � �� ) �Tõ � �TS5AñS à .For this scenario,, �>®cS�S datasampleswere collectedandMaximum–Likelihood estimates
werecomputedvia theEM-algorithmdescribedin thispaperandinitialisedwith thestartingestimate

��������� ÝÞÞÞß S5A à���%HNS5Aäã�� � S5A à���%H"S5Aæå�� �S5A à���%HNS5Aäò�� � S5A à���%H"S5A²é¸� �
êìëëëí A

Theresultsof this estimationexperimentareshown in figure1. On theleft, therelationshipbetween
initial and EM-derived ML estimatesis shown togetherwith the true response.On the right, the
evolution of thelog mean-squarecost à, 3³ � � . Ñ ��� H¤? ^7 � » � J . Ò �
is shown astheEM-algorithmiterationprogresses.Clearly, thealgorithmconvergesto estimatesclose
to thetruesystem.

In relation to this simulation, the previous sectionhasraisedthe possibility of initialising the
EM iterationswith a subspace-basedmethod,and the resultsof this strategy for the experimental
conditionsjustoutlinedareshown in figure2. There,OverscheeandDeMoor’sN4SIDvariant[17, 16]
of the generalclassof subspace-basedmethodsis usedto provide the initial estimateshown asthe
dash-dotline. TheEM-algorithmof thispaperis thenusedto refinethis to becloserto theMaximum-
Likelihoodestimate,with concomitantcost function evolution shown in the right handdiagramof
figure 2 andfinal estimateshown asthe dashedline on the left in 2, together(again)with the true
systemshown asasolid line.

Clearly, thefinal estimateis significantlyimproved from the initial subspace-basedone,andthe
key pointis thatthisis achievedin averysimplemannerby theparameterisationfreemethodproposed
here,while it would bevery difficult to implementusinga morestandardgradientbasedmethodthat
imposedaparameterisation.
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Figure 1: Resultswhenusing the EM-algorithm methodfor computingMaximum-Likelihood esti-
mates.Theleft handfigureshowsinitial estimates(via Nyquistplots)asdash-dotline, truesystemsas
solid lines,andEM-derivedML estimatesasdashedlines. Theright handfigure showstheevolution
of themeanssquare costastheEM-algorithmis iterated.

8 Conclusions

The contribution of this paperwasto suggesta novel, EM-algorithmbasedapproachto Maximum
Likelihoodestimationof dynamicsystems.Thekey featuresrecommendingtheapproacharethat it
avoids theneedfor a particularparameterisationof a state-spacemodelstructure,andit is simpleto
implement.

Although this methodis novel in the context consideredhere,the EM-algorithmitself is quite
old, beingvery well known in (for example)thespeech-recognitioncommunityastheBaum–Welch
methodfor HiddenMarkov Modelestimation[14].

This paperrepresentsonly a very preliminarystudyof this whole topic, andthereis muchmore
thatneedsto bestudiedin termsof (again,only for example)convergenceanalysisandextensionto
moresophisticatedmodelstructures

A TechnicalLemmata

Lemma A.1. Suppose
Ô 0e,>��� OÍö¸O and

Ô
is invertible. Then�� Ô su÷ [ Ô [�� Ô JÍ( 0 �� Ô Ô J . ��H Ô J � 0 �� Ô Tr ' Ô , ) � , ( A
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Figure 2: Resultswhenusing the EM-algorithm methodfor computingMaximum-Likelihood esti-
mates.Theleft handfigureshowsinitial estimates(via Nyquistplots)asdash-dotline, truesystemsas
solid lines,andEM-derivedML estimatesasdashedlines. Theright handfigure showstheevolution
of themeanssquare costastheEM-algorithmis iterated.
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